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Abstract

This manuscript focuses on a class of second order numerical schemes for certain phase
field models. It is known that phase field models are gradient flows therefore the energy
dissipates in time. As a matter of fact, numerical simulations with unconditional energy
stability (energy decays in time regardless of the size of the time step) indicate good
stability. Recently several first order semi-implicit schemes for the Allen-Cahn and
Cahn-Hilliard equations were developed satisfying the energy-decay property. In this
paper the analysis will be extended to second order schemes for the two dimensional
Allen-Cahn equation with a rigorous proof of energy stability.
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1 Introduction

Partial differential equations (PDE) often describe mathematical models of physical,
biological phenomena. Among PDEs, phase field equations are models of essential
importance in the study of material sciences. Particularly, in this work we consider a
classic phase field models, the Allen-Cahn (AC equation. The (AC) model was devel-
oped in [1] by Allen and Cahn to study the competition of crystal grain orientations in
an annealing process separation of different metals in a binary alloy. More specifically,
the Allen-Cahn equation takes the form as follows:

oru =vAu — f(u), (x,t) € 2 x(0,00)

u(x,0) =ug ’ (AC)

where u(x, t) is areal valued function and the values of u are in (—1, 1) representing a
mixture of the two phases. —1 represents the pure state of one phase and +1 indicates
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the pure state of the other phase. In this paper we take the spatial domain 2 to be
the two dimensional periodic domain T?> = (R/27Z)?. Here v is a small parameter,
occasionally we denote ¢ = 4/v to represent an average distance over which phases
mix. The nonlinearity f(u) is often chosen to be

F@) = F'a) =i’ —u, Fu) = i(uz e

It is well known that, as ¢ — 0, the limiting problem of (AC) is driven by a mean
curvature flow and we refer the readers to [18] for the scalar AC and a recent work [15]
for the matrix-valued AC, where asymptotic and rigorous analysis are provided. Unlike
the limiting behavior of AC, there are many other related materials science models
that are studied only numerically and one of the modest goals of this current work is
to present an idea on approaching these models in an appropriate way numerically.

As mentioned earlier, in this note we take the spatial domain €2 to be the two dimen-
sional 277 -periodic torus T2 = (R/27Z)?. It is worth mentioning that our proof can be
applied to more general settings such as Dirichlet and Neumann boundary conditions
in a 2D bounded domain. However, considering the periodic domain allows us to apply
the efficient and accurate Fourier-spectral numerical methods. Nevertheless, periodic
domain is very natural in practical problems, which usually involve the formation
of micro-structure away from physical boundaries. As is well-known that the (AC)
behaves as a gradient flow, therefore its energy dissipates in time. Here the associated
energy functional of (AC) is given by

1
E(u) :f <§v|Vu|2+F(u)) dx. (1.1)
Q
Assume that u(x, t) is a smooth solution, it is clear that
d 2
—E@)+ | |[vAu— f(m)|"dx =0,
dt Q

which implies the decay of the energy: % E(u(t)) < 0. This thus provides ana priori

H'-norm bound and since the scaling-critical space for (AC) is L? in 2D (and H 3
in 3D), the global well-posedness follow from standard energy estimates. Therefore
from the analysis point of view, the energy dissipation property is an important index
for whether a numerical scheme is “stable” or not.

Various approaches have been developed to study numerical simulations on Allen-
Cahn and other related phase field models, for example the fractional Cahn-Hilliard
equation has been analyzed by the author in [9], the mass-conserving AC equation
has been studied by Bronsard and Stoth in [6]. We refer the readers to [2, 3, 8, 10, 11,
13, 16, 17, 19, 22] for more discussion in other cases. Among which different time
stepping approaches are applied including the fully explicit (forward Euler) scheme,
fully implicit (backward Euler) scheme, finite element scheme and convex splitting
scheme; and different schemes are used for the spatial discretization including the
Fourier-spectral method and finite difference schemes. To guarantee the accuracy and
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stability, numerical approximations usually need to obey certain qualitative behaviors
and features. One of the key features is the energy dissipation or conservation as
mentioned earlier.

Starting from this point, we briefly go through the main related results in the liter-
ature. To start with, Feng and Prohl [16] introduced a semi-discrete in time and fully
spatially discrete finite element method for the Cahn-Hilliard equation (CH) where
they obtained an error bound of size of powers of 1/v. Here CH is another classic
phase field model introduced in [7] by Cahn and Hilliard to describe the process of
phase separation of different metals in a binary alloy. However, explicit time-stepping
schemes usually require strict time-step restrictions and do not obey energy decay in
general. To guarantee the energy dissipation with bigger time steps, a good alternative
is to use semi-implicit schemes in which the linear term is implicit (such as backward
time differentiation) and the nonlinear term is treated explicitly. Having only a linear
implicit at every time step has computational advantages, as suggested in [8], Chen
and Shen considered a semi-implicit Fourier-spectral scheme for CH. On the other
hand, semi-implicit schemes can lose stability for large time steps and thus smaller
time steps are needed in practice. To resolve this problem, semi-implicit methods with
better stability have been introduced, cf. [20, 21]. To be more specific, this two works
study different semi-implicit Fourier-spectral schemes, which involved different sta-
bilizing terms of different size, that preserve the energy decay property (we say these
schemes are “energy stable”). However, those works either require a strong Lipschitz
condition on the nonlinear source term, or require certain L° bounds on the numerical
solutions.

In the seminal works [20, 21], Li developed a large time-stepping semi-implicit
Fourier-spectral scheme for Cahn-Hilliard equation and proved that it preserves energy
decay withno a priori assumptions (unconditional stability). The proof uses harmonic
analysis tools developed in [4, 5], and introduces a novel energy bootstrap scheme in
order to obtain a L*>°-bound of the numerical solution. One of their schemes for CH
takes the following form:

un+1 -

— = VAN AAWTT =) F A(FW)), n =0
T (1.2)

uozuo.

Here 7 is the time step and A is a large coefficient for the O (7) stabilizing term. As a
result of their work, the energy decay is satisfied with a well-chosen large number A,
with at least a size of O (1/v|log(v) 12). However, their arguments cannot be applied to
the Allen-Cahn equation (AC) directly: this is due to the lack of the mass conservation,
i.e. %M(r) = 0, where M (t) = sz u dx. A recent work by the author [9] then extends
their first order semi-implicit scheme to the related Allen-Cahn equation (AC) and the
more general non-local fractional Cahn-Hilliard equation. Following the same idea in
[9], in this work we show the arguments can be applied to second-order semi-implicit
schemes of the Allen-Cahn equation in T2, In particular, we consider two second-order
schemes below.
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We first consider the following second order semi-implicit Fourier spectral scheme
I:

3un+l — 4y + un—l

— oA — AT — ) — Ty (Zf(u") - f(u"_l)> ,
n>1, (13)

where T > 0 is the time step and this scheme applies second order backward derivative
in time with a second order extrapolation for the nonlinear term. To start the iteration,

we need to derive u! according to the following first order scheme:

u —u

— 1 _ 0
- =vAu My f@”) , (1.4)

uo = HNLLO s

.4 . . . .
where 71 = min{t3 , 1}. Such choice of t; is due to the error analysis and will be
shown later. Afterwards, we consider the second order scheme II:

3utl — 4y 4y
2T

— vAunJrl _ A(u”+l —ou" + unfl)
— My (2@ = f@™h), (1.5)

where T > 0 is the time step and n > 1. We again need to derive u'

following first order scheme:

according to the

1 0
u —u 1 0
=vAu —1TI u) ,
- NSf@”) (16)
uo = HNMO s
_ . 4 1 . .
where 71 = min{t3 , 1, JTH}' The choice of such 7 is to guarantee the error

estimate and to ensure that the new modified energy function can be controlled by the
initial data. In this work we will show the energy stability of Scheme I (1.3)—(1.4) and
Scheme II (1.5)—(1.6). Our main results state below:

Theorem 1 (Unconditional stability of Scheme 1) Consider the scheme (1.3)—(1.4)
withv > 0,7 > 0and N > 2. Assume uy € H*(T?). The initial energy is denoted
by Eg = E(ug). If there exists a constant B, > 0 depending only on Ey and ||ug|| g2,
such that

A=B-0?+v%0gvY, B> B,
then

E@™ <Ew",n>1,
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where Eu") for n > 1 is a modified energy functional and is defined as

- 1
E@") == E") + }uu" — R e

Theorem 2 (L? error estimate of Scheme I) Let v > 0 and ug € H*, s > 8. Let
0 < v < M for some M > 0. Let u(t) be the continuous solution to the 2D Allen-
Cahn equation with initial data u. Let u' be defined according to (1.4) with initial
data u® = [yug. Let u™, m > 2 be defined in (1.3) with initial data u® and u'l.
Assume A satisfies the same condition in Theorem 1. Define to = 0, ty = 11 and
tm =11 + (m — 1)t form > 2. Then for anym > 1,

lu(tm) — u™ |2 < Cy -2 . (N™S 4 72)

where C1, Cp > 0 are constants depending only on (ug, v, s, A, M).

Remark 1 Here we require that t is not arbitrarily large. This is a result of loss of the
mass conservation as preserved by Cahn-Hilliard equation. However, in practice it is
not a big issue as we always use small time steps.

Theorem 3 (Conditional stability of Scheme II) Consider the scheme (1.5) — (1.6)
withv > 0, T > 0 and N > 2. Assume ug € H*(T?). The initial energy is denoted
by Eo = E(ug). There exist constants C; > 0,i = 1, 2, 3, 4 depending only on E
and |luo|| g2, such that the following holds:

Case 1: A=0.1f

4
Clv—, when0 <v < 1;
1+ |logv|?
< )2
Cy———, whenv >1.
2T+ [logvP? =

then
E@t) <Ew").

Case 2: A = constant - (W* +v). If

2
C3v—, when0 <v < 1;
1+ |logv|
< 1
C4y———, whenv>1.
1+ |logv|

then
Ew"™) <Ew").
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Here E(u") for n > 1is a modified energy functional and is defined as

. A+1 1
E@") = E") + T+””" —u" 3+ ol u" M3
T

Remark 2 The L? error estimate of Scheme II can be obtained via very similar argu-
ments as in Theorem 2 and we skip the details.

The presenting paper is organized as follows. In Section 2 we list the notation and
preliminaries including several useful lemmas. The energy stability of the second order
semi-implicit scheme I of the 2D Allen-Cahn will be shown in Section 3 and the error
estimate is given therein. The second order semi-implicit scheme II will be discussed
in Section 4.

2 Notation and preliminaries

Throughout this paper, for any two (non-negative in particular) quantities X and Y,
we denote X < Y if X < CY for some constant C > 0. Similarly X > Y if X > CY
for some C > 0. We denote X ~ Y if X < Y and Y < X. The dependence of the
constant C on other parameters or constants are usually clear from the context and we
will often suppress this dependence. We shall denote X <z, z,...z, Y if X < CY
and the constant C depends on the quantities Zy, - - - , Zg.

For any two quantities X and Y, we shall denote X « Y if X < ¢Y for some
sufficiently small constant c. The smallness of the constant ¢ is usually clear from the
context. The notation X > Y is similarly defined. Note that our use of < and >
here is different from the usual Vinogradov notation in number theory or asymptotic
analysis.

For a real-valued function u : 2 — R we denote its usual Lebesgue L”-norm by

(fq lul? dx)%, 1 <p<oo;

esssup, o |lu(x)|, p = oc.

llullp = llullLr @) = ! 2.1

Similarly, we use the weak derivative in the following sense: Foru,v € L 110 -(£2), (i.e

they are locally integrable); V¢ € C3°(2), i.e ¢ is infinitely differentiable (smooth)
and compactly supported; and

/”(x) 3¢ (x) dx:(—l)aﬁwﬂn_/ v(x) ¢(x) dx,
Q Q

then v is defined to be the weak partial derivative of u, denoted by 0“u. Suppose
u € LP(2) and all weak derivatives 0%u exist for || = o1 + - - -+, < k , such that
9% e LP(Q) for |a| < k, then we denote u € W*P(Q) to be the standard Sobolev
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space. The corresponding norm of W*7(Q) is :

1
P
ey = Z/|8“u|pdx .
Q

lo| <k

For p = 2 case, we use the convention H k (£2) to denote the space Wk’z(Q). We often

use D™ u to denote any differential operator D% for any |a| = m: D? denotes 8)%’_ U

for 1 <i,j <d, as an example. !
In this paper we use the following convention for Fourier expansion on T¢:

1 r ik-x r —ik-x
F®) = G Y foetr, fo =fo<x)e “¥dx
keZd

Taking advantage of the Fourier expansion, we use the well-known equivalent H*-
norm and H*-semi-norm of function f by

1

2

_; 25\ £ 2
1l = s kZZd(lJrlkl Ao

1

2

L 1 25| £ 2
Pl = Goar | 22 W1/ 0
keZd

Lemma 1 (Sobolev’s inequalities on T?) Let0 < s < d and f € LI(T?) for any

d
E<p<oo,then

19 fllocnty Ssopa 1] here - = L4 %
, where — = — + — |
LP(T4) ~s,p.d L4(T9) p ' d
where (V)™% denotes (1 — A)_% and A S p.a B is defined as A < Cy,, 4 B where
Cs,p.a is a constant dependent on s, p and d.

Remark 3 Note that the this Sobolev inequality is a variety of the standard version.
Note that on the Fourier side the symbol of (V) ™ is given by (1+ |k|2)_% . Inparticular,
I f lloo(Te) <7l H2(Tdy» known as Morrey’s inequality. We refer the readers to [14]
for the detailed proof.

Lemma 2 (Discrete Gronwall’s inequality) Let T > Oand y,, > 0, o, > 0, 8, > 0 for
n=1,2,3---. Suppose

Yn+1 — Yn
T

f‘xn))n“‘ﬂn,vnzo-
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Then for any m > 1, we have

m—1
Ym <CXP< Z‘WL) ()’0+Zﬂk) .
k=0
Proof We refer the readers to [9] for the proof and skip the details here. O

Lemma 3 (Maximum principle for smooth solutions to the Allen-Cahn equation) Let
T > 0,d < 3andassumeu € C)%C,l (']I‘d x [0, T)) is a classical solution to Allen-Cahn
equation with initial data uq. Then

lu(., Do < max{lluollec, 1}, VO<t<T.

Proof We refer the readers to Lemma 4.2 in [9] for the proof. O

Lemma 4 (H* boundedness of the exact solution to the Allen-Cahn equation) Assume
u(x,t) is a smooth solution to the Allen-Cahn equation in T4 with d < 3 and the
initial data ug € H* (Td)fork > 2. Then,

sup [lu()|l g (ray Sk 1 (2.2)

t>0

where we omit the dependence on v and uy.

Proof All cases d = 1, 2, 3 have been proved and we refer the readers to Lemma 4.4
in [9] for the proof. O

Lemma 5 (Log-type interpolation) For all f € H*(T?) , s > 1, then

1/ lo = €5 - (171 VIR T +3) + 1f O] +1) .

Here Cy is a constant which only depends on s.

Proof The proof of Lemma 5 is given in [9]. For the sake of completeness we sketch the
proof here. We first consider the Fourier series of f: f(x) = # Y ke f k) elkx
which converge pointwisely to f. It then follows that

1/l = )2 > 1f )]

kez?

< o )2 (If(0)|+ PN GIESY |f<k))

O<l|k|<N [k|>N

SIFOI+ Y AFf@Uk -1k + Y Af @I - k™)
0<|k|<N |k|>N

2 2
SO+ Y2 1f@PkE) [ Yo w2+ D 1f P>
O<|k|<N O<|k|<N |k|>N
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SOk

[k|>N

1 1
2 2
~ 1 ~ ~
SO+ v | X2 PR |+ 30 If0PK? | - Viog(W +3)
|k|>N O<l|k|<N
1
Ns—l

/1l gs + V3og(N + DI f Nl g1 -

S1F0)] +

If [| fllgs < 3, we can simply take N = 1; otherwise take N*~1 close to 1l gs -
As a remark, this lemma can be viewed as a variation of the well-known log-type
Bernstein’s inequality. O

3 Second order semi-implicit scheme

Recall that the second order semi-implicit Fourier spectral scheme I is given by:

3utl — 4y 4yl
2t

= vAu = Ar@™t =) = Ty (2700 - f@Th)
nol, 3.1

where T > 0 is the time step and this scheme applies second order backward derivative
in time with a second order extrapolation for the nonlinear term. Recall that we need

to derive u! according to the following first order scheme:
1 0
=vAu —1TI u) ,
- NSf@”) 32)
W =11 NUO ,

where 7| = min{t% , 1}. The choice of t; is due to the error analysis which will be
shown later. Roughly speaking,

3
lu' —u@)lla SN+ 17,

where u (1) denotes the exact PDE solution at 1. As expected in L? error analysis of

. 5 4
the second order scheme, we require that 7,7 < 2ort < 3.

3.1 Estimate of the first order scheme (1.4)

In this section we will estimate some bounds for u! which will be used to prove the
stability and L2 error estimate of the second order scheme 1.
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Lemma 6 Consider the scheme (1.4). Assume ug € H?(T?), then

' —u®l3

v
" oo + + 5 IV 13 SEwo ol 1

Proof Firstly, we consider ||u!||o. We write

1 _ 1 uo— tll_[N
T 1—1vA 1 —1vA

u

f@O .

Note that

1

—_— <1, <1,
Ttk = 0 1

thus we have

I ! 0 0
oo S Ml S Ml gz 4+ 11Lf @)1l g2
0 0,3
S e g2+ 11@0) 2

<
Shuollz 1

as 4|0 < 1 by Morrey’s inequality. Secondly, we take L? inner product with 1! —1°

on both sides of (1.4) and it then follows that

lut — uO|3 LY
71 2
=—(f@®, u' —u°

0 1_ .0
= Hf@Hlgllu” —ulla

(V13 = 1V + 1V @' = u®13)

SEwy 1

llu —u®113
by lluollos » llutlloo S 1. As aresult, flu'[loo + =2 + SIVu 13 SEwo) . ol 2

1. O
Lemma 7 (Error estimate for u') Consider the system for first time step u':

Ml —MO

=vAu' — l'INf(uo)
T

oru = vAu — f(u)

u = Myug, u(0) =ugp.

Let ug € H*, s > 6. There exists a constant D1 > 0 depending only on (ug, v, s),
3

such that |lu(t)) —u'lly < Dy - (N7 + ).
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Proof We start the proof in three steps:
Step 1: We discretize the exact solution u in time. Write the continuous time PDE

in time interval [0, 71 ]. Note that for a one-variable function /A (s),

0
h(0)=h(tl)+/ h'(s) ds

7

— h(m) — K (o) +f W) s ds |
0

By applying this formula, we have

u(ty) —u(0)

1 g
= du(t1) — —/ (Orru) - s ds
1! 71 Jo

1o
— vAu(n) — flu(e)) - ;1/0 Byt - 5 ds
= vAu(z1) — Ty £@(0) — Moy f(O) — [f@(m) — F@(O))]

1 u
- —/ @) -5 ds
71 Jo

where I[1. y = id — I1y. Therefore, we get

M = vAu(ry) — My fu(©0) + G°
1

where

e
G = — Ty f(0) — [f (u(z1) — f@(O)] - T—I/O (Bgru) - s ds

e
=— Iy f(u0) = [f (u(z1) = f@(0)] - f_l/o AU — f(w)du) -5 ds

Step 2: Estimate ||u(7;) — u'|2. We consider

u(ty) — u(0)
Tl

ul_uo

= vAu(ty) — My f((0) + G°

=vAu' — Iy f(u%)

71
u® = Tyug , u©) = ug .

Define e! = u(t)) — u' and €® = u(0) — u°. Then we get

61—60

=vae' =Ty (f@©) - ra) +G°.

71
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Taking the L? inner product with e! on both sides, we derive

1
12 02 1 02 12
5o (113 = 113+ lle! = e“13) + vive'13

< 1£@©) — f@ll2 - le' 2+ 1G°02 - lle' Il
S (12 + 1G°12) lle" Iz

< (1913 + 1G°I3) + 71" 1B .
As a result, we have
(1= ) et = 221 (113 + 1G°13) + 1
Note that 71 < 1,501 — 5 > %and
le'13 S (L +z)le®l3 + Il GOll3 -

Step 3: Estimate [|¢°]3 and [|GY|3. Note that [[°[13 = [u(0) — u®|3 = [luo —
Myuoll3 = IITI= yuoll3. It is clear that

042 2 -2
lle”llz = IM>nuoll; SN .

For ||GY||2, note that || TT- v f (#(0)) |2 < N7¥, by the maximum principle (Lemma
3). On the other hand, by the mean value theorem,

fu(m) = f@©) = f'E () —u©) ,

where & is anumber between u(t1) and u#(0). Again by the maximum principle (Lemma
3 )7

I1f (@) = f@O)ll2 S lu() —uOll2 S tilldullpor2 o, oixr) S T s

by the Sobolev bound of the exact solution Lemma 4. Finally, we have

1 R
—/ (WA u — f'(u)du) - s ds
71 Jo

2

7|
< H/ VAQu — f(u)d;u ds
0

2
T] 71
5/ lvAdull2 ds-i-/ If"()d,ull2 ds
0 0

,S'Cl-
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This implies ||GO||% <N 254 rlz. Therefore we get
'3 S A+ TN > + 0 (N2 + 1) SN +17 .
As a result, we obtain that
3
le'la SN+ 77 . (3.3)
This completes the proof. O
3.2 Unconditional stability of the second order scheme I (1.3) & (1.4)

In this section we will prove Theorem 1 for the second order scheme (1.3) combining
(1.4). Before proving this stability theorem, we begin with several lemmas.

Lemma 8 Consider (1.3) for n > 1. Suppose Eu") < B and E(u"~") < B for some
B > 0. Then

At 1
" loo < ag - {(1+U_1)o\/log(3+7+;+vg +v1)+t—|—1} ,

for some ag > 0 only depending on B.

Proof For simplicity we write < instead of <p. Recall that (1.3)

3un+l —4u" + un—l
2t

— vAW™! — AT @™ — u") — Ty <2f(u") - f(u”—1)> .

We rewrite (1.3) as

44+ 2A72 1

n

T3 _2urA 124120 T 3_20rA 42472

2ty ny n—1
T 3_201A 42472 (2f(” )~ flu )) '

n+1

For the case when k = 0, we have

2
4+2A7T <

34+2A72 ™
1

. <
34+2A72 7™
2

- <
342412 ™

We thus have

w10 <t+1.
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Note that for the case when |k| > 1,

442472 |
34 2vtlk|2 + 2412 ™~
1 .
3+ 2vtlk|?2 4+ 2472 ™
27k| < T|k| < 1 . |k|_1 .
34+ 2vTlk|? +2AT2 Y vrlk]2 Y v

Therefore we get

- Lo -
0l S "l + 1 g+ =17 (2@ = D) I

_1 _ _ _
vz v @ Nlas + 1@ agz + lu™ N + e )

~Y
-1 -1
Sv2i4v,

here we apply Sobolev’s inequality Lemma 1 and apply the energy bound. Similarly,
we can derive that

|k|2(4 +2A12%) - Ik|2(1 + AT?) <L+At

34 2vTlk|2 42472 ™ vrlk|? ~ ot v

|k|? <
34+ 2vtlk|? +2A72 ™ vt
2 2
2t|k| < T|k| < 1

34207k + 2472 Y vtk Y v

This implies

1 At 1 _ 1 _
"2 S (_ + _> a2+ — "o + = l12f @) = f@" Dl
VT v VT v

1 At 1 _ ~
S oo S s (1 I )
VT v v
1 At 1
< 220 2 (m3 n—1,3 ])
S+ = (W + 1+
1 At 1 3
S—+—+-0"2+1).
VT v Vv

Finally, by applying the log-interpolation lemma (Lemma 5), we can get

" oo S (14 1™ 1) - ylog + 1 2) + 11 0)]

) AT 1 5 1
S{A+v - 10g(3+7+;+v 24+v 441,
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where v™7 is bounded by v+ 1. O

3.3 Proof of the unconditional stability

In this section we show Theorem 1. To start with we introduce some notation. We

denote 8ut! 1= "1 — " and §2u" ! := w"t! — 24" 4+ w1, Clearly,
3 — 4y 4 = 280" 4§20 !
52un+1 _ 8Mn+l — _5un
1
(Slfin . un — (ul’l _ ul’l—l)un — 5 (|un|2 _ |un—l|2 + |5u"|2) .

As a result, we have

(3un+l — 4y un—l un—i—l _ un)
— (28un+1 +82un+1 , 3un+1>
— 2||5u"+1||% + <8ul’l+1 _ 8”” , 6ul’l+1>

1
= 20w 13+ 5 (161 — 6w 13 + 8% 113) -
Now recall the scheme (1.3)

3utl — gy 4 !
2t

— oA — AT —u) — Ty (Zf(u") _ f(u"*l)) .
Taking the L? inner product with §u” ! = u"*1 — 4 on both sides of (1.3), we have

1 1
~lou 13 4+ = (w13 = w13 + 16%u" 113
4 ¥
5 (V0113 = Va1 + Va1 1)

+ATlou 13 = — (My@f @) = ), st .
To analyze (2f (") — f"~"), su"*'), we consider

20 = f@ T = Fa + () - ).
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Note that F’ = f, hence by the fundamental theorem of calculus,

F(un+1) _ F(Mn)

1
— f(u")éu"“ +/ f/(un +S(SM"+1)(1 —S) ds - (8u"+1)2
0

1
- 1
— f(un)sun-i-l +/ f(un +S5un+l)(1 _ S) ds . (8un+1)2 _ 5(5,//14‘1)2 ,
0
where f(x) = 3x2, as flx) = 3x2 — 1. Therefore, we can get

1 3
n n+1 n+ly _ n - n+1\2 _ - ny2 n+1y2
Fasu = Pt = P + 50w = 5 (1" 1% + a2 )

. (Sun+1)2 .
On the other hand by the mean value theorem,
fu"y = f@"h = f©su"

and hence we have

[Tz(f(u”) — @) s = = (31 3l I 1) s - w2

2
1+ 312 + 3lu" 12 v
> _ = : =) 18u" 13 — anm"u% :

Then the estimate of the nonlinear term is as following:

— (My@f@ = pahy, st
== (2f(u") — f@"h, M“)
<- /Tz F@"t™) dx + /Jp Fu") dx — %”WH 2
3 (1 4 ) i3

_ 2
N (1+ 3™ |12 + 3" 112)
V

v
llou" I3 + w3
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Combining all estimates we get

1 1
813+ —— (18w 13 — su 13 + 8% 3
T 4t
v
+ 3 (1va 113 = 1Vt 13 + 16V )
+ Atl|su" 3

1
< —/ Fu"t") dx +/ F@u")dx — = |su"|3
T2 ']1‘2 2
3
5 (12 + 102 ) - w3
_ 2
N (1430 15 + 31" 1%,
vV

12, 7Y 2
o 7 ER S 7 P
4
After simplification, we obtain

! v 1 12, F 1
<; +AT— 2+ 5) 18u T + E@"

(L4312, + 3112,
v

2
3 -
< {5<||u"||§o + 20 + ) } NSu" T3 4+ E"™)

Clearly for E(u"t') < E(u"), it suffices to show

1 4a v 4 1 -
—_— T_— —_—
T 4 27 3.4)
3 1+ 3|2, + 3w Y2,)° '
3 12y + a2 -+ Lo )

2 v

Now we prove this sufficient condition inductively. Set
B = max {E(ul) , E(uo)] ,
by Lemma 6 in previous section, B < 1. We shall prove for every m > 2,

Ew™ <B, E@™) <E@™™"),

At 1
[u" loo < ap - [(1 +v7 . [log3 + - + = T3 +vH 414+ 1:| ,

where o > 0 is the same constant in Lemma 8.
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We first check the base case when m = 2. Note that E(u!) < E(u') < B and
E (uo) < B, then we can apply Lemma 8, and hence obtain

At 1
”’/‘2”00 <ap- {(1+v_1)-\/10g(3+7+;+v_§ +U_l)+l'+1 .

It then suffices to check E w? < E (uh. By the sufficient condition (3.4), we only
need to check the inequality

2
1 v 1.3 1+ 3t 1% + 312
;+Ar—z+—>—(||u‘||§o+||u2||§o>+( S ~) .

272 v

By Lemma 6, 14900 » Il lloo < 1, it suffices to choose A such that

~

1 v 1 2 At 1 _ -1
- +Atr——+->C-(14+v ) -logB+—+—+v 2+v7)
T 4 2 v TV

+Cv'+Cc+cCr.

We discuss two case and denote X = A1 + %
Case 1:0 < v < 1/2.In this case we need

X+=>Cv 2 (logv| +|log X|) .

N =

Hence we need
X > C~v_2|10gv| .
Case 2: v > 1/2. Then we need
X>C-(logX|+14v),
namely,
X>C-(1+v).
In conclusion, as X > 2\/Z,
A>C-(14+v2+vHlogv?) = C- >+ v 4 logv)?) .

Now we check the induction step. Assume the induction hypopaper hold for 2 <
m <n,thenform =n+1,
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AT 1
" oo < ap - {(1 +v7 - [log(3 + —+t= +v3 +v—1)+r} ,

by Lemma 8. It remains to show E @ty < E(u™). It suffices to choose A such that

1 1 v 5 At 1 -5
—F+At+->-+C-(1+v ) -logB+—+—+v 2+v )
T 274 v TV

cl+v* At 1 s
+¥<(log(3+—+—+v 24+ 1))2+‘L').
v v Ty

Interms of X = At + % again, we need to discuss two cases as well.
Case 1:0<v <1/2. Then

X >C-v(logv]® + |log X|?) .
As a result, we have
X>C- \)_5|10gv|2 .
Case 2: v > 1/2. Then we need
X >Cv+C-(ogX + (log X)*v™1),

hence X > C - (v 4+ 1).
To conclude these two cases, we require that

A>C- 0V +1+v 00gvY =C- 0 +v71%logvh .
This completes the induction. Combining the estimate, we can take
A>C- -+ v 0ogvY), (3.5)
such that E ") < Eu™), forn > 1.

3.4 L2 error estimate of the second order scheme

It remains to estimate the L? error of this second order scheme. We will study the aux-
iliary error estimate behavior and time discretization behavior of Allen-Cahn equation
before proving the theorem.

3.4.1 Auxiliary L? error estimate for near solutions

Consider forn > 1,
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3un+1 — 4y + unfl
2t

3vn+l — 4" + vn—l
2t

— vAutrH _ Af(un+l _ Mn) — Ty <2f(un) _ f(un—l)) el
=AUV — AT (" — V") — Iy (Zf(v”) — f(v"_l)) ,
(3.6)

where (ul, u®, vl vo) are given.

Proposition For solutions to (3.6), assume for some N1 > 0,

sup [lu" [loo + sup [v" [l < N1,
n>0 n>0

Then for any m > 2,

C(1+ N}
||u'"—v'"||§5c-exp((m—1)r-—( i 1))
n

m—1
T
: ((1 + Al =03 + 1l =003 + ; > ||G"||§) :

n=1
where C > 0 is a absolute constant that can be computed and 0 < n < m is a
constant depending only on M, that is the upper bound for .
Proof We still denote the constant by C whose value may vary in different lines.
Denote e = u" — v", then
3en+1 — 4e" + enfl
2t
= ~Tly 2/ @") =2 ") + Ty (f@™) = f@"D) + 6"

_ vAen+1 + AT(@”+1 _en)

Taking the L? inner product with ¢”*! on both sides, we derive that

1
2—(3e”+1 —4e" 4 "1 e Ly Vet 3
T

At
+ 25 (lem B = e 13 + e+ = e"13) (3.7

= =2(fW") — f"), TH+(F@H - f", T +(G", .

To estimate the right hand side of (3.7), first we observe that

If @™ — fMI3
n

[(Fh) = O, O < IF @) = FOMale 2 <

+12
+nlle" 13,
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where 1 < W is a small number only depending on M. Moreover, note that

JWh = f") = fw) - fu —e
— (un)S _ (un _ 6")3 — "

— _(en)3 _ en _ 3un(en)2 + 3(u}’l)zen .
By assumption we then have

2 4 2 2 2 2 4 2
If@™) = FMI5 Sle 5 lle™ 117 4+ e 17 + a5 e 1 + lu” 15l 113

SA+N)I -
Similarly, we have

If@™" = FO"DIES A+ NDe" 3.
As a result, we obtain that

C(1+ N} (

_ 1
RHS of (3.7) < e 13 + e~ 13) + SIG" 1+l

On the other hand, we have

(3en+l — 4e" _,’_enfl,en+l _ en) — (256n+1 +32€n+1, 86n+1)

1
= 206" 15 + 5 (16" I3 — 18" I3 + 6% 13) -

We also have that

BTl —de" + "7 ") =38, ") — (8¢", ")
3
=5 (e 13 = 1" 13 = e ! — e 13)

1
2 —12 —1)2
=5 (1" = e~ 13+ lle" = e ~"13) -

These two equations give that

(36n+1 _4en _}_en*l’ el’l+1)

3 1 _
= 5(||e"+1||§ — [le"13) — 5 (" 13 — lle"113) + 118" 13 — 18e™ 13
1
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Collecting all estimates, we bound (3.7) as

3 12 1 2 1 2 At 1,2
7 (Ellﬁ’"+ 5 — Ellé’"llz + [le" ! — ey )+ 7||€"Jr B3

1 (3 o L2 -1y2 At 2
=57 <§|I6”I|2 - zlle” 2+ lle" —e" I3 | + TIIe"Ilz
C(+ N} _ 1
L2 (" I3 + e 13 ) + G 13 + nle™ 13
n n
Define X"+ := 3" 1|3 — L)le" |13 + [le"+! — " ||3. We observe that

1 1
" Ene"“n% + Enze”“ -3
X" =

1 5 2
Ene"n% + Eue”“ - ge"n% :

This shows
n+1 1 n+12 ny2
R | A E S B
Making use of X"*!, (3.8) becomes

(Xn+l +A12||e"+1||%) _ (Xn +AT2||€n”%)
2T

C+ N} _ 1
< == (1B 1" B) + IGMIE + e 13

This leads to

(X" =2z et 3 + ATl 3) — (X" = 2nzle” 3 + AT e |13)

2t
C+ N _ 1
= (13 + e B) 4 IGIB  mle

C(1+N* 1
< (% + Cn) : (X” - 2nr||6"||§> + ;IIG"H% :

Define that

yn = X" = 2ntlle" |3 + A" |3,

Cc(1+N¢
6, = IIGnII%.
n
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Then for v small, we get

| —
2T g+ B

Applying the discrete Gronwall’s inequality (Lemma 2), we have for m > 2,

ca+n

le™ 13 < € (X" = 2nzle™3) < ce™ VT

m—1
T
(X‘ + AT e + . > ||G"||%) :

n=1

which gives
2
lu™ — ™3

C(1+ N% 3 1
<C-exp ((m — - Tl : zne‘n% - Eue‘)n% +lle! — €013

m—1
T
+AT? e 3 + . > ||G"||§>
n=1

C(1+ N
< C-exp ((m — Dt - %) . ((1 + At [lut — o3+ u® =03
- m—1
+ > ||G"||%> :
n=1

3.4.2 Time discretization of the Allen-Cahn equation

We first rewrite the AC equation in terms of the second order scheme.

Lemma 9 (Time discrete Allen-Cahn equation) Let u(t) be the exact solution to Allen-
Cahn equation with initial data ug € H® (T?), s > 8. Define to = 0, 11 = 11 and
tw =11 + (m — 1)t form > 2. Then for anyn > 1,

3u(tn+l) - 4u(tn) + u(tn—l)
21
= VAu(tn1) — AT Utys1) — ulty)) — Ty [2f w(ty)) — fu(ta—1)] + G" .

Foranym > 2,
m—1
T NG S (4 tw) - (2 + N7
n=1
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Proof The proof will be proceeded in several steps and we write < instead of <S4 v, 4,
for simplicity.
Step 1: We write the PDE in the discrete form in time. Recall that

oru =vAu — f(u) .

For a one variable function %(t), the following equation holds:
/ 1 " 2 1 ! " 2
h(t) = h(to) + h'(to)(t — t9) + Eh (to)(t — t9)” + 3 h"(s)(s —t)"ds .
1o

We then apply this to AC,

1 1 [
u(ty) = t(tys1) — dyut(tys1) - T + Ea,tu(t,,mrz + 5/ drerua(s)(s — 1) ds
Tnyl

1
Uty—1) = u(tys1) — dutys1) - 2T + 28Uty )T +

In—1
2/ Bperu(5)(s — t1)? ds.

In+1

The second equation minus 4 times the first equation results in

3u(tny1) — 4u(ty) + u(tn—1)

2T
1 In 5
= — |27t - du(tpt1) —2 Orrru(s)(s —ty)” ds
2t In+1
1 th—1 2
+ —/ Orrru(s)(s — th—1) dS)
2 Int1
1 Int1 5 1 Int1 5
= dru(tpt+1) + —/ Oprru(s)(s — 1) ds — — Oprru(s)(s —th—1)" ds
T In 41: h—1

= VAU(tyr1) = AT (1) — uty)) = Ty [2 (1) = f@tz-1))]
+ AT (U(tnr1) — (1) = Tap [2f tn)) = [ (u(ta-1))]
+2f () — fu(tn-1)) = f@(tni)

1 In+1 ) 1 In+1 5
41 / Burtt(5)(s — 1)? ds — — / Buatt(5)(s — o)’ dis .
T Ji, 4t J,

n—1

Clearly we arrive at

G" =AT (u(ty1) — u(ty)) — Moy [2f (tn)) — f@(ty-1))]
+2f ) — fultn-1) = f@tasr)

1 In+1 5 1 Int1 2
+ —/ Buata(s)(s — 1)? ds — —/ Brat(5)(s — ta1)? ds
T Ji, 4t Ji
=h+bh+ 6L+ 14+ Is.
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Step 2: We hereby estimate ||1]|2 ~ ||5]l2-
I1: Apply the fundamental theorem of calculus,

I 13 =I1AT (u(tys1) — ut)) I3
S Nutysr) — uty)ll3

5 Ih+1 2
<22 f dyu(s) ds|
ty

I+l 2
512/ (/ 8tu(s)ds)
T2 tn
til+1 2
5*/ ((/ |a,u<s)|2ds>‘/2-ﬁ>
T2 th

5 Int1 5
<t“ -t / l0;u(s)|5 ds
tn

3 Int1 2
<t / l0:u(s)lI5 ds .
1,

n

I>: By the maximum principle Lemma 3 and u € L°HY,

202 SN2 (ILf @)l as + ILf (1)) | E9)
<N

I3: To bound || I3]|,, we recall that for a one-variable function A (t),
1
h(t) = h(ty) + K’ (to)(t — t9) — / h'(s) (s —1)ds .
0]
Then we apply to f(u(t,)),
Int1
S u@n) = fu(tn1) — 0 (f @) tny1) - T +/ O (f () - (s —tn) ds
t)'l
Su(tn—1)) = futnt1)) — 0 (f (W) (tn+1) - 27
Int1
[ s @) =t ds.
1y

1—1

Then we subtract the second equation above by 2 times the first equation and derive:

J(tne1)) = 2f u(tn)) + f(u(tn-1))
Int1

In41
- / B (f()) - (s — 1) ds + / 9 (F W) - (5 — tu_1) ds .
I In

-1
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As aresult, we get

11503 = || f ((tns1)) — 2F uta)) + f@ta—1))|I3
In+t1

In+t1
sn/ de (f)) - (s — 1) ds|3 + | I (f) - (s — ty—1) ds|3
ty

In—1

) Int1 5 5 Tn+1 )
S 7 / 9 (f (u)) dS”z +1° / 0 (f (w)) ds||2
ty In—1

3 Int1 2
St / 10:(f ()3 ds ,
In

-1

by a similar estimate in /.

Li&ls:
12413 + 1175113
1 In+1 ) 2 1 fht1 i 5
I~ H_/ Opree(s)(s — 1)~ ds|| + H—/ Orrru(s)(s — ty—1)" ds
T Js, 5 ), 2

1 In+1 2
< H—/ Byru(s) - T2 ds
T tn

Int1
/ 0rrru(s) ds
Iy

2
2

o]

2

3 tn+l 5
5r/‘ Vherte()1 dis
n

—1

Step 3: Estimate 7 - "' |G"||3.
Collecting estimates above, we have

m—1 m—1
T Y NG =7 Y AN+ 05 + 15115 + 1l + 1515)
n=1 n=1

tm
5mrN*Hw*/|@ﬂ%ﬂ%quﬁwwmﬁﬁ.
0

Note that by differentiating the original AC equation, we have

Oyt = vo; Au — 0, (f (u))

Orrrt = VO Au — 3y (f (u))

0 (f(w) = f/(u)azu

e (f ) = f/ @)+ £ ) (@u)*
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hence together with maximum principle and higher Sobolev bounds Lemma 4 one
has

m—1 I
Y NG"3 Smr - N7F 41 / 192113 + 119 (£ @) 13 + 13s¢ll3 d5
0
n=1

Im
<t N2 474 / lull%s ds
0

St - N5+ 74 (14 1)
S +1y) - @+ N5).

This completes the proof of Lemma 9. O

3.4.3 Proof of L2 error estimate of second order scheme 1 (1.3)

Note that the assumptions in Proposition 3.4.1 are satisfied by the unconditional The-
orem 1 and the maximum principle of the Allen-Cahn equation. Thus we apply the
auxiliary estimate Proposition 3.4.1. Then

m—1

() — u™ |15 S € - ((1 + At =" 13+l =3+ Y ||G"||%> :
n=l1

By Lemma 7 and Lemma 9,

m—1
lae(tm) = u™ |5 S ™7 - ((1 + A u! o 5+ 1 =013+ Y ||G"||%)

n=1
< (Cim . ((1 FATDON S 4t N5 4 (1 tp) - (4 + N_ZS))

< Ctm (N725 4 %)
Thus form > 2,
lu(tm) = u™l2 S e - (N7* +17) .

Remark 4 For the error estimate, we actually do not need high regularity of the initial
data because of a smoothing effect of Allen-Cahn equation.
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4 Second order semi-implicit scheme Il

In this section, we recall the second order scheme II:

1 7 —1
3un+ — 41,{1 + I,tn _ vAun+] _ A(Mn+l _ 21/!” + I/tnil)
2t 4.1
— My (2@ = f@h),
1

where T > 0 is the time step and n > 1. We again need to derive u
following first order scheme:

according to the

1 0

u —u
—vAx — 1O 0y

- vAu NSf@”) @2)

u® = Myug ,

.4 . . .
where 7y = min{z3, 1, ﬁ }. The choice of such t is to guarantee the error estimate
as mentioned in Sect. 3.4, and to ensure that the new modified energy function can be

controlled by the initial data.

4.1 Estimate of the first order scheme (1.6)

In this section we will still estimate some bounds of u! which will be used to prove
the stability of the second order scheme and it will be slightly different from scheme
(1.4).

Lemma 10 Consider the scheme (1.6).

Ml —MO

=vAu' — l'INf(uo) ,
T1

MO = HNM() ,
4
3

1 22
, 1, «/TH}' Assume uog € H=(T*), then

where T1 = min{t

lut —u®)3
Eu") + 1—12 SE@o).luol 52 1

A+ A" = u’l5 Spugln (1+)7

Proof The firstinequality shares the same proof as in previous section since the scheme
(1.6) is a refined version of (1.4).
For the second inequality, recall that ||| ;2 5\|M0\|H2~ We get

1
1 0 1 0
allu —uwllz = vllulgz + 1f @2 Sjul,, 1+ v -
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This implies

A+ Dllu' =13 Spugln 1+ 1)

4.2 Conditional stability of the second order scheme Il (1.5) & (1.6)

In this section we will prove Theorem 3 for the second order scheme (1.5) & (1.6).
Before proving this stability theorem, we begin with several lemmas.

Lemma 11 Consider (1.5) for n > 1. Suppose Ew") < B - (1 + v)? and Eu"~") <
B - (1 +v)? for some B > 0. Then

1
" oo < ap - {(vf +v 1. /T +1log(A+ 1) + |logv| + |log 7] + 1} ,

for some ap > 0 only depending on B.

Proof For simplicity we write < instead of <p. Note that by the energy estimates,

1 1
IV Mo + IVa 2 SvT 2+ ), " s+ [l ls S (1 +v)2 .
We rewrite the scheme (1.5) as

. 4 +4A7 n 14+ 2A7
T34 2Ar —2vtA" T 34241 — 2vtA

2ty ny _ n—1
T 31247 —2v1A (Zf(” )~ fu )) :

n+1 n—1

For Fourier mode k£ = 0, we have

4+4A7 <

34247 7~
14+ 2At <

3+2A7 ~
2T

34 2AT

A

| =
A

Thus
) < 1.
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For |k] > 1,

4+4+4At
3+2A7 + 2vTlk|]2 ™
1+ 2AT
3+ 2AT + 2utlk2 ™
2t < 1
3+ 247 + 20Tk~ VK]

This implies

"o Sl o + = g+ %||<V>‘1<2f<u") — f@ )l
o)+ (1 ags 16 s + e+ )
51)_%(1 +v)+v ! ((1 + U)% + 0+ V)%)
Sv_l + v% .

Similarly, we can derive that

4+ 4AT <(L+é>.L
34247+ 2vtlk)2 Y \vr v /) k2
e (1AL
34247 4+ 2vtlk|2 Y \vr v /) k2
27 < 1 .
342A7 4+ 2vt|k|]?2 ™ vk|?

Thus by the standard Sobolev inequality

1 A 1
[T FERS (; + ;) (0 1 ) + Sl F ) = Fa Dl

I A T - -
S (; - ;) R (i PR P P i Y

(1 A 1oy, 3 3 1
el (I+v)2+v (v 21 +v)7 + (1 4+v)?)

1 A 1 A+1 _s 1
S—+—+—F—+ — +v 2+v2.
VT Vv V2T V2

As a result, by the log interpolation Lemma 5 again, we get

1
[ Moo < W2 +v71) /T +10og(A+ 1) + |logv| + [log 7| + 1.
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4.3 Proof of the conditional stability
To prove Theorem 3, we first recall that
1 -1
3u”+ B 4un + un _ UAM”+1 + A(un+1 _ 21/!” + un—l)

= 43)
= —Ty (27" = f@'™H).

We apply the L? inner product with 82! = "+ — 4" on both sides of (4.3). Recall
that

(3un+l — 4y un—l , un—i—l _ un)
1
= 20u" 113+ 5 (16w 13 — 6w 13 + 187" 113 -

Applying this equation, we derive the estimate of the left hand side of (4.3) after taking
inner products:

1 1
LHS = 5w 15+ 2 (1w 115 — low" 15 + 197" 13)
v
+ 5 (1vu 113 = Va1 + 16V )
A
+ 5 (313 — s 13+ 187 1)
Y 2, 1 12, A4 12
> [Euw” 13+ s+ G + Shou* ||2}
Y 2, 1 2, A 2
- [EIIW”Ilz + Elléu”llz + 3||5u"||2

1 A
+ = [18u" 113 + 3||52u"“ 13 .
T

Now it remains to estimate the right hand side of (4.3) after taking inner products:

RHS —— (2f(u") _ f(un—l) , (Suil"rl)
— (2un _ unfl , 5un+l) + ((un71)3 _ 2(un)3 , 8Mn+l)
=L+ 1.
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To estimate /;:
I = (_82un+1 ’ 8un+1) + (un+1 7 5un+1>

1
= — 5 (w113 = w13 + 6%+ 3)

1
+ 5 (113 = 113+ new+113)

For I», we use the identity u”"~! = §2u" ! 4+ 24" — u"*!, then
(un—1)3 _ 2(un)3 :((Szun-‘rl + 2un _ Mn+1)3 _ 2(14”)3
:(52un+1)3 + 3(82un+1)2(2un _ Mn+1) + 382M’1+1(2Mn _ Mn+1)2
+ (214” _ Mn+l)3 _ 2(14”)3 .
Note that
382Mn+1(2Mn _ un+l)2 — 382un+1(82un+1 _ un—l)z
— 3(52u"+1)3 _ 6(82un+1)2un71 + 382un+1(un71)2 .
As aresult, we get
(un—1)3 _ 2(””)3
— 4(82un+1)3 + (82un+1)2(6un _ 3un+1 _ 6Mn_l)
+ 382un+1(un71)2 + (214” o un+1)3 _ 2(,//1)3
— (62Mn+1)2 . [4(un+1 —2u" + I/tn_l) + 6u" — 3un+1 _ 614"_1]
+ 382Mn+1 (un—l)z + 6(14”)3 _ ]2(un)2un+l + 6un(un+1)2 _ (ul’l+1)3
— (82u11+1)2 . (un+1 _ 2un _ 2un—l) + 382un+1(un—1)2
+6u" (" —uh? — @3 .

Therefore,

2 1 2 1 1
2] < 18% oo - 8% 1z - 6w
1 -1
(1 o+ 200" oo + 201" o )
2. n+1 n+1 n—1)2
182 2 - 31

+ ((5u;z+1)2 6w — un)) _ ((un+l)3

Su"‘H) .

Now note that

(™
4
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1
_ Z(unJrl —suntly

1
=3 [(un+l)4 74(un+1)36un+l +6(un+1)2(8un+1)2 74un+1(5un+1)3 + (Sun+l)4:|
n+1\4 1
_ Wt )3t 4 Z(Bun-m)z [6(Mn+1)2 — L gt un)2]
n+14 sutt1h2
_ . g+t 4§ '44 ) [(Mn)2+2unun+1 +3(un+1)2] '

Applying this identity we have

((3un+1)2 6t — un)) _ ((un+l)3 7 5un+l)

(un)4 (un+l)4 25 11 3
— _ _ S n+1,2 ny\2 _ n n+l =012
T4 T4 @), 7 )" = w4 L W)
(un)4 (un+l)4 25 11
— _ _ S n+1,2 n__ n+1,2
T4 T4 (du""0)7, 7 (u 254 )

23 n+1-2 n+1,2
+ 55 ((8u 2, @t ) .
Observe that

2 1 -1 1
167" oo < 4 max { "~ oo, "o, 1" o]

RHS
<_l”un+1”4+l“ n+1 2_1 5 n+1 2
Ll T PRl LT
1 1 1
LG e VR ER e P

1 1 23
— Enazu"“ 13 + 18" T13 - (5 + %nu"+1 ||§o>
2 1 1 —12 2 1,2
+ 182"y - | Su™T ||2-23max{||u” 1200 ™M1, Nlu"t ||oo} :

Recall that
v 5 1 4 1 5 1 >
E@) = s1IVulz + 7 lluls = Sllullz + 7 (T,
where 1t (T?) is the measure of T2. Hence by comparing the LHS and RHS, we get
1 A+1
E n+1 8 n+1y2 S n+1,2
@) + 18wy + —— 8wl

1 s A4l s
<E@W")+ E”(S”n”z + TIISM"IIZ

2 1 1 —12 2 12
182z - w2 - 23 max {1 e 1
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Table 1 Choice of centers and

radii i —3 _37” —3 0 3 0 3
TR T T B S LI
. s 2 2 i i s s
Ti 5 1 15 10 10 7 p

A+1 5 1100 1 1 23 12 12
- {Tllﬁ W3+ il %IIM"Jr 1% ) - I8u" 3¢
To show the desired energy decay, it suffices to require
1 1 23
204+ 1) (— -5 - —||u”“||§o)

> 529 max {1, i, 1)
We will prove it inductively as in the previous section. Set
B = max {E(u‘), E(uo)] ,
by Lemma 10 in the previous section, B < 1. We shall prove for every m > 2,

E@™ <B-(1+v)?, E@™ < E@™"),

1
" oo < @ - [(v3 + 71 - T+ Tog(A + D) + [Togv[ + [Tog e[ + 1] ,

where ap > 0 is the same constant in Lemma 11. Then it suffices to verify the main
inequality (4.4):

11
2(A+1) <;—§—C1 —C1~(v_2+v)-(l+10g(A+l)+|logv|+|logr|))
> Crv ™4 412 - (1 + [og(A + D + |log v[? + |logr|2) +C.

We consider two cases.
Case 1: A =0. Then we need

1
—> 07 4. (1 + [og(A + D] + |log v[? + |1ogr|2) 1.

If 0 < v < 1, we require that

T 5
< 1+ |logv|?
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t=0.1
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08 08
06 06
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Fig. 1 Dynamics of 2D Allen-Cahn equation using semi-implicit scheme I where v = 0.1, A=1, ug =
sin(x) sin(y), T = 0.01, Ny = Ny = 256.

If v > 1, we then require that

T ——— .
< 1+ |logv|?
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-0.2

04

-0.6

-0.8

25

0.5

0 5 10 15 20
t

Fig. 2 Dynamics of 2D Allen-Cahn equation using semi-implicit scheme I where v = 0.01, A=1, T =
0.01, Ny = Ny = 256 and the initial data u is given in (5.1).

Case 2: A = const - (v2 + v~4). In this case,

1
-> W2+ ) - (1 + [log(A + )| + | logv| + |log t]) + [logv|* + [log T|* + 1.
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Fig. 3 Dynamics of 2D Allen-Cahn equation using semi-implicit scheme II where v = 0.1, A=1, ugy =
sin(x) sin(y), T = 0.01, Ny = Ny = 256.

If0 <v < 1, we need

T PE———
< 1+ |logv|
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Fig. 4 Dynamics of 2D Allen-Cahn equation using semi-implicit scheme II where v = 0.01, A=1, 7
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0.01, Ny = Ny = 256 and the initial data u is given in (5.1).

If v > 1, then we need

This completes the proof.
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5 Numerical evidence
5.1 Several benchmark computation results with different initial data

Several numerical results are given below. For the Scheme I, we perform the following
numerical simulation. In Figure 1, we choose v = 0.1, A=1, up = sin(x) sin(y),
7 =0.01, Ny = N, =256.

The next numerical simulation is shown in Figure 2. In this simulation we choose
v =0.01, A=1, 7 = 0.01, Ny = N, = 256 and the initial data u is given basically
supported in several circles as below:

7
w(x,y)=—-1+Y_fo <\/(x—xi)2+(y—yi)2—rt), 6.1
i=1
where
Zeivl2 ifs < 0;
(S) — 9 9
fo { 0, otherwise.

The centers and radii of the chosen circles are given in the table 1 below.

For Scheme 11, an numerical result is given in Figure 3 where we choose v = 0.1,
A=1,up = sin(x) sin(y), Tt = 0.01, Ny = N, = 256.

We also provide a similar simulation using the same uq in (5.1) as a comparison
to Scheme I. The numerical simulation can be seen below in Figure 4 where we also
choose v =0.01, A=1, 7 = 0.01, Ny = N, = 256.

5.2 Convergence test

In this subsection we consider a benchmark computation test with initial data being
uo = 0.5 * sin(x) sin(y). We take v = 1, A = 0.1 and N, = N, = 256. Then
we consider the exact solution u, = 0.5 * e’ sin(x) sin(y) corresponding to certain
forcing term that can be computed explicitly. With these settings we perform our
numerical experiments for both schemes with various time steps 7 = Oi% with k =
0,1, ..., 6. The relative L2-errors and L®-errors at time T = 0.5 are presented below
in Table 2 and Table 3. As usual, the experimental order of convergence is computed by
comparing the errors of two consecutive refinements. Indeed the rate of convergence
indicates the order of the error is O (t2).

6 Concluding remark
Throughout this paper, we discussed two second order semi-implicit Fourier spectral

methods on the Allen-Cahn equation in the two dimensional torus. We proved the
stability (energy decay) of the schemes by adding stabilizing terms with a large constant

@ Springer



26  Page 40 of 41 BIT Numerical Mathematics (2025) 65:26

Table 2 Errors and orders of

convergence with the scheme I r=00 L2-error Rate L™ error Rate
T 3.316E-06 - 4.086E-05 -
7/2 8.327E-07 1.995 1.026E-05 1.996
/4 2.087E-07 1.998 2.571E-06 1.998
7/8 5.224E-08 1.999 6.435E-07 1.999
7/16 1.307E-08 1.999 1.610E-07 1.999
7/32 3.268E-09 2.000 4.025E-08 2.000

Comereence withhe schemert | T=00  Ulemor  Rae  L™emor  Rae
T 3.093E-06 - 3.809E-05 -
7/2 7.763E-07 1.996 9.560E-06 1.996
/4 1.945E-07 1.998 2.395E-06 1.998
7/8 4.868E-08 1.999 5.993E-07 1.999
/16 1.218E-08 1.999 1.499E-07 1.999
7/32 3.045E-09 2.000 3.749E-08 2.000

A. We also proved the L? error estimate between numerical solutions from the semi-
implicit scheme and the exact solutions. Future work can be done in other gradient
cases such as general non-local Cahn-Hilliard equations, MBE equations, and other
equations describing interesting phenomena in material sciences.
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