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Abstract

Solutions of low regularity are important objects in the study of partial differential equations (PDEs).
The Nobel laureate, physicist and chemist Onsager conjectured in 1949 [38] that loss of regularity may
lead to “anomalous dissipation of energy” or “energy cascades” and cause turbulence in fluid dynamics.
Therefore computing such solutions of low regularity is of much significance. In this paper we consider the
low-regularity integrator method (LGI) to study the Cahn-Hilliard equations, avoiding the high regularity
assumption while keeping the energy stability. In the literature a few works have already studied several
LGI methods for various PDE models and proved the energy dissipation by either requiring a strong Lips-
chitz condition on the nonlinear source term or certain L bounds on the numerical solutions (maximum
principle). However for models such as the (non-local) Cahn-Hilliard equation, the maximum principle no
longer exists. As a result, solving such models via LGI-type method remains challenging for a long time.
In this paper we aim to give a systematic approach on applying stabilized LGI-type methods to models
where no maximum principle exists by solving the Cahn-Hilliard equation with stabilization and showing
the energy dissipation. Our low-regularity integrator method requires no Lipschitz condition or L°° bound-
edness. Furthermore, we will show the L2 convergence under minimal u € H 6 regularity assumption (while
keeping good stability) by a newly developed iteration method.
© 2026 Elsevier Inc. All rights are reserved, including those for text and data mining, Al training, and
similar technologies.
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1. Introduction
1.1. Introduction to the models and historical review

Many mathematical models of physical and biological phenomena can be described via par-
tial differential equations (PDEs), which are of essential importance in areas such as material
sciences, biology, and kinetic theory. In this work, we focus on two classic PDE models: the
Allen—Cahn equation (AC) and the Cahn—Hilliard equation (CH).

The Allen—Cahn model was first introduced in [2] to study the competition between crystal
grain orientations in a binary alloy, while the Cahn—Hilliard equation was developed in [10] to
model phase separation and phase transitions. Their precise formulations are given as follows:

oru =vAu — f(u), (x,t)eQ x(0,00),
(AO)
u(x,0) =uo,
and
du = A(—vAu+ f(u), (x,t)€Qx(0,00),
(CH)
u(x,0) =uyg.
Here, the real-valued function u(x, t) represents the mixture state of two phases, with u = —1

and u = +1 corresponding to the pure states of each phase. The parameter v is small, and we
occasionally denote ¢ = /v to represent the transition layer width. Specifically, we take the
spatial domain €2 to be the two-dimensional torus T = (R/27Z)?, though our analysis can be
extended to bounded domains with Dirichlet or Neumann boundary conditions. The nonlinear
potential is typically chosen as

F@) =Fa)=u® —u, Flu)= %<u2 e

which leads to the energy functional

E(u) =/ <%U|Vu|2+F(u)> dx. (1.1)

Q

It is worth mentioning here that all results in the paper are for such form of f(u) for the sake of
simplicity, but can be extended to other double-well potential cases.

Both equations are gradient flows and dissipate the energy (1.1) over time. This property
ensures an a priori H'-norm bound for global well-posedness and serves as a key criterion for
numerical stability. In the limit as ¢ — 0, the Allen—Cahn equation converges to motion by mean
curvature, while the Cahn—Hilliard equation converges to the Mullins—Sekerka flow. We refer
to [30,39,1,26] for detailed asymptotic and rigorous analyses. For this reason, Allen-Cahn and
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Cahn-Hilliard equations play important roles also in differential geometry (minimal surfaces
etc.), we refer the readers to for [22-24] example.

The Cahn—Hilliard equation also plays a vital role in fluid dynamics, particularly when cou-
pled with the Navier—Stokes equations to model multiphase flows in a thermodynamically con-
sistent manner. Through a diffuse-interface approach, the Navier—Stokes—Cahn—Hilliard system
(and related models such as the Navier—Stokes—Q-tensor system) captures complex interfacial
phenomena—such as phase separation, droplet coalescence and breakup, and dynamic contact
lines—without explicit interface tracking. On the other hand, studying solutions of low regular-
ity is fundamental in the area of fluid PDE theory. The Nobel laureate Onsager conjectured in
1949 [38] that a loss of regularity could lead to anomalous energy dissipation or energy cascades,
contributing to turbulence in fluid dynamics. Therefore, accurately computing such “rough” solu-
tions is of considerable significance. This work aims to approach the limiting behaviors of (CH)
in a suitable low-regularity framework.

Numerous numerical approaches have been developed for simulating the Cahn—Hilliard equa-
tion and related phase-field models. These methods can be broadly classified according to their
treatment of time discretization and spatial approximation. In terms of time-stepping strate-
gies, both fully explicit (e.g., forward Eule [4]) and semi-implicit (implicit-explicit) schemes
[15,29,36,34,35] have been widely studied. To enable larger time steps while preserving struc-
tural properties, methods such as convex splitting [25] and stabilized semi-implicit schemes
[29,42,48,49,35,36,34,16,17] have been introduced. For spatial discretization, common ap-
proaches include spectral methods [8,14,35,46,15,29,37], finite element methods [9,27,31], and
finite difference methods [6,7]. We also list several results for other related gradient flow models
here [11,20,28,21,40,44,45] and etc. These numerical approximations successfully capture both
quantitative and qualitative features of the solutions, with a key focus being the preservation of
energy dissipation.

A central issue in the numerical analysis of such gradient flows is energy stability. For in-
stance, Feng and Prohl [27] derived error estimates for a finite element discretization of the
Cahn-Hilliard equation, though the bounds depend strongly on the interface parameter v. While
fully explicit methods typically suffer from severe time-step constraints and generally fail to
guarantee energy decay, semi-implicit methods—where the linear part is treated implicitly and
the nonlinearity explicitly—offer a more efficient alternative. However, standard semi-implicit
schemes can still become unstable for large time steps. To address this, stabilized versions have
been developed that incorporate auxiliary stabilizing terms to ensure energy decay under milder
conditions, cf. [29,48,49,43]. Nevertheless, many of these methods rely on strong Lipschitz as-
sumptions or a priori L°-bounds on the numerical solution. Recent advances [34,35,16] have
employed sharper analytical tools developed in [5,33] to relax these requirements.

Inspired by progress in semi-implicit schemes, so-called low-regularity integrators (LGI) have
emerged as an effective approach for simulating rough solutions, particularly in the context of
equations with limited regularity [32,3,12,18,41,47]. These methods aim to accurately capture
energy dissipation and other structural properties even under low-regularity conditions. In a short
word, the LGI methods discretize the semi-group presentation of the solutions to nonlinear PDEs.
In more details, take the Allen-Cahn equation as an example. It is well-known that the smooth
solution to (AC) is given by the semi-group mild form (or Duhamel’s Formula):

t
u(;)=e“mu(t0)+/e”<’*”>Af(u(a)) do, (1.2)

fo
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where ¢’2 is the standard heat semi-group (heat kernel). Then the idea of the classic integrator
methods is to discretize the semi-group presentation in each time interval (t,, t,+1) by approxi-
mating the integrand function by a constant (cf. [32]):

Int1
Wltns1) =" 2uty) + / "1 £ (4()) do
In
Int1
~e' " u(ty) + / "1 =8 £u(1,)) do

In

(1.3)

1— ev(tn-%—]*tn)A
=e""Ru(ty) + —————— (i),

or equivalently approximating u(,) ~ u”, u(ty+1) ~ u"Handr = th+1 — t, we have the follow-
ing LGI method for the usual Allen-Cahn equation:

VTA

-1
un+l =€WAM”+e—f(un). (14)
VA
One of main advantages of LGI method (1.4) is the lower regularity assumption of the exact
solution. To see this we first recall the usual semi-implicit time stepping method:

n+l _ n
- VAU — ). (1.5)

It is worth remarking here that it is well known the truncation error of the semi-implicit time
stepping method (1.5) is of order O(t - 9;;u); therefore the minimal regularity requirement to
guarantee the convergence is 0;u ~ A%y € L2, or u € H*. We then take a brief look of the
truncation error of LGI method (1.4). Clearly from (1.3), we can derive that

ev(thrl —th)A _

Ultnr) = " 2ulty) + —— fw@) + R, (1.6)
where
Int1
R, = / " 178 (£ (u(a)) — f(u(ty))) do . (1.7)

In

Noting that by the maximum principle of Allen-Cahn equation (cf. [16]) we can estimate R, as

[Rullz ST max lu(o) —u(@)l2, (1.8)
o€ thVH»l]

where the | - ||2 is the L2-norm that will be defined in Section 2. Recall that from the continuous
equation indeed one has
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o o

u(o)—u(t,,):v/Au(&) d&—/f(u(&)) dé . (1.9)
In

In

As aresult, the error | R, |2 < 72 maxeqe[o,7] | Au(o)|l2. It is clear that the regularity assumption
is therefore Au € L? or u € H?. Compared to usual semi-implicit time stepping, this LGI method
requires much lower regularity. One can easily check the semi-implicit method requires u € H®
in the Cahn-Hilliard case where the LGI method requires u € H°.

However, the idea above either requires a strong Lipschitz condition on the nonlinear source
term, or requires certain L° bounds on the numerical solutions. Such requirement is satisfied by
the Allen-Cahn equation by the standard maximum principle (we refer the readers to [34,16] for
example). While for other models such as the (non-local) Cahn-Hilliard equation, the maximum
principle no longer exists. As a result, solving PDEs via LGI method where strong Lipschitz
conditions or maximum principle are no longer applicable remains open for a long time. One of
our modest goals of this paper is to give a systematic approach on applying LGI-type methods to
such models. Another major difficulty arises from proving the L? convergence under the minimal
regularity assumption. Indeed by directly applying the usual discrete Gronwall’s inequalities one
might need a much higher regularity assumption to obtain the desired O (t)-error. Therefore
we aim to show the L? convergence under minimal regularity assumption while keeping good
stability.

To be more specific, we consider the following stabilized LGI method for the Cahn-Hilliard
equation (CH):

1— evazr

W't = A T [ )] - STANW i), (1.10)

u® = IMyug,

where 7 is the time step, S > 0 is the coefficient for the O(7) regularization term and Iy is
truncation of Fourier modes of L2 functions to |k|s < N, where k = (k1, k2) € Z2 | |kloo =

max{|ki|, |k2|}. In fact (1.10) above can be reorganized and rewritten into the following form:

Mn+1 _— evazr 1 1— evazr

20 n+1 o ny __ n n
+ SA“(u u")= . u + — My[f @], (1.11)

u® = Myug.

Remark 1.1. It is worth mentioning that from (1.11) one can observe that our integrator method
behaves very similarly to an explicit forward Euler method since

e*l}Azr -1 1
= VA% + VA% + 0(12),
T 2
A2
1 —e VAT :A_lvA3T+O(7:2)'
TVA 2

Therefore informally speaking, (1.11) can be understood as the usual explicit forward Euler
method for (CH) with a stabilization term:
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Mn+1 —
— FSAPWMT —u") = —v AT + ATIN[ W]+ O(vT, T2). (1.12)
T

Remark 1.2. The stabilizer SA%(u"*! — ") is not unique. In fact our analysis works for
many other stabilizers such as Se~2u"*! — ) and so on. Another particular choice is
%Az(u""’l —u") — SA@W"! — u™). Such particular choice results in the analysis of the en-
ergy dissipation. More precisely speaking, we need %A2(u”+l — u'") to balance the drawback
caused by the “explicit forward” diffusion; the real stabilizer is indeed —SA (u" ! — u™). We
choose SAZ(u™t! — u") just for the sake of simplicity. However due to such choice, the regu-
larity assumption will be higher and we refer to more discussion in Remark 1.11. The stabilizers
discussed above are of order O(t), indeed stabilizers of order O(?) such as tSA2(u" ! — u™)
can be introduced; however the energy stability will be weaker in the way that the time step
needs to be smaller (than certain quantity of v). Even though such choices of stabilizers are not
unique, they are necessary. As will be presented in Section 5 with numerical evidence supporting,
we will see examples without stabilizers have growing energy.

Remark 1.3. The exact explicit forward Euler method seems challenging to obtain the energy
stability because it seems unlikely to obtain a uniform Sobolev H*-bound estimate. To our best
knowledge, we believe such problem arises from the essence of the forward Euler method since
the regularity at step »n is higher than the regularity at step n + 1 due to the “explicit forward” dif-
fusion —AZu”. This seems to be the crucial technical difference between our integrator method
(1.11) and the exact explicit forward Euler method (1.12) without the stabilizer SA?(u"+! — u™)
and higher order O (vt, %) perturbation.

Remark 1.4. As mentioned earlier in Remark 1.1, our method (1.11) can be understood as an
explicit forward Euler method. It is well known that after spatial discretization on a grid of size
h, any explicit method will have a time step 7 restriction of size T < O (h*) for the fourth order
(CH). However as will be explained later (see Theorem 1.8), in order to show the convergence of
our numerical scheme, we only require 7 < (log(N))~!, which is a logarithmically mild restric-
tion. Moreover the energy stability holds for any size of 7, see Theorem 1.6.

Remark 1.5. It is worth emphasizing here that Cahn-Hilliard equation indeed shares the mass
conservation: j—t sz u dx = 0 resulting from the integration by parts. Therefore we can assume
sz u = 0 or #(0) = 0 without loss of generality. Here %(k) is the Fourier series of u, see Sec-
tion 2 for the notation.

1.2. Main results
Our main results state below.

Theorem 1.6 (Unconditional energy stability for (CH)). Consider (1.10) or (1.11) with v > 0
and assume ug € H*(T?). Then there exists a constant By depending only on the initial energy
Eo = E(ug) such that if

§=z B (Iuoll + v logvl +v ™ log N +v), B = fu.
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Then Eu"t') < E(u™), Yn > 0 and for any choice of the time step t, where the energy E is
defined in (1.1).

Remark 1.7. The choice of S is not optimal here; in fact we refer the readers to Section 5 for
numerical evidence with much smaller S. Determining the optimal bound of the stabilizers can
be a very interesting question, however it is not the focus of the presenting paper; we leave this
question to the readers.

Theorem 1.8 (L2 error estimate). Fix v > 0 and let ug € HS, s > 6. Let 0 <t < D for some
D > 0. Let u(t) be the continuous solution to the 2D Cahn-Hilliard equation (CH) with initial
data ug. Let u™ (1 <m < M, where M is a fixed iteration number) be defined in (1.11) with
initial data u®. Assume S satisfies the same condition in Theorem 1.6. Define ty = 0 and t,, = mt
for m > 1. Then for any m that satisfies | <m < M,

™ — u(t)ll2 < (1 + S) - Cy - C11m (N‘S +r ”'N‘”“),

where C1 > 0 is a constant depending on v , ug; C2 > 0 is a constant depending on s , v and uy.

Remark 1.9. It is worth mentioning that the requirement § > fv~!log N in Theorem 1.6 is
troublesome in the convergence of the numerical scheme. However as stated in Theorem 1.8
above, S- N~ — 0 as N — oo therefore such choice of S will not ruin the convergence. On the
other hand, in order the numerical scheme to converge we do need (t + r§) -S—>0as7t—0,
which requires T < (log N)~!. This is still a very mild restriction as discussed in Remark 1.4
because if one uses spatial discretization, the restriction on the size of the time step t is usually
much smaller (of polynomial order of %) to be numerically stable.

Remark 1.10. Here we need to require that t is not arbitrarily large. However, in practice it is
not a big issue as we always use small (or at least not arbitrarily large) time steps.

Remark 1.11. Here the choice of s > 6 is mainly due to the stabilization term of high regularity;
indeed if worse stability is allowed (much smaller time step ) then we can derive the L? error
under even weaker assumption than the indicated one from the truncation error analysis. On the
other hand, the convergence rate 78 is technical. In fact if we allow s > 8, as the usual semi-
implicit time stepping does, then the desired st order convergence can be recurred. It is also
worth pointing out that there are already works such as [32] that have developed strategies for
systems of less regular initial data such as incompressible Navier-Stokes system. In fact due to
the incompressibility of Navier-Stokes equation the energy dissipation is natural and no longer
challenging.

Remark 1.12. The major difficulty of proving Theorem 1.8 arises from the minimal H® regular-
ity assumption. Indeed by directly applying the usual discrete Gronwall’s inequalities we might
need an H'? assumption to obtain the desired O(t)-error. Such phenomenon is mainly due to
the lack of control of L>G”. To overcome this difficulty we developed a novel iterative discrete
Gronwall framework and successfully lower the requirement to H®. For more discussion we refer
the readers to Section 5.
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1.3. Organization of the presenting paper

The presenting paper is organized as follows. In Section 2 we list the notation and prelimi-
naries including several useful lemmas. The long-term asymptotic behaviors and the smoothing
effect of the Cahn-Hilliard equation are shown in Section 3. The energy stability of the LGI
method of the 2D Cahn-Hilliard will be shown in Section 4 while the error estimate is given in
Section 5. Numerical experiments will be presented in Appendix Section A. Further discussion
and concluding remarks will be in Section 6.

2. Notation and preliminaries

Throughout this paper, for any two (non-negative in particular) quantities X and Y, we denote
X <Y if X < CY for some constant C > 0. Similarly X = Y if X > CY for some C > 0. We
denote X ~Y if X <Y and ¥ < X. The dependence of the constant C on other parameters or
constants are usually clear from the context and we will often suppress this dependence. We shall
denote X <z, 7,.....z, Y if X < CY and the constant C depends on the quantities Zy, - - - , Z.
For a real-valued function u : 2 — R we denote its usual Lebesgue L”-norm by

(f9|ulpdx)%, 1 <p<oo;

ess sup, cqlu(x)|, p=oo.

”u”pZHMHLP(SZ):! 2.1

Suppose u € L”(£2) and all weak derivatives 9%u exist for || =« + - - - + «, <k, such that
9% € LP () for |a| < k, then we denote u € WX P () to be the standard Sobolev space. The
corresponding norm of W57 () states below:

<=

el wip gy = Z/|a°‘u|1’ dx
‘alfkg

For p = 2 case, we use the convention H¥(2) to denote the space Wk2($2). We often use D™ u
to denote any differential operator D*u for any |«| =
In this paper we use the following convention for Fourier expansion on T?:

fo=—— 3 Fe, )= / Foe* dx

Qn )dk =’

Taking advantage of the Fourier expansion, we use the well-known equivalent H*-norm and
H?-semi-norm of function f by

Lf s = Z(l HEPNFOP ] L 1 fllgs = > kEIF

27)4/2
(2m) keZd

(r )d/2
In addition, for N > 2, we define

XN=span{cos(k.x) csin(k-x): k= (ki ko) € Z2 |k|oo=max{|k1|,|k2|}§N} .

8
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Lemma 2.1 (Sobolev inequality on T9). Let 0 < s < d and f € L1(T?) for any % < p <09,
then

1 1 s
\VAR < , Where — = — + —
(V) f||Lp(Td) s, p.d ||f||Lq(Td) g p d

s

where (V)™ denotes (1 — A)™2 and A S, q B is defined as A < Cs g B where Cy p g is a
constant dependent on s, p and d.

Remark 2.2. Note that this Sobolev inequality is a variety of the standard version. Note that
on the Fourier side the symbol of (V)™ is given by (1 + |k|?)~2. In particular, | f | so(T ) <

I /Il 24y, is known as Morrey’s inequality. Moreover we define the symbol [V|f (or alterna-
tively |V|~! f) given by |k|f(k) (or alternatively |k|~! f(k)) from the Fourier side.

Remark 2.3. If one further requires that f € H 1(T2) has zero mean, i.e. f(O) =0 we have

1 1
Iflla < NAUSIV A, (2.2)
and
1 2
Iflle <INV LS. (2.3)
The proof of (2.2) and (2.3) follows from Lemma 2.1 and standard interpolation.

Lemma 2.4. Suppose f € H'(T?) and f has zero mean, i.e. f(O) =0. Then

1 1
1f 1l < VI FUZ UV £, 2.4
Ifll2 <V fll2. 2.5

Proof. The proof follows from Parseval’s identity directly:
f frdx= f IVIZLF - IVIS dx.
T2 T2

Then (2.4) follows from the classic Cauchy-Schwarz inequality by noting |||V|fll2 = [V fll2.
(2.5) follows from the standard Poincaré inequality (or directly from the Fourier side). O

Lemma 2.5 (Log-type interpolation). For all f € H* (T?), s > 1 and suppose f has zero mean,
i.e. £(0)=0, then

1 £ll0e = Cs - (111 /08T s +3) +1) - 2.6)
Here Cs is a constant which only depends on s.

Proof. This lemma is a special case of Lemma 3.1 in [16] and we refer the readers to the proof
therein. O
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Lemma 2.6 (Discrete Gronwall’s inequality). Let T > 0 and y, >0, a, >0, 8, >0 for n =
1,2,3---. Suppose

yn-l—lri_ynfanyn_i'ﬁns Yn>0.

Then for any m > 1, we have

m—1
<eXP< Zan) (yo-i-f Z,Bk) -
k=0
Proof. The proof of this lemma is standard, cf. [13]. O

3. Long-time asymptotics, smoothing effect and temporal integrability

Assume that u(x, t) is a smooth solution to the Cahn-Hilliard equations, it is clear that the
energy dissipation provides an a priori H'-norm bound and since the scaling-critical space

for (CH) is L2 in 2D (and H 5 in 3D), the global well-posedness follow from standard energy
estimates. Therefore we first show the following H* boundedness of the Cahn-Hilliard equations.

Lemma 3.1 (H K boundedness). Assume u(x,t) is a smooth solution to the Cahn-Hilliard equa-
tion in T? and the initial data uq € Hk(Tz)for k > 2. Then,

sup [lu (@) [l i T2y Sk 1 3.1

t>0
where we omit the dependence on v and u.

Proof of Lemma 3.1. The proof is based on the kernel estimate and we sketch the details. To
start with we can write the solution u in the mild form

t
u(t):e_”’A2uo—|—/e_”(’_”)AzA(u3 —u) do .
0

Note that by the energy dissipation we indeed have [lu|| y1(p2) S 1 for any 7 > 0. Therefore it
suffices to this argument inductively, namely we show ||u|| 52 < 1 for any + > 0. Then by taking
any second order spatial derivative and L? norm in the formula above, we derive

1D%ullz < ID%e "% ugll + / ID%e ™) A3 — w)|, do,

where D"'u denotes any differential operator D*u for any |«| =
Firstly, we consider the nonlinear part. We indeed observe that

_ _ 2
D2 DN AW — w2 S NIK7 * @ — )2,

10
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where K is the kernel corresponding to ADZ%e~"¢ —0)A?, (It is easy to see that here D can
interchange with A.) Let y =t — o, it then suffices to estimate the following quantity:

t 1 t
/IlKl*(u3—u)||2 dJ/=/||K1*(u3—u)||2 dV+/IIK1*(u3—M)II2 dy. 62
0 0 1

Here we assume ¢ > 1 with no loss since the case ¢ < 1 follows easily as a special case. For the
region when y > 1 we get

1Ky (6 =)l S 1K1+ @ =) oo STK 2 - Nullg S 1K 2,
by the standard Sobolev embedding ||ull¢ < |lull 71 < 1. Note that for y > 1 we have

1

2

_ 4
1Kl S | D kiPe7IH

[k]=1
o0 3 (3.3)
< /e_zvyr4r9 dr
1
SyThe.
As a result, we have
t t
/I|K1 * W’ —u)|> dy Sf)/f%e*”” dy S 1. 34
1 1

The arguments above indeed indicate a smoothing effect. The region 0 < y < 1 follows from the
standard local theory.
We then can conclude that

t
/ ID2e ™" =O2 A3 — w)|y do < 1;
0

the linear part follows from similar arguments. O

We then show the following smoothing effect and temporal integrability of the Cahn-Hilliard
equations.

Lemma 3.2 (Smoothing effect). Assume u(x, t) is a smooth solution to the Cahn-Hilliard equa-
tion in T? with the initial data ug € L*(T?). Then it follows for any k > 1 that

sup (1) st r2) = C (3.5)
1>

11
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where the dependence is merely on k,v and uy.

Proof. The proof is very similar to the proof of Lemma 3.1. To start with we again write the
solution u in the mild form

t
u(t) = e_‘”Azuo + / e_”(’_")AzA(u3 —u)do .
0

It suffices to prove this argument inductively, namely we will show |ul| 51 <1 for any ¢ > 1.
Then by taking any first order spatial derivative and L? norm in the formula above, we derive
that

t
1Dull2 < | De™ "™ uoll2 + / le "2 DAWS — w), do,
0

where D™ u denotes any differential operator D%u for any || = m.
Linear part. Itis clear from the Fourier side that

1De™ " ugl3 < Y e 2 k2 iz (k) 12 (3.6)
[k]>1

Note that e‘z"”k“l|k|2 < % (for the details we refer the readers to the Appendix in [16]), then

N 4
t > 1 implies that e=2/IKI" |k|> < 1. As a result,
—vtA? 2 2
IDe~ugl3 S luoll3. 3.7)

Nonlinear part. Sincet > 1, we will estimate as follows:

t t
/ le ™Y DA — ), do = / le™ ™A DA — w)|l; dr
0 0

1 l (3.8)
= [ 1Kas @ =l dr o+ [ 1Kk G~
0 1
where K3 is the kernel corresponding to ADe VA,
When t € [0, 1] we have
_ 4 —
1Kz @ —w)]l5 S Y e k01 — w) ()1, (3.9)

k=1

—2vTx

Defining g(x) = x° * one can check that max gx) < t=% . Therefore 1Ko s (u® —u)||2 <
3

T4 and

12
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1

1
/Ile*(u3—u)I|2 drgfr—% dr < 1.
0 0

Now for 7 €[1, t] we have

t t t
/IIKz*(M3—M)II2 dr5/||1<z*<u3—u>||oo drsanznz-nuué dr.
1 1 1

Similar to (3.3) we can obtain that for T > 1 that
1
[K2ll2 ST72e"7,
which shows that flt K2l - ||u||g dr < [°lIK2ll2 dr < 1. Combining the estimate in lin-
ear and nonlinear parts we conclude that sup,~; [lull 1 < 1. Inductively we can conclude that
sup;>q lullgx S1forany k>1. O
Proposition 3.3 (Temporal integrability). Let s > 4. Assume that u(t, x) is the unique solution

to the Cahn-Hilliard equations (CH) with initial data ug € H*(T?) and of zero mean. Then we
have for any T > 0 that following inequality holds:

T
f 18, Au|? dt < C(1+T),
0

where C > 0 depends only on v and uy.

Proof. Firstly we assume 7' < 1. Note that after applying A to the (CH) we can derive that
Au=—vAu+ A* WP —u). (3.10)

Then by testing (3.10) with 9; Au we have

vd
18, Aull3 + Eaumzun%) <18 Aul2 | A% — w2
2, 40 2 < 112 6

= 13 Aully + I A%I3 S Ny + NGy

As aresult, the usual (integral) Gronwall’s inequality shows that supy—, < [[u]l 4 S 1 since s > 4.
We arrive at

1 1
[ sl aus [ ast G.11)
0 0

13
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We then assume 7" > 1. Recall that from the energy conservation we can derive that

iE(u) = / du(—vAu+ f(u)) dx = — (a u, (—A)19 u) =—IVI~'8ul’
T ; i, ¢ iz (3.12)
’]1‘2

Then by integrating in time, it is clear that
o
/mw”am@msL (3.13)
0

Therefore by Sobolev and Holder’s inequalities we see that

T T
3
fw&m@msfmw*awﬂawﬁwfm
1 1
z 1
§fmw”@m§m (3.14)
1

T
g/mvr%mémv%gl+n
1

where we need sup, . ||9; (V)3 ull2 <1 from the smoothing effect Lemma 3.2. O
4. Energy stability of the scheme (1.11)

Recall that the Cahn-Hilliard equation (CH) takes the following form:

u=—vA%u+ Af@u),
u(x,0) =ug.

Here f(u) =u> — u, and the spatial domain € is taken to be the two dimensional 27 -periodic
torus T2. The corresponding energy is defined by E (1) = fQ(% |Vu |2 + F(u)) dx, where F(u) =
}du2 — 1)2, an anti-derivative of f(u). Recall that we consider the stabilized integrator method

(1.11):

) H evazr -1 1— evazr
SA n - — n 1-[ n ,
+SATWT — ) S N AR

un+l —u"

u’ =TI NUQ.
Here ITy is truncation of Fourier modes of L? functions to |k|s, < N. Note that here E =
E(T1yug) while Eg = E(up) and in general Eqy # EO. In particular the following statement
holds.

14



X. Cheng, Z. Luo and S. Wang Journal of Differential Equations 478 (2026) 114622

Lemma 4.1. Suppose EY = E(Tlyug) and Eo = E (uo) as defined above, the following inequal-
ity holds:

sup E(Tyuo) <1+ Eg, where ug € H' (T?) .
N

Proof. We rewrite ITyug as ﬁ Z‘ k<N o (k)e' namely the Dirichlet partial sum of u.

1 1
2 21~ 2 21~ 2 2
IV TUeo) gy = oz 2o KPIBOE < s 37 WPIREF =1 00) 2o,

k=N lkleZ?

On the potential energy part, by the Sobolev inequality Lemma 2.1, [[uo|l 412y < lluoll g1 (T2)s
this shows ug € L*(T?) and hence the Dirichlet partial sum I1yug converges to ug in LY(T?).
Then limy_ o l[TInuoll a2y = lluollL4(T2y, which leads to supy [TInuoll 42y < 0o. By
the Uniform Boundedness Principle, we derive supy [[TIn]l < oo, i.e. supy [[TInuollz4(T2) <
clluoll 42y for an absolute constant c. Combining the two estimates above we finish the
proof. O

We will prove Theorem 1.6 by induction. To start with, we test the equation by ”i; 1 (u't!
e—UT -
—u™"). Then the LHS of (4.1) is
LHS :l <un+l _ un’ #(uﬂﬁ’l _ M}’l))
T e—v‘L’A —1
VAT
+ S <A2(uﬂ+l _ un)’ e_m—z_l(un-'rl _ ul‘l)) (42)
3
_(,n+l _ n —VvA n+l _ n n+l _ n —VA'T n+l _ n
_<u u,l_eiwAz(u u))—i—S(u u’l_e—vrM(M u)l,
“4.3)
where (-, -) is the usual L? inner product. We observe that both the two operators A = . *fUAAz
—e T
and B = I_Vfazz are positive semi-definite and self-adjoint, therefore we have
—e VT
LHS = [[VA@" —u") 5+ SIVB@™' —u"]3, 4.4)

where the operator ~/A and /B correspond to the following Fourier symbols:

e~ 2 — 6
VAu(k) = /Lzlﬁ(k); VBu(k) = /Mﬁ(k). 4.5)
1— e—u|k| T 1— e—u|k| T

To proceed from here, it is important to examine the behaviors of these two operators. Indeed we
state the following lemma.

15
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Lemma 4.2. Suppose the operators /A and ~/B are defined in (4.5) above. Then the following
inequalities hold for any function u € H>(T?) and any v € H'(T?) with zero-mean:

1
1\?2 _
(;) VI~ ol < VAV, IVul2 < [V Bull2. (4.6)
Proof. The (4.6) can be proved from the Fourier side. In particular, by the Parseval’s identity we
have
Voo —— KE o @7
2T 2m)? A 1 ek ’ '
[k|=1
therefore it suffices to show
v|k|? 1 vr|k|*
> , — > 1. 4.8
vkt = 7k O T etk = (4.8)
\)'L’)C4

To show (4.8), we can define an 1D function for x > 1, h(x) =

— 1. By direct compu-

l_e*l)'[x4
tation we can show A’(x) > 0 for x > 1 and A (1) > 0 noting vt > 0. Therefore (4.8) is proved.
Then (4.7) implies

1
—lIv] W3 < IWVAv3. 4.9)

By the same reason we can show [[Vu|, < I~/ Bu|2. We hereby conclude (4.6). O

We then continue the proof of Theorem 1.6. We now focus on the RHS of (4.1):

RS (4.10)
EERE

+ (%HN]‘(M")’ 1_—:%(”"“ _ un)) @1D)
=y (u”, AW = un)) _ (HNf(u"), Wt un) . @.12)

Note that "1, u" € X, we have
RHS = v (w", V" — u"+‘)) - (f(u"), W u) . (4.13)
Using the identity 2a(a — b) = a®> — b + (a — b)?, we derive from (4.13) that

RHS = Z(IVu" I = [V 13 + V0" = VD) = (Fhu ™ —u). @14)

16
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To proceed further, by the fundamental theorem of calculus we arrive at

untl

FO"™h) = Fu™ = fu") @™ —u") + f f@) @™ ~0) do

utl

= f" " —u") + / Bo? — D"t — o) do

u

— f(un)(un—H _ un) + i(ul’l-l—l Vl)2 (3(,//1)2 + (un+1)2 +2un n+1 2) .

(4.15)
Combining the estimates (4.4), (4.14) and (4.15) we arrive at
IVA@™ = w3 + SIVB@™! — w5+ E@") — E@")
v (4.16)
Zzllv(un-‘rl n)||2 + 4 ((un+l n)2’ 3(“”)2 + (un+1)2 + 2unul’l+1 _ 2) i
By further considering (4.6) and (4.16) we indeed have
1
SV @ =B+ (S = DIV@ = w3+ E@) — Ew)
T 2
1 4.17)
4 ((un—H n)2’ 3(un)2 + (un—H)Z + 2unun+1 _ 2) i
Moreover by Lemma 2.4, we derive that
(,/ + = - >||u”+‘ W'+ E@") — E")
(4.18)
4 ((uﬂ+1 Vl) 3(1/!”) + (Mﬂ+1) + zun n+1 2) .
Therefore to show the energy dissipation, it suffices to take
28 S 3
=+ 53z ymax{ ik k) (4.19)
We rewrite the numerical scheme (1.11) as follows:
+ S‘L’Az + evazr 1— evazr (4 20)
n = n H n °
. Trscar T U scana v/ @)

By the interpolation lemma (Lemma 2.5), to control ||z s and ||u" ||, We can only focus on
. .3
the H'-norm and H 2 -norm.

17
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Lemma 4.3. There is an absolute constant c1 > 0 such that for any n >0

05 ey <f+ )-(E"+1)

“4.21)
n+l1
([7ias ||H1(T2) < (S

Sl 13) - el g2 er2y + ™ g2, -
Proof of Lemma 4.3. It suffices to consider Fourier modes 1 < |k| < N from the Fourier side
‘We then obtain that

Stlkl* —vrlkl* k%
Skl + e MOHIKE
1+ Stlkl* i
A—e Kz 1 @22
<
(1 +S'L'|k|4)v|k|2 -

S|k|z

where we have observed that 1 — e VTKI" < v |k|*. It then follows by (4.20) that

I < NZ|ju"| (T2 l|||V|_%f(un)||L2 T2)- (4.23)
A3 (T?) A1)+ S (T?

Here the notation |V|* = (—A)%, corresponds to the Fourier side |k|*. Note that by the Sobolev

inequality Lemma 2.1 we have

II(V)f%f(M")IILzarz) SIF@OI s o = "y’ —

_ /((u")3 —um? dx
’]1‘2

SE"+1.

ull 4
L3(’]I‘2)

Therefore (4.23) can be estimated by the following:

N 1
n+1 < - _ El’l 1 .
[ IIHQ(TQ) (,/ ST S>( +1)

Similarly, we get

(STlk|* + e ) k|
1+ Stlkl*
* Tl | (4.24)
(1 — e VT k| - vr|k|* | = 1
(1 + Stlkvlk2 = Sevlkl6 ' Sk

< k|

It then follows by (4.24) that

18
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1
" gy < "l py + S 1 @l 2

1
+ <A = @™ w202

<l g1 2 3

2
[Ju" ||

< "l g1 (T2 +( + ) | L212)-

We then complete the proof of Lemma 4.3. O

Proof of Theorem 1.6. Now we will complete the proof for Theorem 1.6 by induction:

Step 1: The induction n — n + 1 step. Assuming E" < E"1 <... < E® and E" <
supy E(Myuo), we will show E"*! < E". This implies [|u"||2,, = [|Vu"||?, < 2£- 2E° 2E° .By
Lemma 2.5 and adopting the notation f <o g to denote that f < C(E) - g for some constant
C(E") depending only on E, we have after applying (2.6)

2
N 1
a2 < 1%, | [logG+ e (,/;+§) (En-+1) | +1

2E° 1
S —~ (1 +1log(S) + log(;) + (log(N))> +1

(4.25)

1
<gov! (1 + log(S) + log(;) +10g(N)> +1

Define mq == v~ (1 +log(S) + | log(v)| +log(N)), and note that EY < supy E(Myug) S
Eoy + 1, the inequality above (4.25) is then rewritten as follows:

lu™ 112 gy mo + 1.

On the other hand by Lemma 4.3 and Lemma 2.5,

"M% S 1+ G log B+ ™l )
1+ un 2
§1+(1+%)2nu"n Vlog(3 + [lu" | 5
m0+
Sk 1+ (1 4+ —— )2 log(3 + [l 1]l . 3) (4.26)

§E01+(1+?)m

m3
SEy 1+ — 5 9 4+ my.

The sufficient condition (4.19) thus becomes

19
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JE S Y@y (14 £
25,85 v mo+ ™0\
r 2 27 0T g2

mo=v"" (1 +log($) + |log(»)] +log(N)) .
It then suffices for us to choose S such that
S>g,mo+v= p! (1 4+ log(S) + | log(v)| + log(N)) + v,
where the notation B 3>, D means there exists a large constant Cg, depending only on Eq such
that B> Cg,D. In fact, for v 2 1, we can take S >, v +log(N); if 0 < v <« 1, we will choose

S=Cg - v1(|logv| + log N), where CE, is a large constant depending only on Ej. Therefore
it suffices to choose

S=Cg,v ' (log N 4 |logv|) + v. 4.27)

Step 2: We now check the induction base step n = 0. Clearly we only need to check

28 S v 3 ) 112
T E—EZEmaX{”nNMOHOO’”M 5.}
By Lemma 4.3,
1 1 1 2
lu g < {1+ 5+ <lIiTvuolls, | - lluoll g
N
(1L Dy, ) - 22
= g T gl VHOls v
As a result,

lut oo S 1+ 'l 1 flogB + el 3)

3
2

<1+ (1+ L5 Yymu 2E° e (34 ,/S+1 (Eo+1)
— J— —_— 0 — —
~ N NHOlloo v £ “l v S 0

1 1
<k, 1+ <1 + 3 + §||1'INuo||go> b2 /1 +10g(S) + [log(v)| + log N.

Thus we need to choose S such that

2S+S V>C 1+1+1||1'I ”2 2 »

—_— —_—— — . — —_— u .v

Ve T2 2=k g gl NEOleo (4.28)
- (1 +1og(S) + |log(v)| +log N),

and
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28 S v 3
L > 2 (4.29)
. + 732 2|| NUollses

where Cg, is a large constant depending only on Ey. Note that by Morrey’s inequality,
ITIvuoll Lo (r2y S ITINuoll 22y S luoll g2er2)-
Then it suffices to take S such that
S>> g, lluoll3. + v (|log(v)| +log N) + v . (4.30)
This completes the induction and hence proves the theorem. O
5. L? error estimate for the scheme (1.11)

In this section, we will study the L? error between the numerical solution and the exact PDE
solution and eventually prove Theorem 1.8. To start with, we consider the auxiliary L? error
estimate for near solutions. As will be seen later, we will iterate the auxiliary error estimate
carefully in order to lower the regularity assumption.

5.1. Auxiliary L* error estimate for near solutions

Consider the following auxiliary system u” and v" in Xy (we refer the readers to Section 2
for the definition of X ) for the first order scheme:

n+l _ . n —vAZr —1 1— —vAZr
B T L SA2wt — = ¢ W - My fW")+ AG)
T T TVA
L —-vA%t _ 1 — e—vAT 6D
+SA2W! ) = S Ty (V") + AG
0 0

u =up, v =",
where G,11 and G,% are two fixed functions in X . We define that G, = G,ﬁ — Gﬁ.

Proposition 5.1. For solutions of (5.1) with initial data uog and vg of zero mean, assume for some
Ny >0,

sup V" [|2 + sup [[v" loo + sup [VV" ]2 < Ny . (5.2)

n=0 n>0 n>0

Then for any m > 1,

C(+ND
lu™ =™ |I3 <exp (mr c———) - (1w = Lvol3 + St Puo — Puoll3

(5.3)
= 2 2 A2l a2
+;rZ(j)||LGn||2+cW ZOMA @™ —uh)3),
n= n=!
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where C > 0 is an absolute constant and L, P are defined from the Fourier side as below:

7 vkt ~
Lu(k) = |20k

8 (5.4)
Pu(k) = /%ﬁ(/«).

Lemma 5.2. We remark here by similar arguments in Lemma 4.2 we have for g, h € C®°(T?2)
that the following holds:

IAglz < 1Pglla S NAgl2 + VTN Agll2,  Nkl2 < LAl S IRl + VTl AR (5.5)
Proof of Proposition 5.1. We assume Lemma 5.2 for the time being. Write ¢ = u" — v". Then

_vA2 _ VA2
8n+1_8n evAt_] —e VA“T

1
+ SA? (T — M) = . e" + — Oy (f@") = f") + AG, .
(5.6)
o ¢"*t1 on both sides of (5.6) and recalling similar compu-

vA2T
. . . . l_ei‘)A .
tations in previous section, we have the LHS of (5.6) is

gntl —gn vAZr vAZr
LHS =< : 5 e"“) + <SA2(8”+1 —"), ———— e”“)
T ] — e—vAT 1 — e VAT

Taking L>-inner product with

1
ZE(”LS"H'@ — ILe" |3+ L™ — &M 5.7
S
+ 5(||Ps"+1 13— P13 + I P —eM)3).

Similarly, the RHS of (5.6) can be given as below

—vAZr _ 1— —vAZr I)AZ‘L' H
RHS=| ———&"+ AG e — | ny _ myy, = = en
. &+ AG + ——— N(f") = fQ7)) P (5.8)

=I+ DL+,

where (., .) denotes the L? inner product. We then estimate different parts I, I and I3 as

follows.
VAT vA2Z7
n n+1
", S-€
T 1 — e~ VA T

= —v(Ag", Ag"th (5.9)
:_V(A8n+l,A8n+l)+U(A8n+l,A8n+l _Asl’l)

I

v v
=— E(nAe"“u% +1Ae"13) + EuAs"“ — Ae"|3.

Similarly, by Holder’s inequality we obtain that
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VA%
— VAT

C
L= (AGn, 1 s"“) <P LILGull2 < = ILGul2 + — | Pe"H 3. (5.10)
v

100

On the other hand, note that Iy is a self-adjoint operator (I1y f, g) = (f, TInyg), since it is just
an N-th Fourier mode truncation. Therefore we have

1— —VA%r Az
Is= (—e My (f@™) = FQ")), 1”7’8"“) = (£@M = "), Allye"").

TVA — VAT
(5.11)
Then by the fundamental theorem of calculus, we have
1
fw" — "= / Q" +se™ds - &"
(5.12)

0

= (a1 + a2 (v")?)e" + azv" (") + as(e")?

where a; are exact constants which can be computed. Note that we will denote C to be an absolute
constant whose value may vary in different lines. To proceed further we indeed have by (5.2) that

(@ +a@De", ATlye™) [ < CO+ 0" 2 14" alle" 2

C(1+N}) (5.13)
< @

2,V 1,2
< le™ 5 + < A" 3.
8
Moreover, the other two terms can be estimated similarly. In particular, recalling (2.2) that for f
defined in T2 with zero mean one has || fllf1 < || fII2IIV £ |l2. Therefore recalling that £ = u" —v"
is of zero mean, we have

CN? v
[(asv" ") ATy 1) | < " lolle” IF1 86" [ = ==L " 1§ + 2 1ae™ 113
N2 v CN* v
< c71||s" 1311ve™ |13 + gnAe"“ I3 < Tlns"n% + gnAs"“ 13.
(5.14)
Similarly, recalling (2.3) that we also have
n\3 n+l1 ny3 n+l1 C ui6, VY 12
|(a4(s )?, Allye )| = Clie"lghae™ iz < —lle" g + gl Ae" 13
C v
< ;||s"||%||v8"||3 + gnAs"“n% (5.15)
CN} 5 v
< &2 4 = A8n+1 2.
= —Fle"l3+ g 13
One can then conclude from (5.12), (5.13), (5.14) and (5.15) that
C(1+ N% 3
151 =1(f@") = fOM. Alye" ) | = =L 3+ A B (5.16)
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Collecting the estimates (5.8), (5.9), (5.10) and (5.16) (and noting that —% [|Ae™ ||% is negative),
we get

v v C
RHS < —gnAe"“ 13 + EnAs"“ — Ae"|3+ ;HLGnn%
5.17
+w”8ﬂ”2+L”p£"+1”2 ( :
v 27100 z

Taking the same choice of S as in Theorem 1.6, it then follows by (5.7) and (5.17) that

12 2
ILe" M7 — ILe" I3

+ S(IPe"THI3 = 1P |3)
(5.18)

C(1+ N}

C
s;||LGn||%+ le™ I3 + Cvr || AZe" T3,

where C is an absolute positive constant that can be computed exactly and the last inequality is
due to Lemma 5.2: —§[|Ae" 1|12 + 1551 Pe" 1|3 < Cvt|| A%" 1|3, Then by defining

yn = |ILe"||3 + TS| Pe"||3,
4
o = CA+ND) (5.19)

El

v
Bn=SILGu 3+ Cvr|| A% |3,
(5.18) thus can be formulated into

| —
ufdyn‘i‘ﬂrw

Applying discrete Gronwall’s inequality Lemma 2.6, we arrive at
lu™ =" I3 = lle™ 13 < ym

C(1+ N}
<exp (mr. L) - (ILuo = Luol + St Puo — Puoll}
v (5.20)

C m—1 m—1
2 2 2 12
+;12(:)||LGn||2+Cvr 2(:)||A ot ||2).
n= n=

This completes the proof. O

Remark 5.3. The proof of Proposition 5.1 only requires the uniform boundedness of ||Vu" |2 +
V™2 rather than ||Au”|2 + ||Av" 2. It somehow makes sense by considering the equation
(1.11) where the nonlinear part requires lower regularity assumption and the linear part can be
controlled by its sign.
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Proof of Lemma 5.2. First of all the same arguments from Lemma 4.2 give

IAgll2 < 1Pgll2, Ikl < IILA2.

To see the rest, we consider the Fourier series of LA again:

1 vkt~
LA =—— ) —h(k)|
Q2m) = 1 — e—VIkl*t
1 vlkl*t ~ 5
= D D A LWL (5.21)

vlk|*r<log2 v|k|*r>log2

< Y KT pepsr Y wiReP
~ 1 — e—VIkl*z ’
v]k|*r<log2 v]k|*t>log2

The high frequency part can be controlled by || A% || by using the standard Parseval’s identity. For
the lower frequency part, we then consider the function ¢ (x) = ;== . By direct computation,
we see that ¢'(x) > 0 for x > 0 which shows that ¢ (x) is monotone increasing. Therefore we

have

kl*t  ~ -~
Z %Ih(k)lz S Z AGIE (5.22)

vlk|4T<log2 [k|>1

Collecting the estimates (5.21) and (5.22) we then get the desired result. The same reason gives

IPgl2 S NAgla + VTl A% gl D

Remark 5.4. If we in addition assume maxj <, < || AZu"||2+||A%v" ||, < No, where M is a fixed
iteration number, then Proposition 5.1 implies

2 2
™ —v™|l3 = 11e" I3

CcC(1+ N
<exp[mr- CLFND Y (||Lu0 — Lvoll? + St || Puo — P2
v (5.23)

+£t”§||LG I3+ CmvN3)
v - nil2 2 )
n=

Indeed if v" = u(t,) is the continuous solution later in the error analysis, then
maxi<p<M A2V ||, < sup; s llu(@) |l g4(T2) <1 by Lemma 3.1. On the other hand to see the

uniform boundedness of the discrete solution maxj<, < || A2, < 1, we introduce the follow-
ing Lemma.
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Lemma 5.5. Assume {u"} is the discrete solution to our LGI method (1.10) or (1.11):

n+1 _ u” e—vAzr -1 1— e—vAzr
%+SA2(M"+1 ") = "+~ TIN[£ )]
u® = Myug,
where the initial data ug € Hk (Tz) with k > 4. Then we have
max [[A%u" ]y S 1,
1<n<M
where M is the iteration number.
Proof of Lemma 5.5. Recalling from (1.11) then we have
) 1— —vA2r
A2(M”+1 _ un) + STA4(un+1 _ un) — A2(€7UA T _ l)un + Aanf(un)
(5.24)
Then we multiply (5.24) with A2t — ") and integrate to obtain that
1A% @™ = w2 SIA" 2+ 1A f @™o (5.25)

Then by a bootstrap argument we have || A2 ||, < [|A? @™ —u") |2 + || A%u" > < 1 for any
n=0,1,2,---, M where M is the fixed iteration number. This completes the proof. O

Remark 5.6. As a consequence of Remark 5.4 and Lemma 5.5, if we further have
max |[u" |l gs + [V s S 1 (5.26)
1<n<M

with s > 4 then we have a better estimate than in Proposition 5.1 as in Proposition 5.7 below
through an iterative Gronwall framework. Indeed (5.26) holds as long as the initial data ug € H®
for the same s > 4. The proof of (5.26) is similar to the proof of Lemma 5.5. Note that here the
constants in (5.26) and Lemma 5.5 depend on M but M is a fixed iteration number that can be
understood as 7'/t if the time interval (0, T) is given.

Proposition 5.7. For solutions of (5.1), for any m satisfying 1 <m < M and any s > 4 we have
the following inequality:

2 2
lu™ — o™ Iz =1le™ I3

( C(+v2+ N
<exp|mt - ——M8M8—

Vv

- (WLuo = Luoll3 + ST Puo — Puol3
(5.27)

m—1

+o X(:) ILG, % + cmvr”%).
n=
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Proof of Proposition 5.7. Similar to (5.18) we also have

ILe" 13 — |Le™ |3
2 2 L S(IPe"THI3 — [ Pe™I3)

C(1+ N}
Vv

C
<—ILG, 13 + €™ 13 + Cvr||AZe™|3,

which is true with help of extra S| P&t pgn ||% from the LHS (5.7). Note that from the Fourier
side we have for s > 4 that

1A% 3 < D KBl )P + > k¥ (o

[k|<J [k|=J
SIEY AR A TN kP e (k)
|kl<J |k|=J

8 2 —2(s—4 2
ST 5+ T2 1
where J is to be determined. As a result, we can derive that

12 2
ILe"* Mz — ILe" I3

+SIP" T3 = (1P [13)

(5.28)
C(1+N})

C Y
s;||LGn||%+ €™ I3 + Cvr (J8||e™ |13 + J ~2679),

where maxj<p<p ||€"||gs < 1 because of Lemma 3.1 and Remark 5.6 (Lemma 5.5). Now by
choosing J3 & % we can further get

12 2
ILe"* M7 — ILe" I3

+ S(IPe"TH3 — 1P 3)

(5.29)
C(1+N})

C s
s;||LGn||%+ le™ I3 + Cvlle" |3 + Cvri.

Then by defining

yn = |Le"||3 + TS| Pe"||3,
4
o =T oy (5.30)

v

B = CIILG, |} + Cvri,

we obtain (5.27) and finish the proof of Proposition 5.7. O
5.2. L? error estimate of the 2D Cahn-Hilliard equation

In this section, to simplify the notation, we will write x < y if x < C(v, ug) y for a constant
C depending on v and ug. We consider the system
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un+1 e

_pA2 A2
vAr_l 1— VAT

—u"
+ SAZ(M}1+I _ un) — Mn +
T

T TVA

du = —vA%u + A(f (u))

u® = Tyug, u(0) = uo,

Iy f@™)

(5.31)

where 1" is the discrete numerical solution at n-th time step while u(x, t) is the exact solution
to (CH). In order to prove Theorem 1.8, it is clear that we shall estimate G,, introduced in (5.1)
from the previous proposition. Now recall that the continuous equation can be rewritten in the

mild form (Duhamel’ formula):

tn+]
U(tns1) =" u(ty) + / e~V tni1=A A £4(5)) do
In

In+1
_ —vrA2

="M u(t,) + lin(uun)H / eV =N A (F (o)) — f(ulty))) do .

In

This implies that

u(tyy1) — u(ty)

(5.32)

T
efvrAz_ _ —vtA? 1 Gy A2
=ty + ———— f(u(tn)) + = / e V1= DAN(f(u(0) — f(u(ty))) do
T VT A T
ty
efm:A2 _ _ —vtA? 1

In

We then rewrite (5.33) into the following form:

B —vA2r _
“tn ) 7)) | A2 (1) — 1)) = %Wn) +

_ —vA2r
+ AH>N—2f(u)(tn) +AQ,,
TVvA

where I1. y =id — I1y, the large mode truncation operator and

Iny1

On="- f e =N (£ (u(0)) — f(u(t))) do +S /

T
In

28

—vA2r

In+1

In

0;Au do .

1
=—————ult) + — ——— ) + A / eV =N (f(u(0)) — Fu(ty))) do .

(5.33)

1—e I ;
T N f(u(t))

(5.34)

(5.35)
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For the sake of simplicity, we denote H to be the following quantity:

_ —vA2r

H, = H>N7f(u)(tn). (5.36)

In order to prove Theorem 1.8, we now estimate ||L Q|2 and ||L Hy || in order to apply Propo-
sition 5.1, Proposition 5.7 and Remark 5.6.

Proof of Theorem 1.8. By Theorem 1.6 and Lemma 3.1, sup,.qlu"|lz1 < 1 and
sup;.q llu@)||gs S 1 for s > 6 given in the statement. Thus the assumptions of Proposition 5.1
and Proposition 5.7 (auxiliary L? error estimate proposition) are satisfied for (5.31) and (5.34).
Recall that (5.35)

th41 Int1
0, =1 / V=D (F(u(0)) — (i) do +S / 8, Au do.

n n

Recalling (5.5) then we can estimate as

ILQull2 SQnll2 + VTIAQull2.
We first estimate || Q,||2.

Int1 Int1

1
||in|2§; / If (u(o)) = fu(t)ll2 d0+Sf 19; Aullz do

tn [/ n

5.37
tn+l th+1 ( )
SSf 13 Aull> do+f Iull2 do | £ @) oo o0
In In
Note that by Lemma 3.1,
I3sull2 + 11 f/ (@) lloo < VIIAZull2 + AW —u)ll2 + 113u® — 1]loe S 1. (5.38)

Here we require that d;u € L? or u € H*. On the other hand, due to the smoothing effect and
energy dissipation (we refer the readers to Proposition 3.3), we have

tm
fn&zAun%,SHrm,
0

as long as s > 4. Therefore we can estimate (5.37) as follows (for #,,, > 1):

m—1
YGRS A+8) T (1 +1m) . (5.39)
n=0

29



X. Cheng, Z. Luo and S. Wang Journal of Differential Equations 478 (2026) 114622

For the rest terms /T||AQ,|» we can obtain very similar results as long as s > 6 and thereby
we can conclude that:

DILOAZ S U+ T +7H) (1 + 1) (5.40)

We now focus on the ||L Hy || term. Firstly recall that ||LH,1||2 < ||H, ||2 + 7||AH, ||2, we then
estimate || H, ||% below. From the Fourier side we can infer that

— 2
1H 13 < T f @13 = Y [Fa®)| )

|k|>N
—_— 2
< Z k| f(u)(k)( (tn) - |k (5.41)
|k|>N
SNTZ | F @3 (t)
§N72S .

Similarly, we get t||AH, ||2 < TN, As a result, assuming T < 1 or the time step is bounded
(which is very natural) we get

225 N7
ZIILH 13<sm- (L+TtH)N St —. (5.42)

n=0

Therefore, combining (5.40) and (5.42) we can conclude that
m—1
3 (ILQuIB + ILH3) S5 (L4 ) (2 + N72)(1 + 5)2. (5.43)
n=0

In order to apply Proposition 5.1, it remains to control | Lu® — Lu(0))|> and || Pu® — Pu(0)]>.
Note that by (5.5) in Lemma 5.2 and similar arguments in (5.41) we have

I Lu® — Lu(0)||3 = | LTTyuo — Luoll3 < ITyuo — uoli3 + Tl AT yuo — uo) 13 sa4
< N—ZS + _L,N—Z(Y—z). ( ’ )
Similarly, we have

| Pu® — Pu(0)||3 = || PTIyuo — Puols S N72672 4 g N72679 (5.45)

We now apply the auxiliary solutions estimate in Proposition 5.7 and Remark 5.6. Noting the
estimates (5.43), (5.44) and (5.45) we can get

" = )13 S5 (14 )% (N2 422 N72079 4 g2 4 o3
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Thus since we have
" — ) o < (14 8) - Co- eV (N7 oz i r N7

where C1 > 0 is a constant depending on v and ug; C> > 0 is a constant depending on s , v and
uo. This completes the proof of L error estimate. [

Remark 5.8. We would like to emphasize here that the usual discrete Gronwall’s inequality can
yield the following result: assume for some Nj > 0, for solutions of (5.1) we have

sup | Vu"|l2 + sup [v" [loc + sup [[VV* |2 < Ny . (5.46)

n>0 n>0 n>0
Then for any m > 1,

m

2 2
™ = o™ 117 = 11" 1I3 < ym

—1

C(1+ N} 4
fexp(mr-—v 7). ||Lu0—Lv0||%+Sr||Mu0—Mv0||%+;rE:||L2Gn||% ,

n=0

(5.47)
where C > 0 is an absolute constant. L, M are defined from the Fourier side as below:

o~ 4 N
Lu(k) = /%u(k)

8 (5.48)
Mu(k) = /%ﬁ(k),

where L is the same operator defined in Proposition 5.1. The operator L?> = L o L, i.e. L com-
posite with L.

Nevertheless, this result together with the usual L2 error analysis gives the usual convergence
result for solutions of high regularity in an early version [19]. We list the result here without
proof. We clearly see that Proposition 5.9 can be covered by Theorem 1.8 via our newly devel-
oped iterative discrete Gronwall framework.

Proposition 5.9 (L? error estimate: the high regularity case). Fix v > 0 and let ug € H*, s > 10.
Let 0 <t < M for some M > 0. Let u(t) be the continuous solution to the 2D Cahn-Hilliard
equation with initial data uq. Let u™, m > 1 be defined in (1.11) with initial data u®. Define
to =0and t,, = mrt for m > 1. Then for any m > 1,

™ — uty)|a < (14 S)-Cy - eCitm (N—s trazT. N—s+4> ’

where C1 > 0 is a constant depending on v ,ug, C>» > 0 is a constant depending on s , v and uy.
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6. Discussion

In this manuscript we give a systematic approach on applying LGI-type methods to models
where maximum principle no longer exists by solving the Cahn-Hilliard equation with a first
order LGI method and showing the energy dissipation.

In particular, we prove the energy dissipation of LGI methods for the Cahn-Hilliard equation
without assuming any strong Lipschitz condition or L* boundedness. Furthermore, we also an-
alyze the L error and present some numerical simulations to demonstrate the dynamics. Indeed,
the analysis framework can be applied to more general models and higher order schemes.
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Appendix A. Numerical evidence

In this section, we present several numerical results. To begin with we present numerical
evidence that show the necessity of the stabilizers.

A.l. A benchmark computation with different S-values
In the first several experiments we vary the choice of the stabilizers, namely put S =

0,0.01, 0.1. Moreover for the rest of the parameters, we choose v =0.01, T = 0.1, Ny =N,
256 and the initial data ug is given basically “supported” in seven circles as below:

7
wo(x, y)==1+Y_ fo (\/(x—xi)2+(y—yi)2—ri>, (A.1)
i=1
where
26‘7%2 ifs <O0;
(s)= ' '
fo { 0, otherwise.

The centers and radii of the chosen circles are given in the Table | below.

The cases S = 0 (left) and S = 0.01 (right) can be found in Fig. 2 and the case S = 0.1 can
be found in the left of Fig. 3. As you can tell, the choice of S = 0.1 can guarantee the energy
dissipation already. Recall the discussion in Theorem 1.6 and Remark 1.7, we see that the optimal
size of S could be much smaller than v—!|log v| that we will not dig further in this direction.
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Table 1
Choice of centers and radii.
b4 3n b4 b4 b4
X -3 -~ —2 0 7 0 3
w3 F 3 F o 03
rA z 2 2 El b A 4
L 5 15 15 10 10 4 4
L™ and L? error for different 7 values.
‘073 ‘ e evror/
e
.o~
104 E / -
_-®7
Table 2 e .
Errors at T = 0.5 when 7 varies. Here v = o
1, §=0.1and Ny = Ny =256. o5 .
7=0.01 L2-error L -error
T 9.099¢-05 1.156¢-03
7/2 4.523e-05 5.745e-04 . ‘
/4 2.255¢-05 2.864e-04 °
7/8 1.126e-05 1.430e-04 ’
/16 5.624¢-06 7.143¢-05 Fig. 1. Errors at T = 0.5 when t varies. Here v =1,
7/32 2.811e-06 3.570e-05

§=0.1and Ny = Ny =256.

A.2. Convergence test

In this subsection we consider a benchmark computation test with initial data being 1o =
0.5 * sin(x) sin(y). We take v =1, § =0.1 and N, = Ny = 256. Then we consider the exact
solution u, = 0.5 % ¢! sin(x) sin(y) corresponding to certain forcing term that can be computed
explicitly. With these settings we perform our numerical experiments with various time steps
T= % with k =0, 1, ..., 6. The relative L2-errors and L -errors at time 7 = 0.5 are presented
below in Table 2. (See Fig. 1.) As usual, the experimental order of convergence is computed by
comparing the errors of two consecutive refinements. Indeed the rate of convergence indicates
the order of the error is O(7).

A.3. More dynamics and energy evolution

In this section, we present more dynamics of our method 1.11 with patterns indicating
the energy dissipation. In Fig. 4 we present the dynamics of 2D Cahn-Hilliard equation us-
ing LGI method (1.11) where v = 0.01, S=0.1, T = 0.01, Ny = N, = 256 and the initial
data ug = 0.5sin(x) sin(y). In Fig. 5 we present the dynamics choosing v = 0.01, S = 0.1,
7 =0.001, Ny = N, =256 and the initial data up = 0.05sin(x) sin(y). In Fig. 6 we present
the dynamics where v =0.01, § =0.1, r =0.01, N, = N, = 256. The values of the initial data
uq are random between —1 and 1.

Appendix B. Proof of Proposition 5.9
For the sake of completeness we sketch the proof of Proposition 5.9 here.
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1026

x10'%7

Fig. 2. Dynamics where v = 0.01, T = 0.1, Ny = Ny = 256 and the initial data u is given in (A.1). § =0 (Left),
S =0.01 (right). (For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

t=5
1
05 05
0
0
05
05
=)
-
t=20
1 1
05 05
0 0
05 05
4 o

Fig. 3. Dynamics where v =0.01, § =0.1, T = 0.1, Ny = Ny =256 and the initial data u is given in (A.1).
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1=0.1 o -5 ;
o8 BEm'
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El

°

05

-0.5

E
R S - R R

Fig. 4. Dynamics where v =0.01, S = 0.1, t = 0.01, Ny = Ny =256 and the initial data ug = 0.5 sin(x) sin(y).
Proof of Proposition 5.9. We first recall that for g, h € C*°(T?) that the following holds:
1Aglz < IMgl2 SI1Agl + VTIA% g2, 1Al < LAl Skl + VTl AR, (B.1)

We consider the system

un—i—l — e—vAzr -1 1— e—UAzr
fjuSAz(u"“ —u") = . u + — My f ")

du = —vA%u + A(f () (B.2)
u® = Myug, u(0) =ug .

Integrating the Cahn-Hilliard equation (CH) on the time interval [f,, f,+1], we get

u(tn+1) — u(ty) _ 2 2
— =" VA u(ty) — SA” (u(tyy1) — u(ty)) (B.3)

+ AHNf(u)(tn) + AH>Nf(u)(tn) + AQn )

where I1. y =id — Iy, the large mode truncation operator, and
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t=0.1

t=5
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nn N
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t=2.5

L) U i
0.5
™D
. WX
-05
N\ (1 F

S e - N -

Fig. 5. Dynamics where v =0.01, S =0.1, T =0.001,

Iny1

On

tn n

We then rewrite (B.3) into the following form:
u(tpy1) — u(ty)
— S A? (1) — u(t)) =

_UA2
—e VA“T

e

T

+ AL N f(u)(tn) + AQn

Iny1

T
— vA2> u(ty) + (A + ¢

Ny = Ny =256 and the initial data ug = 0.05 sin(x) sin(y).

Iny1

—; f dAu- (typ1 —1) dt+% / 3 (f @)ty —1) dt+S/8,Au dt. (B.4)

In

—VvA2r _ _ —vA2r

W—AHNf(M(fn))

—vAZr _

1
7) Iy f (u(t))

u(ty) +

(B.5)
VTA

’

For the sake of simplicity, we denote Hi, Hy, H3 to be the following quantities:

1_e—vA2r

Hi: >y

71)A2'r -1

. e
H : 1+7vrA2

Hj = H>Nf(u)(tn)-

2 —vAZ
_ vA) u(ty) = Wizf“u(tn),

)HNf(u)(tn),

(B.6)
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700

690

680

670

660

650

Fig. 6. Dynamics where v = 0.01, S =0.1, t =0.01, Ny = Ny = 256. The values of the initial data u( are random
between —1 and 1.

By Remark 5.8 we now estimate ||L2G, ||, by estimating |[L?>Q, > and |L>H;||2,i =1,2,3.
By Theorem 1.6 and Lemma 3.1, sup,~q 4" || g1 <1 and sup,. g llu(®)||gs S 1 for s > 10

given in the statement. Thus the assumptians of Remark 5.8 are satisfied for (B.2) and (B.5).

Recalling that we can control ||L2Q, 12 < | Qa2 + JTIAQ2 + T||A%2Q, > as follows:

Int1 Iny1 Int1
10ul2 < / 18, Aully do + / 1 (£ G)l2 do +S / 18, Aully do
fn tn tn BT
thtl In+1
§(1+S)/ 12, Aulls da+f 1aralls oIl /o)l o
ty th

Note that by Lemma 3.1,

el + 118 Aullz + 1 f' @)lloe ST

Therefore we can estimate (B.7) as follows
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In+1 In+1 2
In In

Therefore when ¢, > 1, it is not hard to see that

m—1 m—1 In+1 In+1
S ICBEY (1 +57 [ 1asu doe [ o} do
n=0 n=0 I fn

m m (B.8)
5r(1+$)2/||a,Au||§ do +t/||3tu||% do

<A+ 82t (1+1p) .

For the rest terms /T||AQ, |2 and 7||A20, |2 we will obtain very similar results as long as
s > 10 (we need to estimate [|9; A3ull2 ~ [|A%ull2 from [|AZQ,]l2). Thereby we can conclude
that:

D ILP0ul5 S A+ 9T (14 tw). (B.9)

We now focus on the || L2 H; ||» terms. Firstly it is easy to see from the Fourier side that

2|k|4(1 _ U|k|4f _ e—v\k\4‘[)2
1 - efvlkl“r)z

@)1 (1)

IL?Hy |3 = & )2 3o

k=1
|k|* (1 - vlkl“r —evktT2 (B.10)
Z Z V|k|4r 2 | (k)| (tn)
T ise it —e )
=J1+ />
For the part where v|k|4r > ¢, we indeed have
4
k1*(1 = v]k|*r — e VT2
Jz = Z 1 _v|k|4.[ 2 |M(k)|2(ln)
vlk|*T>c (I—e )
< Y KPR P () (B.11)
vlk|*T>c

STIA U5 ().
For the lower frequency part, we get
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_— 7v|k|4r)2

k[*(1 — v]k]*
]1 = Z

= e—v|k|4r)2

(k)| (t,)

vlk|4r<c

5 K[B(1 — vlk|*T — emVIkI'T)2

~ 12
(1 — e—VIkl*T)2 [u (k)| (tn).

<

e

1=<lk1<(4)

Recall that ¢ (x) = j; — 1s monotone increasing for x > 0. Moreover, we have (by a simple
observation) that

0 < vlk[*t 4+ e VW't _ 1 < )21k 82, (B.12)

Therefore we have

1 ~ ~
hS= o X CRPEEPE) S )0 K EEP0) S 7 1A I3 6).

1<IkIS (L4 k=1
(B.13)
Combining (B.11)-(B.13), we get
m—1 m—1
STILPHIE S D AN ull3) + 1A 5t0) Smt® St +1) - T (B.14)
n=0 n=0

Secondly we estimate ||L2H2 ||%. Again by considering the Fourier expansion similar to (B.10),
we arrive at

4
rlk|* 4 eV T—12 —
IL*H, |13 = | f () (k) |~ (tn)
@m)? 15%:§N (1 —emvelkl?)2 !
B.15
(V'L’|k|4 Le vik*t _ 1)2 ( )
S >+ ) i T W®P ).
v|k|4r<c vlk[4t>c ¢ )
We can conclude from similar estimates that
Z IL2H 3 Smt? S (tm+ 1) - T (B.16)

Lastly we focus on || L2 H3]|3. Note that || L2 H3||3 < || H3 (13 + | AH3 15 + 72| A2 H3)|3, it follows
that

—_— 2
IHs 13 = 1My @B = Y [Faw| @)

e ’ (B.17)
= Y WP |F@®| @)k SN
lk|>N
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Similarly, we get r||AH3||% < tN~% and r2||A2H3||% < t2N~%. As a result, assuming v < 1
or the time step is bounded (which is very natural) we get

m—1 ¢ N_zx
DT fa@)I3 Sem - (147N g =— . (B.18)
n=0

Therefore, combining (B.9), (B.14), (B.16) and (B.18) we can conclude that

m—1
Y (IL20ul3+ D ILHiF | Se A+ ta) (@ + N2)(1 4 5)2. (B.19)
n=0 i=1,2,3

It remains to control || Lu® — Lu(0))||> and || Mu® — Mu(0)]|5. Note that by (B.1) we have

ILu® — Lu(0)13 = ILTyuo — Luoll3 < IMyuo — uoll3 + tll ATy uo — uo) I3

SNTH 4 N2, 20
Similarly, we have
[ Mu® — Mu(0)|13 = |MTyuo — Mug|)3 SN2 4 g N726—9) (B.21)
Noting the estimates (B.19), (B.20) and (B.21) we can get
™ = )13 S5 (14 )% (N2 422 N2 4 22
Thus
" = )2 < (14 8) - Co- e (N7 77 NTHH) (B.22)

where C1 > 0 is a constant depending on v and ug; C, > 0 is a constant depending on s , v and
upg. 0O
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