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ABSTRACT. This paper resolves the inviscid limit problem for the dissipative surface quasi-
geostrophic (SQG) equations in the borderline Besov space Bc1>o,1' Due to the severely singular
nature of the Riesz transform in the SQG velocity field, which is one full derivative more singular
than the Navier-Stokes equations, standard energy methods suffer from catastrophic derivative
loss. By introducing a delicate Bona-Smith type frequency truncation, we establish the local
well-posedness uniformly in the viscosity parameter v € [0,1]. Our main contribution is two-
fold: we rigorously justify the vanishing viscosity limit with a sharp, quantitative convergence
rate of (’)(zxmin{lvl/ﬂ) in the lower-order topology Bg@l; more crucially, we prove that the
strong convergence holds in the same topology (Béo,l) as the initial data. These results yield
a complete and rigorous characterization of the inviscid dynamics for the highly singular SQG
equations under borderline regularity.
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1. INTRODUCTION

1.1. Background and Model. In this paper, we are concerned with the dissipative (and inviscid)
surface quasi-geostrophic (SQG) equations for the scalar field § = 6(z,t) : T? x [0,00) — R:

00 +u-VO=—-vA0,
u=VIAT0 = (—0,A"10,0,A710) = (—R20, R16); (SQG)
0]i=0 = 0o,

where v > 0 represents the viscosity (or thermal diffusivity), 0 < v < 2 is the fractional dissipation
parameter, and T? = [—7,7]? is the standard two-dimensional periodic torus. The unknown 6
denotes the potential temperature in geophysical fluid dynamics [14, 24]. The (SQG) system
accurately models the evolution of temperature in a rapidly rotating stratified fluid and can be
rigorously derived from the 3D Boussinesq equations [24].

Here, the operator R = (R, R2) denotes the pair of Riesz transforms, and V+ = (—dy, 0, ). For
s > 0, the fractional Laplacian A* = (—A)? is defined via the Fourier transform: /@(k) = \k|S§(k)
for k € Z2. Without loss of generality, we consider solutions with zero mean, i.e., fTQ O(x,t)dx =0,
which is conserved dynamically due to the incompressibility of the velocity field wu.

The SQG equations exhibit profound mathematical analogies with the 2D incompressible
Navier-Stokes (or Euler) equations. For the Navier—Stokes equations, the scalar vorticity w sat-
isfies a similar advection-diffusion equation, but with the velocity determined by the Biot-Savart
law v = —V+(—A)~!w. In contrast, the SQG velocity is given by u = V- A~'6, making the veloc-
ity one derivative more singular than the Navier—Stokes velocity. This severe non-local behavior
makes the mathematical analysis of the SQG equations notoriously challenging, sharing features
with the 3D Euler and Navier—Stokes equations.

1.2. Historical Review and Motivation. The well-posedness of fluid dynamics models has

been a central topic in partial differential equations. The global regularity of the 3D Navier-

Stokes and Euler equations remains one of the most formidable challenges, despite seminal classical

results by Leray [19], Yudovich [26], and Beale-Kato-Majda [2]. The SQG equations have attracted

equally extensive interest. For the SQG equations, Resnick [25] proved the global existence of weak

solutions for v > 0 and 0 < v < 2 in L{°L2. Marchand [22] obtained global weak solutions in
1
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L¥H, 1/ 2, and in L°LP for p > 4/3 when v > 0. Further regularity and long-time asymptotic
results for the SQG equations have been deeply investigated (see e.g., [8, 11, 21]). Ill-posedness in
critical Sobolev spaces was recently established by Jeong-Kim [17], following the general framework
of Bourgain and Li [3, 4]. Furthermore, the non-uniqueness of low-regularity solutions has been
actively explored using convex integration schemes [5, 6, 10, 12, 16].

A particularly profound theoretical question is the behavior of solutions in the inviscid limit
(v — 0). Historically, establishing the inviscid limit and obtaining quantitative convergence rates
were extensively studied for various fluid models (e.g., [9, 15, 23]), but typically restricted to
lower-order topologies (e.g., L? or H*~!). Establishing the inviscid limit in the same topology as
the initial data represents a fundamental challenge due to severe derivative losses. For the Navier-
Stokes to Euler transition, this was resolved in the highest-order Sobolev space H® via delicate
frequency truncation by Masmoudi [23], and subsequently extended to the critically embedded
Besov space Bl ; by Guo-Li-Yin [13].

Motivated by this progressive development, we aim to establish the same-topology inviscid limit
for the SQG equations. However, this is highly non-trivial. For the Navier-Stokes equations, the
velocity is determined by the Biot-Savart law u = —V+(—A)"w. In contrast, the SQG velocity
is given by v = VA7'6, making it one full derivative more singular. Consequently, analyzing
the continuous dependence and the inviscid limit for SQG in the borderline Besov space B, ;-the
minimal space to guarantee V8 € L* and uniquely define the Lagrangian flow-requires much
more delicate handling of the highly singular Riesz transform R.

1.3. Main Results. Our main theoretical contribution is a complete characterization of the local
well-posedness uniformly in v, alongside a sharp quantitative rate for the vanishing viscosity limit.

Theorem 1.1 (Local well-posedness and sharp inviscid limit). Assume that v € [0,1] and v €
(0,2]. For any R > 0 and initial data 6y € Bg = {¢ € BL ,(T?): H(;SHBC;,1 < R, [p ¢dx =0},
there exists a time T' = T(R,7) > 0 such that the (SQG) equations admit a unique solution
0" = S%.(60) € C([0,T); B, ;). Moreover, the following properties hold:

(i) Uniform bounds: There exists C = C(R,~y) > 0 such that

16"l 5e52, , <C, Vv e[0,1]. (1.1)
Moreover, if 0y € B3, ; for some s > 1, then 3 C; = C1(R,s,7) >0
10 ()lLse s, < Cillbollbs, - (1.2)

(ii) Continuous dependence: For every v € [0, 1], the solution map
St Br — C([0,T]; By, 1)

is continuous, with a modulus uniform in v. Namely, V n > 0, 3 6 = §(n,00, R,7) > 0 such
that if ¢o € Br and |[¢9 — bo||p1_, <4, then

160 = ¢"llLeemr , <m, Vve[01]. (1.3)

(iii) Sharp inviscid limit: Let 6° be the solution to the inviscid SQG equation (v = 0)
with the same initial data 6y. Then, the vanishing viscosity limit holds quantitatively in
B .:

inf1,1
A P (14)
Furthermore, in the high-norm topology, we have

Tim (16— 6°)| g, = 0. (L5)

Remark 1.2 (Convergence Rate vs. Same Topology Convergence). It is conceptually crucial
to distinguish between the convergence rate and the same-topology convergence in the context
of hydrodynamic limits (cf. [7, 13, 23]). In the lower-order topology BY, ;, the error bound
(1.4) provides a sharp, quantitative convergence rate dictated primarily by the physical viscous
dissipation mechanism (i.e., O(r™{11/7})) " Conversely, the strong convergence in the highest
initial topology Béo’l (1.5) represents the same topology convergence. At this critical level, the
convergence speed is no longer solely governed by the viscosity, but is dominantly restricted by

the high-frequency tail decay of the initial data (i.e., ||(Id — Sn)0o|| B ,)-
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Remark 1.3. The rate in (1.4) is sharp uniformly on bounded subsets of B!, ;. Indeed, fix a > 0
and, for k € 72\ {0}, set 6" (x) = a|k|~" cos(k - z). The associated velocity is orthogonal to
VG(()k), so the nonlinear term vanishes and

ey,(k)(t) _ e‘””’““&é’“), 90,(/(5)((4].) _ eék).

Moreover, Hﬁ(()k) | 5 | =~ a, s0 a may be chosen so that the entire family lies in any prescribed ball

Bg. If v > 1, choosing |k| ~ v~1/7 gives a BY, ; error of order v'/7 at any fixed positive time.
If 0 < v < 1, any fixed nonzero mode gives an error of order v. Thus the exponent min{1,1/v}
cannot be improved for an estimate uniform on any Br with R > 0.

Remark 1.4. The exact rate of vanishing viscosity in Bl ; of (1.5) is given below:
16" = 0 llug (s, ) < v2 ™ 2N 4 (Id — Sy ol .

where Sy is a frequency cut-off operator. Note that by choosing N such that 27 ~ v~¢ for some
0 < € < min{1,~y}one can derive (1.5).

Proposition 1.5. Let the assumptions in Theorem 1.1 hold. In addition, if the initial data
0o € BS,; with 1 < a <2, then we have the following inviscid limit:

{ Cv, if ~ve€(0,q

0" — 6°|| 100 < o
| ez, Cv~, it ye(w2],

L
for some constant C' > 0 depending on «, 7, T', and [|6p|| g2 |-

Remark 1.6 (Necessity and sharpness of the Besov framework). The Sobolev estimates, that will
be established in Proposition 1.7, clearly illustrate the limitations of the classical H® framework.
To effectively control the derivative loss inherent in the quasi-linear and non-local convection term,
the Sobolev setting strictly requires the initial data to possess more than two spatial derivatives
(i.e., 8o € H® with s > 2). This highlights the necessity and the sharpness of introducing the Besov
framework. The space Béoyl is a broader, critical space into which H® embeds continuously for
s > 2. Remarkably, despite operating under significantly lower regularity conditions, Theorem 1.1
still gives the quantitative rate O(Vmi“{l’l/ 'V}) in the lower topology and convergence in the initial-
data topology. This proves that the physical mechanism of the vanishing viscosity limit remains
robust and mathematically stable, even when the initial data possesses only one derivative in the
Besov sense.

Proposition 1.7 (Inviscid limit in H*). Let s > 2 and v € (0, 2]. For any R > 0, assume that the
initial data 6y € B = {¢ € H*(T?) : ||¢||u- < R, [p» ¢dx = 0}. Let 6 be the unique solution to
the viscous (SQG) system (v € [0,1]) and 6° be the solution to the inviscid SQG system (v = 0).
Then there exists 7" > 0 such that the following estimates hold:

16" = 6°|| Lo 2 < C, (1.6)
16" — 0°)| e e < Co™mLL/E (1.7)
16" = 6°|| Lo gre—n < C {7, (1.8)

(1.9)

. v __pno oo prs —
tim [0 — 0°) 1+ = 0,
where C' > 0 depends on s, v, ||0o]|gs, and T.

The remainder of this paper is organized as follows. In Section 2, we introduce the necessary
notations, the Littlewood-Paley decomposition, and collect crucial preliminary results, including
the key commutator estimates and product rules in Besov and Sobolev spaces. Section 3 is devoted
to the rigorous proof of our main results (Theorem 1.1), detailing the uniform bounds, the same-
topology convergence, and the sharp quantitative vanishing viscosity limit within the borderline
Besov framework Béo,l. In Section 4, we establish the continuous dependence and the inviscid limit
in the classical Sobolev space H® (s > 2) to provide a comparative perspective on the derivative
loss mechanism. Finally, Section 5 offers concluding remarks, discussing the physical implications
of our strict analytical framework for generalized rough data and vortex patch dynamics.
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2. NOTATION AND PRELIMINARIES

2.1. Notation. Throughout this paper, for any two (non-negative in particular) quantities X and
Y, we denote X <Y if X < CY for some constant C' > 0. Similarly X 2 Y if X > CY for some
C >0. Wedenote X ~Y if X <Y and Y < X. The dependence of the constant C on other
parameters or constants are usually clear from the context. We define [A, B] to be AB — BA,
namely the usual commutator.

Now we define the Littlewood-Paley dyadic decomposition on T?. Assume x : [0, +00) — [0, 1]
is smooth, monotone, and satisfying

IN

<

)

D=

x(r) = ;

T
3
4

1.

O =
8 58 ©

v

We then define ¢(z) = x(z) — x(2x), then
T
x(|z|) + Z:w <|2J|) =1, VzeR%L
j>1

Definition 2.1. Assume f is a distribution on T¢. Define the Littlewood-Paley dyadic decompo-
sition of f by

Aof = ez Jf(k)x (|k]) e = f(0);
Aif = Creza f0)e (31) e, 2 1 (2.1)
ij = AOf + Zlglgj Alfa Jj=>1

In particular, throughout this paper if we further assume f is of zero mean, then the Littlewood-
Paley decomposition of f can be treated as below:

F=3 A, (2.2)

Jj=1

Let s € R, 1 < p,r < oco. The inhomogeneous Besov spaces B, , is defined by

5, = [[@1Asul)20

By, ={uesS :|ul

‘n < oo}, (2.3)

For zero-mean distributions on T%, the corresponding homogeneous and inhomogeneous Besov
norms are equivalent; below we use the inhomogeneous notation.

2.2. Preliminaries. The Bernstein’s inequality below is well known:
Lemma 2.2 (Bernstein’s inequality).
(i): Let p € [1,00] and s € R. Then for any j € Z, we have
ClIAA; fllze <2714 fllze < CTIA°A f]lLo

with some constants C' and C’ depending only on p and s.
(ii): Moreover, for 1 < p < g < oo, we have

g(l_1
185 fllze € 27| A f |1,
where the constant depends only on p and q.

To keep the endpoint argument uniform over the full range 0 < v < 2, we work directly in B;O’l
and do not pass to p = oo from finite-p inequalities. We record the estimate used below.

Endpoint transport—diffusion estimate. Let 0 < v < 2, let v be a smooth divergence-free
vector field on T?, and let f solve

Of+v-Vi+vANf=0,  f(0)=fo
Set V() = [y [v(r)]|p, , dr. Then

Hf”LgO(B;OJ) + V||f||Lg(Bi:;) < Cecv(t)HfOHB;oyf (2.4)

The constant depends on v and on the fixed Littlewood—Paley decomposition, but not on a
Lebesgue exponent p.

2 Sep 2026 19:53:02 PDT DiffEq+DynSys
260322-gks46 Version 3 - Submitted to Proc. Amer. Math. Soc.
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This is the standard endpoint Besov transport—diffusion estimate; see Chapter 3 of [1] and
the fractional dissipative SQG estimates in [11]. The following commutator estimate plays an
important role in this paper. It is the periodic homogeneous version of the generalized Kato—
Ponce estimate in [20, Theorem 1.9]; the corresponding fractional Leibniz estimate is recorded in
[20, (1.15)]. The periodic form follows by the standard transference argument, and the zero-mean
assumption permits the replacement of J* by A®. The case s = 0 is immediate.

Lemma 2.3 (Sobolev commutator estimate). Let s > 0, p € (1,00), p1, -+ ,ps € (1,00] and

1141 p% + p%. Then there exists a constant C' such that for any f and g of zero mean

P p1 P2
IA®, fVglle < CUA e [Vgllee + IV fllLes [A%glLra ).
1

Lemma 2.4 (Besov commutator estimate). Let 1 <p <oo, 1 <r <oo, o > —1— dmin(}%7 =)
and div u = 0. Define I; = [u- V,A;]f. Then there exists a constant C such that for ¢ > 0, we
have

| @ 102);

vy < CUVal 1 F g, + [Vl g |V ).

M01reove1r,if0>1—|—gorazl—i-%7 r =1, we have

< Cl[Vull g1 1 l3g,

299\ I || )5
| @ i1z, ) <

ifa:l—i—%, r > 1, we have

| @ UE122)s)),,, < CNVulsg, 1 Fllmg,

I"(Z

ifcr<1+%,wehave

| @12, < ClIvul
) B

ol

I (Z
We have the following product rules.

Lemma 2.5. For nonlinear terms that satisfy the div-curl structure, i.e. divu = 0, the following
Bgo,l estimate holds

lu-Vollge , < Cllullge Ivlp .
for some absolute constant C' > 0.

Remark 2.6. We would like to highlight here that in general the Bgo’l space is not a multiplicative
algebra, namely, || f-g|[go_ cannot be bounded by || f||go_ -[lgllpo_ . However, if the factors satisfy
the div—curl structure in Lemma 2.5, the cancellation gives

1 Valls , < 1flse gl -
The zero-mean condition alone does not replace this structural assumption.

Lemma 2.7 (Riesz operator VEA™!). Let 1 < p < oo and f € LP(T?) of zero mean. Then we
have

IVEAT flle < Cpll e, (2.5)

for some constant C, > 0 depending on p.
If f € H%(T?) is of zero mean and s > 1, then

VAT f Lo < Cullf |l (2.6)
Moreover, if f € B, ;(T?) is of zero mean, then
I4A g, < Cllfllgs. . (27)

where the constants depend only on the indicated regularity index and on the fixed Littlewood—
Paley decomposition.
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3. PROOF OF THE MAIN THEOREM

In this section we will prove Theorem 1.1 by showing the local well-posedness and the vanishing
viscosity limit of (SQG) in Besov space Bl ;. To start with, we first introduce our iteration
scheme. To avoid the ambiguity, we shall use the subscript to denote the iteration scheme in this
section and the superscript is adopted to denote the numerical discretization.

Proof of Theorem 1.1. Let 01 = S16y, where S7 (and Sk4+1 below) is a frequency cut-off operator
defined in (2.1). We then define a sequence {011 }ren+ by solving the following linear equations:

OtOk41 + up - V01 = —vA 014,
Uy = VLA”Hh (3.1)

Ok+1]t=0 = Sk+160.

Step 1: Uniform bounds.
The endpoint estimate (2.4), with f = 011 and v = wuy, yields

10kl (B )+ VIOk+1ll s (517

T
< Cexp (o | @l 1dt> ISksfoll, - (32)
o : :
The Besov boundedness of the Riesz transform gives
T
| 10l de < CTIO 1o, . (3.3)
Assume inductively that
10kl Lse (B2, ) + V||9k||L1T(B;;) < 4Col 51, (3.4)
and choose
1
T (3.5)

~ 100C3(1 + R)’

where C' > 1 is enlarged, if necessary, to dominate the constants in (3.2)—(3.3). The exponential
in (3.2) is then bounded by an absolute constant, and hence

10k41lloge 1) + VIOk4ll Ly 527y < 4C100I B - (3.6)

Since 61 = S10p and T < 1, the frequency localization of S; and Bernstein’s inequality give the
base case (3.4). Hence induction yields (3.6) for the approximate sequence.

Step 2: Convergence.
For k > 2, set 0 = 041 — 0 and U1 = up —uk—_1. Subtracting the two corresponding equations
in (3.1), we obtain

&ﬁk + ug - V?k = —I/A7§k — Up—1 * V@k,
Up = VLAilgk, (37)
Okli=0 = Ak1160.
Here ;1 = VXA~10,_;. Using Lemmas 2.4 and 2.5, we deduce from (3.7) that
10kl L5 (0, ) < [1Ak+100ll 50, | + CT urll e (51, IOkl gm0, )
+ CT0kl e 1 ) k-1l L5 (B0, )
< 027"V 0| g1, + CT 6kl e (2. ,) OnllLse s, ) + 10k-1llse o, ,))-

The term containing 6 on the right is absorbed into the left-hand side. More precisely, (3.5)
and (3.6) ensure, after decreasing the absolute constant in the definition of T if needed, that
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LOCAL WELL-POSEDNESS AND SHARP INVISCID LIMIT FOR SQG 7

CTHGICHL;?(B;O,I) < 1/20. Consequently,
18kl oe s,y < C2~E Dbl 51+ CTN0 e Bt loemo ) (3.8)
<O opllpy + olBrilipen ) B2
The first difference is treated separately. By the uniform bounds from Step 1,
H§1HL%°(B&,)1) <O2llps (o, ) + 101llBo, , < Clibollpr_ -

1

Summing (3.8) from k = 2 to m and adding this first difference gives

m m—1

_ 1 _
Z 10kl (mo, ) < Cliollpr,, + 0 Z 10k 150 (B2, ,)-
k=1 k=1

Absorbing the last sum implies that

Z HakHL%"(B‘;@,l) < Cllbolls:_, -
k=1

This means that {0y }r>1 is a Cauchy sequence in L>([0,T; BY, ;). Uniform bounds for {0y }x>1
and the Fatou property for Besov spaces [1] ensure that there exists 6 € L*°([0,T]; BL, ;) satisfying
(SQG) such that

Or — 0 in L([0,T); BS, 1),
where 0 < s’ < 1. Passing to the limit in (3.6) by the Fatou property now proves (1.1). The usual
dyadic time-continuity argument for the transport—diffusion equation also gives
0 € C(0,T); BL ).

Moreover, if 6y € B, ; for any s > 1, the argument of Step 1 gives a constant C' = C(R, s,7) >0
such that

1812 (5e, ) + V18l s ety < Cléolse. . (3.9)

This implies that (1.2) is valid.

Step 3: Uniqueness.
Let 0! and 6% be two solutions of (SQG) with the initial data 6} and 62. Then we obtain

0 (0 — 0%) +ul - V(0 — 02) = —vAY (61 — 02) — (u! —u?) - VE?,
ul — vLA—lel7 u2 — VLA—1927 (310)
(0 — 6%)|1—0 = 6} — 63.

Using Lemmas 2.4 and 2.5, we infer from (3.10) that

10" = 6] e o)

T
<1165 — 631l e, +C/ 10" = 0%l Nu' e, + lu' —u?llgo 116752 dt
, o , , , ,

T
< 165~ 63l po_, +C / 10" = 6o (10M]5s, + [0%]| e

<1165 — 0511 s2

00,1

Lot po
+ §||9 -0 ”L;S’(Bgo’l)a
which implies that
16" = 0 .y < CIIOE— OBl (3.11)
We thus conclude the uniqueness for (SQG) on [0, 1.

Step 4: Continuous dependence and inviscid limit.
Assume that 6! and 6% are two solutions of (SQG) with the initial data 6} and 63. We introduce
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a smoothing operator Sy to quantify regularity. Let 6% and 6% be two solutions of (SQG) with
the initial data Sn6} and Sn63, respectively. We deduce from (3.11) that

10— Ol ooy < O~ )8 lme,, < C2N(1d— S008I, (312)
and

10— Ol o) < Ol T~ S3)Bpe, < C2N|(Id = 53)Blm.,  (313)

Replacing (6%, u?) with (0%, u},) in (3.10), by Lemma 2.4, we obtain
T
10" = 0Nl 23 2.,y < 1T = Sn)bllsz_, + C/O 16" = On B w5y dt

T
1 1 1
—I—C/O Il (w —uN)~V9NHB;Oy1dt.
Moreover, we have
I(u! —un) - VOxllps | S llut —uyllsy 1085, + lu' —uyllss,  19x]l52, -

According to (3.12), (3.9), and the Bernstein inequalities ||Sy03]| 52 < C2N(168 || g _» we infer
that ’ ’

T P 1 0 B 1 P
The above inequalities ensure that
16" = Okl ) < CIId — Sx )0kl (3.14)
According to (3.13), similarly, we deduce that
162 = 03l ) < ClId— S )03 . (3.15)
According to the interpolation inequality, (3.9) and (3.11), we know
1 1
185 = Ol s ) <ClI0N =~ O lLg (o, 108 = Ol o) (3.16)
<C2% 165 - B3Il (1681151, + 16815 ).
Combining (3.14)-(3.16), we conclude that
10" = 0|l e 1,y < C(I(Id = SN0l 51, +1I(Zd = SN)G5l 51, ) (3.17)
+ 02 6b — 6315 (10blmn, + 163151, )2,

To make the modulus uniform for data near a fixed 6, put 8} = 6y and 62 = ¢o. Since I — Sy is

uniformly bounded on B,

17 = Sw)dolls, < (T S)bolls, +Clido — bollss. ..

We first choose N using only the tail of the fixed datum 6y and 7, and then choose § so that all
remaining terms in (3.17) are smaller than 7. The choices are independent of v.
Let 6” be the solution of (SQG) with the initial data 6y and v > 0. We also denote 6° to be
the solution to the inviscid (SQG) equations. Then we get
9,0V — %) +u” - V(0" — 6°) = —vA0” — (v’ —ul) - VO,
u’ = VAT, (3.18)
(0" —0%)|4=0 = 0.

Set w = 6" — % and M = sup,efo,1) 10" lse (B2, ). By (3.6), M is finite and depends only on the
radius of the initial-data ball. Lemmas 2.4 and 2.5, applied to (3.18), give the common starting
estimate

T
ol e,y < Cw / 16 1, ,dt +C / lolls (1015, + 160 )dt.  (319)
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For v € (0,1], the monotonicity of the Besov scale and the uniform B;o,l bound imply
T
v [ 18y dt < VTN s < O
o : :

For v € (1, 2], real interpolation between Béo,l and Bij’ ] yields, pointwise in time,

1 1-1
16”152, < C||9”||B/1”1\|0”\|Bl+§7.
L 1

Holder’s inequality in time, followed by (3.6), therefore gives

T
v v arl/vngvi—1/v
v [ 19y e < oA O

= oY/ ppt/y (y||0”||L1T(BiiY))Ll/’Y < Covi/.

Finally, the second term on the right-hand side of (3.19) is at most CTM |[w||pe(po ), and our
choice of T' makes CTM < 1/2. Absorbing that term proves

min 1
16" = 0°ll 30 (o, ,y < Cv™ ™A (3.20)

Let 0% and 6%; be the viscous and inviscid solutions, respectively, both with initial data Sn6p.
Applying (3.15) once with viscosity v and once with viscosity zero gives

160" — HVNHL"TC(B;J) +16° — Q?VHL;'S’(B;J) < Cl(Id— SN)GOHB;)J- (3.21)
For completeness, persistence of higher regularity and Bernstein’s inequality give
HG%HL$(B§j)§;CQWN”&MB;J’ 10X/l 2 2. 1) < C2 [160ll 51, -

Moreover, (3.20), applied to the common truncated initial datum, has the same constant because
[Snbollsr . < Cll6ollps_,. Using Lemmas 2.4 and 2.5, we therefore infer that

10% — 0%l ey
T T
<Cv [ 100l de+C [~ o 10l
0 . 0
e / 10% = 0% s (165 151, + 6% 151 )dt
SCVQVN + Cunlin{17%}2N + %HQUN - G?VHL‘}O(Béol)’

where the last term is absorbed into the left-hand side. The triangle inequality and (3.21) now
ensure that

i ES
16 = 0l S w2+ L (1d - S0, (3:22)

To make the last passage explicit, choose N = N(v) so that 27V ~ v=¢ with 0 < € < min{1,~}.
Then the first two terms on the right-hand side of (3.22) tend to zero, while N(v) — co and hence
[(Zd — SNn())bollpr. , — 0. This proves (1.5). We thus complete the proof of Theorem 1.1 and

Remark 1.4. O

We now sketch the proof of Proposition 1.5.

Proof of Proposition 1.5. Similarly, we infer that

16l Lge (B2, 1) + V||9y||L1T(B;f;) <4C|bo| s ,- (3:23)
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where « € (1,2]. Using Lemma 2.4, for v € (0, @], we infer from (3.18) and (3.23) that

v 0
16" = 6l s

T T
<Cv / A0 | g0 di+C / 167 = 0l s+l —ullpo 65 dt
0 : 0 ’ ’ ’ ’
T
scuw/ 107 = 6% (10 Npe . +116% e )dt

1 v
SCV+§||9 _QOHL%"(BQC,I)‘
For v € (a, 2], we infer from (3.18) and (3.23) that

10" = 0l e oo

T T
<Cv / A6 | g0 di+C / 167 = 0l g+l — g 65 dt
0 : 0 ’ ’ ’ ?

T T
y% yl_% v v
<Ov [ 1015 10 e+ [ 107 =0l 19, + 167, )t

1—a

o 1,
<Cv~(v|0 ||L1T(Bg;g)) v +§H9 _HOHL%"(BgO’l)

a 1.
SCV'Y +§||9 _GOHL%?(BQCI)
Then we conclude from the above two inequalities that
v 0 min{l,<&
10 = 05 o,y < Comnat,
(]

Remark 3.1 (Overcoming Derivative Loss in Sobolev Spaces). A fundamental obstacle in estab-
lishing the inviscid limit in the exact space H® is that standard energy estimates for the nonlinear
advection term suffer from a severe derivative loss. For the SQG equations, this difficulty is
drastically amplified by the strongly singular Riesz transform in the velocity u¥ = V+A~16.
The Bona-Smith type frequency truncation employed in Step 2 of the proof precisely resolves this
dilemma: it optimally balances the high-norm growth of the truncated solution with the low-norm
strong convergence, enabling the continuous dependence and inviscid limit without artificially in-
flating the regularity requirements.

4. INVISCID LIMIT IN SOBOLEV SPACES

In this subsection, we establish the quantitative vanishing viscosity limit in the standard Sobolev
framework and therefore prove Proposition 1.7. By utilizing the frequency cut-off operator Sy,
we construct a quantitative method to estimate the vanishing rate. We first show the uniform
boundedness in H?.

Lemma 4.1 (Uniform H?® bounds). Let s > 2 and v € (0,2]. Assume that the initial data
o € H*(T?) has zero mean. Then there exists a time T' > 0, depending only on s and ||0|| g= and
independent of v € [0,1], such that the viscous SQG equations (SQG) admit a unique solution
6v € C([0,T); H*(T?)). Moreover, the solution satisfies the uniform bound:

sup 6" (t)|| s < 2[|60|m=, Vv €[0,1]. (4.1)
t€[0,T]

Proof. We perform classical energy estimates in H*. Applying the fractional Laplacian A® to the
(SQG) equations and taking the L? inner product with A*6”, we obtain
1d
2dt

. v = 0, . wri . :
Since divu? = 0, the nonlinear term can be rewritten entirely as a commutator

107 1%, + V| A3 0¥ |20 = — /T AS(u” - VO YA da. (4.2)

- As(u"~V0")A59"dx=—/ (A%, u” - V]OV A% da.
T2 T2
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Applying the Cauchy-Schwarz inequality and Lemma 2.3, we can bound this term as follows:

/ [A® u” - V]0"A°0" dx
T2

<[[[A% u” - V]0”|| 2||6” || o+

S (Ve[| |A*1V0" || 12 + (| V0" || oo [|A*0” ]| 22 ) 1167|2+

S UVl + [IV6” [ o) 107113 (4.3)
where we used the fact that the Riesz transform is bounded in H?®, which implies ||u”|gs =
VA0 e S 11071

Since we assume s > 2, the Sobolev embedding H*~!(T?) < L°°(T?) ensures that
VOl S 1107 ][ze,  and  [[Vu¥|pee S [lu”||ms S 1107

Substituting these embedding bounds back into (4.3) and dropping the non-negative dissipation
term v||A*T26”||2, on the left-hand side of (4.2), we deduce the differential inequality:

d 17 1% d 1% 1%
prl 7 < Coll6” |1l = 2107l < Culle [
where C; = C1(s) > 0 is independent of v. Solving this ordinary differential inequality yields
[16o]| 7+
0¥ (t s <
10" l- < 1= gt

By choosing T' = we guarantee that the denominator is at least 1/2 for all ¢ € [0, 7).

1
2C1 00l ms °
Consequently, we obtain the uniform bound sup,cjo 77 [|6”(t)[| = < 2[00/ = The existence and

uniqueness then follow from standard approximation techniques (e.g., Galerkin methods), and the
lifespan T is clearly independent of v. This completes the proof. O

Proof of Proposition 1.7. Let w = 0¥ — 6 denote the error between the viscous and inviscid
solutions. It satisfies the following error equation:
Oyw +u” - Vw = —vA"0” — (u¥ —ul) - VP,
uw’ —ul = VA~ w, (4.4)
wlt:() =0.
Step 1: Low-norm estimate without derivative loss.
We consider L? case first, then the energy estimate gives
1d
2dt
by the incompressibility. Then
| = v(A0”, w)| < v[|0]|mo[lw]| L2,
I(u” = u) - V8|2 < [lu” —u®||12[[VE°|| L < Cllwl|z2]|6°] -

[w]|2> + v(A0”, w) = — ((u” — u°) - V6°,w)

Noting the uniform H*® bounds for #” and 6°, we deduce that
d
gpllwlice < Cv+ Cllwllre,

and by Gronwall’s inequality we arrive at [[w||pso 2 < Cv which shows (1.6).

We first establish the estimate with a fixed loss of one derivative, (1.7). Applying the preceding
energy argument at the level r = s — 1, using Lemma 2.3, the fractional Leibniz estimate, and the
uniform H?® bounds, gives

d
ol < Clwllsgems + C]6”]|sra-sn. (4.5)

If 0 < v <1, then ||0¥| gs-1++ < C|0”|| =, and Gronwall’s inequality yields

H’U}”L%Q(Hs—l) < Cu.
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If 1 < v < 2, retaining the dissipative term in the H® energy estimate (4.2) and integrating in
time gives

T
v [ 1Ot < C. (4.6)
0

Set a = 2(y — 1)/ € (0,1]. Interpolation and Holder’s inequality in time imply

T T
v / 16" o1+ dt < Cw / 107|115
0 0

GUH(IIJH“//? dt

T a/2
<Cv (/ HGIJH?{sM/z dt) < Ccvtme? = cuvt/.
0

Integrating (4.5) and applying Gronwall’s inequality therefore prove
[wllzze (gra-ry < Co™™MBI 0 <y <2, (4.7)

which is the Sobolev estimate directly corresponding to the BL, ; — BY, ; rate.
We next prove (1.8). First suppose that 1 <y <2 and put r =s—+. Then 0 <7 < s — 1.
Applying A" to (4.4), taking the L? inner product with A"w, and using divu” = 0, we obtain
1d
5@”10”% = (A0, A"w) — (A" ((u” —u®) - V6"), A"w)
— ([A",u” - V]w, A"w). (4.8)

Lemma 2.3, the fractional Leibniz estimate cited above, the Riesz-transform bound, and the
uniform H? estimate give

1w = ®) - VOl 5 < Cllw] - 1|6°] e,
(A", u” - Vw, A"w)| < C||6” || ||w]| -
v|(A°0Y, A w)| < Cullw| -
Consequently,
Ll < Cv+ Clulr,
and Gronwall’s inequality yields
[wllLse (mrs-7) < C, l<vy<2 (4.9)

Now let 0 <y < 1. In this case (4.7) gives ||w| L (gs-1) < Cv. On the other hand, the uniform

H* bounds for the two solutions imply [lw||pee(gsy < C. Interpolating between H*~' and H*
gives

lwll s < CllwlFye s l|wllz" < o,
which, together with (4.9), proves (1.8).
Step 2: Continuous dependence.

To estimate the critical H® norm, let 8% be the solution with initial datum Sy6y and put v =
0V — 6%;. Then

v+ u” - Vo= —vAv — (u” —uly) - VoY, v(0) = (Id — Sn)bp.
We first work one derivative lower. Lemma 2.3, the fractional Leibniz estimate cited above, the
non-negativity of the dissipative term, and the uniform H® bounds give
d
Sl < Cllole,
and hence
[0l Lge (#rs-1) < Cll(Id = Sn)bol ra—1 < C27N||(Id — Sn)bo]|ar-- (4.10)

Because s — 1 > 1 in two dimensions, H*~! <+ L. Persistence of regularity for the truncated
solution and Bernstein’s inequality also give

105 | 5o (rro+1) < CllSBollpre+1 < C2V|0o ]l -
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Thus the apparently dangerous factor is controlled by the actual high-frequency tail:

[0 = uf Lo 0% |arsrr < Clloll s [0% | e
< C||(Id — Sn)bo| u=

0ol s - (4.11)
The H*® energy estimate for v, followed by (4.11) and Grénwall’s inequality, now yields
10" = 0% Ml Lo (mrs) < Cl(Id — Sn)0ol| - (4.12)

The same argument applies when v = 0 and gives the corresponding bound for ° — 6%;. Notice
that no comparison of the form 27N < ||(Id — Sx)fp|| - is used; such a comparison is false for
general initial data.

Step 3: High-norm truncation error and synthesis.
Let wy = 0% — 6%. A preliminary H*~! estimate, using

A5 || o1 < C207D+N |65 e,
gives
lwn | pge (rra-1y < Cv20 DN, (4.13)

At the H* level the same Kato—Ponce and fractional Leibniz estimates give

d v
Zlonllas < Cllwnllae + Cllwy e ll6x | e + Crl0F |-+
Persistence of higher regularity, applied to the truncated initial data, implies
6% [l Lge (zro41) < O2F, 1%\l Lge (rre+y < C27N.
Combining these bounds with (4.13) and using Grénwall’s inequality, we obtain
0% — ORIl 2o ey < Cr2max IV, (4.14)
Consequently,

10 = 0%l Lee(r1e) < C <||(Id — SN)0ollms + V2ma"{1’7}N> .

First choose N so that the high-frequency tail is small and then let v — 0. This proves (1.9) and
completes the proof of Proposition 1.7.
d

5. CONCLUDING REMARKS ON ROUGH DATA

In the study of fluid dynamics, understanding the inviscid limit of solutions with non-smooth
initial data is of profound physical importance. For instance, the optimal convergence rate for 2D
and 3D vortex patch initial data in the Navier-Stokes to Euler transition has been a subject of
intense mathematical interest. The SQG equations exhibit significantly more singular behavior
than the Euler equations, making the corresponding patch problem extremely challenging.

The rigorous analytical framework established in this paper, which operates at the borderline
regularity space Béo’l without assuming higher-order Sobolev smoothness (s > 2), avoids the
catastrophic derivative loss induced by the singular Riesz transforms. This methodology paves
the way for future investigations into the vanishing viscosity limit of SQG equations with rough
data, including generalized temperature patches and piecewise smooth initial fronts.
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