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ABSTRACT. We propose and analyze a novel semi-implicit low-regularity integrator
(LRI) for the dissipative surface quasi-geostrophic (SQG) equations. The semi-implicit
treatment yields an exact discrete transport cancellation and hence unconditional en-
ergy stability, while retaining the efficiency of an exponential treatment of the frac-
tional dissipation. To overcome the suboptimal regularity requirements typical of stan-
dard Sobolev-based error analysis for active scalars, we introduce a general numeri-
cal Besov space framework. Within this framework, we establish a sharp Bgo’l—error
estimate and prove first-order temporal convergence under the endpoint assumption
6 € L>=(0,T; B2, 1). The gain is the removal of the additional fractional derivative loss
in the Sobolev analysis; it is not an inclusion-wise weakening of the W227¢ assump-
tion. We present rigorous proofs for the stability and error bounds, complemented by
extensive numerical experiments including convergence tests, vanishing viscosity limit
validations, and complex vortex dynamics, to demonstrate the robustness and accuracy
of the method under low-regularity conditions.

1. INTRODUCTION

1.1. The SQG Model. This paper focuses on the sharp numerical approximation of
the dissipative surface quasi-geostrophic (SQG) equations for the active scalar field 6 :
T? x [0,00) — R:

o0 +u-Vo=—-vA0,

u=VIAT0 = (—,A710,0,A710), (SQG)
8]i=0 = 6o,
where v > 0 is the viscosity, 0 < v < 2 is the fractional dissipation parameter, and
T? = [, n]?. The unknown @ represents the potential temperature in geophysical fluid

dynamics (Pedlosky, 1982; Held et al., 1995). The (SQG) system models the temperature
evolution in a rapidly rotating stratified fluid and can be derived from the 3D Boussinesq
equations (Pedlosky, 1982). The operator A = (—A)% is the fractional Laplacian. The
well-posedness of the (SQG) equations has been extensively studied; see, for example,
Resnick (1995) and Marchand (2008). Further analytical results on global weak solutions,
global existence for related nonlocal transport equations, and nonuniqueness of weak SQG
solutions can be found in (Bae and Granero-Belinchén, 2015; Constantin and Nguyen,
2018; Buckmaster et al., 2019; Cheng et al., 2021; Isett and Ma, 2021).

1.2. Semi-Implicit Low-Regularity Integrator (LRI). Solving the SQG equations
numerically presents profound challenges due to the highly singular and nonlocal nature
of the velocity field v = V+A714. Classical explicit methods often require stringent
stability restrictions, while fully implicit methods can be computationally prohibitive. On
the other hand, regarding energy conservation, Onsager conjectured in 1949 that a loss of
regularity may lead to “anomalous energy dissipation” or “energy cascades”. Therefore,
computing such “rough” solutions is of profound physical and mathematical significance.
To effectively handle the nonlocal fractional dissipation and the singular convection term
1
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without artificially inflating the regularity assumptions, we propose the following first-
order semi-implicit low-regularity integrator (LRI), based on an exponential integrator,
for the SQG equations:

9n+1 + T(e—uTA'Yun . ven-i—l) — e—l/TA'Yen’
u" = VAL, (1.1)
00 — 6,

where 7 is the time step size. Induction verifies that the zero-mean property sz 0" dx =0
and the incompressibility V -« = 0 are perfectly preserved at the discrete level.

The semi-implicit treatment of the transport term is essential to the stability mech-
anism. Since e ™Ay is divergence free, testing (1.1) by ™! cancels the transport
contribution exactly and gives the unconditional L? estimate in Proposition 1.1. The
method requires only a linear solve at each step, implemented by the fixed-point iteration
in (A.5). By contrast, replacing #”*! in the transport term by 6" destroys this discrete
cancellation. An explicit exponential method can still be analyzed by related consistency
estimates, but its stability estimate generally requires a time-step restriction (and, after
spatial discretization, a CFL-type coupling with the Fourier cut-off). Thus the present
argument does not yield a comparable unconditional error bound for the explicit variant.

1.3. Historical Review and Motivation. Numerical simulations of active scalars and
incompressible fluids, including the SQG equations, have been extensively explored using
classical techniques such as finite difference method (Chorin, 1968; Wetton, 2006), finite
element method (Heywood and Rannacher, 1982, 1990; Hill and Siili, 2000), spectral
method (Guo and Zou, 2003), the Lagrange-Galerkin method (He, 2013; Siili, 1988), and
projection method (Chorin, 1969; Hou and Wetton, 1993; E and Liu, 1995). For the SQG
equations specifically, numerical simulations on periodic domains and various boundary
conditions were elegantly conducted by Bonito and Nazarov (2021) and Constantin et al.
(2012). More recently, neural network methods have also been introduced to approximate
SQG dynamics (Abdo et al., 2025), following seminal machine learning techniques for
fluids (Han et al., 2018).

Despite these advancements, classical numerical methods for active scalars typically
require high regularity assumptions to achieve optimal convergence rates. Recently, low-
regularity methods for numerical computation of fluid models have seen vigorous devel-
opment, significantly relaxing regularity requirements compared to classical schemes (Bai
et al., 2023; Cao et al., 2025; Rousset and Schratz, 2021; Wu and Zhao, 2022). Notably,
Li, Ma, and Schratz (2022) developed an elegant semi-implicit exponential integrator for
the Navier—Stokes equations, lowering the regularity requirements significantly. How-
ever, standard numerical analysis techniques for these advanced schemes rely heavily on
Sobolev spaces (H*). As observed in the literature, Sobolev-based error analysis for quasi-
linear active scalars suffers from severe derivative loss when bounding the highly singular
nonlocal convection term. Consequently, obtaining a first-order temporal convergence
typically requires the exact solution to be bounded in W22+¢(T?) or H?+9(T?) for some
0 > 0, which strictly demands more than two spatial derivatives.

1.4. Introduction to the Numerical Besov Framework. For the SQG equations,
where anomalous dissipation and rough fronts (e.g., vortex patches) are physical hall-
marks, assuming H> regularity is often overly restrictive. The fundamental mathemat-
ical obstacle is that standard Kato-Ponce type energy estimates in Sobolev spaces suffer
from derivative loss when bounding the nonlinear convection term, thereby forcing an
artificial increment in the required Sobolev index.

To fundamentally break this barrier, we introduce a numerical Besov space framework
for active scalars and general fluid models as the primary contribution of this paper. By
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transitioning from the classical Sobolev space L? to the critically embedded Besov space
Bgo,b we leverage specific product rules (div-curl structures) and refined commutator
estimates that are uniquely available in the Besov setting. This allows us to obtain
endpoint error estimates without the additional fractional derivative loss that arises in
the Sobolev calculation.

More importantly, the versatility of our proposed numerical Besov framework extends
far beyond the 2D SQG equations. For instance, in the analysis of the 3D Navier—Stokes

equations, the same methodology targets the endpoint regularity u € L>°(0, T B§O71(T3)),

whereas the Sobolev argument in (Li et al., 2022) uses u € L>(0,T; W2'2/5(T%)). This
comparison concerns the endpoint structure and the avoidance of a derivative surplus,
rather than a set-inclusion improvement, because ngl embeds into W?2? for every finite

p-

1.5. Main Numerical Results. In this section, we present the main theoretical contri-
butions of this paper: the unconditional energy stability and the rigorous error estimates
for the proposed LRI (1.1). To isolate the effect of the numerical Besov framework, we
first state the benchmark results in the classical Sobolev setting, which naturally exposes
the derivative loss phenomenon. Subsequently, we present our sharp results in Besov
spaces at the endpoint derivative index.

1. Benchmark: Stability and Error in Sobolev Spaces

Proposition 1.1 (Unconditional Sobolev stability). Consider the SQG equations (SQG)
in T? with periodic boundary conditions, solved by the semi-implicit low-regularity in-
tegrator (LRI) (1.1). Assume that the initial data 6y € L%*(T?). Then, there exists
T > 0 such that the following statements hold for any M € Z* and n < M, without any
restriction on the time step 7 = %, the viscosity v, and the dissipative parameter ~:

(i): The L? energy dissipates in time:

10" L2 < 1167 2. (1.2)

(ii): If we additionally assume 6y € H*(T?) for s > 2, then the H*® norm is uniformly
bounded:

sup 0" - < 4160] (1.3)

Proposition 1.2 (Error estimate in Sobolev spaces). Consider the (SQG) equations in a
2D torus T? with periodic boundary conditions. Assume that the exact solution satisfies
the following regularity:

0 € C([0,T); L*(T?)) N L>°(0, T; W>2+¢(T?)), (1.4)

where € > 0 is arbitrarily small. Then the numerical solution generated by the LRI (1.1)
possesses the following strong error bound:
O(tn) — 0" |12 <
s [0(tn) — 0"z S 7

where M = L. For every fixed vmax > 0, the implied constant is independent of v €

=
[0, Ymax] and v € (0,2]. In particular, the estimate is uniform in the vanishing-viscosity
limit; no uniformity as v — oo is asserted.

Remark 1.3. It is crucial to note that the stability bound (1.3) and the error esti-
mate in Proposition 1.2 strictly demand the sub-optimal regularity 6y € H® (s > 2)
or § € L*(0,T; W2+¢(T?)). From the perspective of scaling and Sobolev embeddings,
W22+€(T?) essentially scales equivalently to H? for some § > 0. A similar stringent
requirement was adopted by Li, Ma, and Schratz (2022) for the Navier—Stokes equations.
This artificial increment in regularity is the unavoidable mathematical consequence of
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using standard energy estimates to compensate for the derivative loss inherent in the
singular fractional convection term.

2. Main Results: Sharp Estimates in the Besov Framework

To fundamentally break the regularity barrier highlighted in Remark 1.3, we now tran-
sition to the critically embedded numerical Besov framework. By exploiting delicate
div-curl structures and refined product rules in BgOJ, we establish the unconditional sta-
bility and endpoint error estimates without the additional fractional derivative loss of the

Sobolev argument.

Theorem 1.4 (Unconditional Besov stability). Consider the SQG equations (SQG)
solved by the LRI (1.1). Assume that the initial data 6y € Béoyl(TQ). Then there exists
T > 0 such that the Béql norm is uniformly bounded for any n < M, unconditionally
independent of the time step 7, the viscosity v, and the dissipative parameter ~:

sup 0712 . < 4160l 51 (1.5)
n : ,
Moreover, if 6y € BS, ; for any s > 1, there holds
sup [|0"||Bs, , < 4/|6ollBs, , - (1.6)
n

Theorem 1.5 (Error estimate in Besov spaces - Endpoint Regularity). Assume that the
exact solution to the (SQG) equations satisfies the endpoint Besov regularity:

6 € C([0,T); L(T%)) N L(0, T; B 1 (T?)). (L.7)
Then the numerical solution by the LRI (1.1) possesses the following strong error bound:

O(t,) — 0" <
e [0(t) = 0", S 7.
where, for every fixed vpmax > 0, the implied constant is independent of v € [0, vy ax] and
v € (0,2]. Thus the estimate is uniform as v — 0, but not claimed to be uniform for
unbounded viscosity.

Remark 1.6 (Comparison and interpretation of the regularity assumptions). The hy-
potheses in Proposition 1.2 and Theorem 1.5 are conditional regularity assumptions on the
exact solution over the interval of comparison. The embedding W22+¢(T?) — W1o(T?)
makes a separate W1 hypothesis in Proposition 1.2 unnecessary. Also, BEOJ(TQ) —
W2P(T?2) for every finite p, so the Besov assumption is not weaker by set inclusion. Its
advantage is that it realizes the endpoint derivative index in the Besov error topology
and removes the extra e-loss of the Sobolev calculation.

These solution assumptions can be related to the initial data through the well-posedness
theory for the SQG equations. Smooth initial data generate local strong solutions with
persistence of regularity (Constantin et al., 1994). For v > 0, global regularity is known
in the subcritical regime v > 1 (Constantin and Wu, 1999) and in the critical regime
v = 1 (Kiselev et al., 2007). In contrast, for the inviscid equation v = 0 and for the
supercritical dissipative regime 0 < v < 1 with general large initial data, global smooth
well-posedness remains open. Therefore, a theorem stated solely in terms of 6y for all
v > 0and 0 < v < 2 would conceal an unresolved analytical issue. Our error estimates
apply on any interval [0,7] on which the indicated exact-solution norm is finite.

1.6. Organization of the Paper. The remainder of this paper is organized as follows.
In Section 2, we introduce the necessary numerical preliminaries, including the discrete
product rules and the essential commutator estimates in Besov spaces. Section 3 is devoted
to the unconditional stability and optimal error estimates of the proposed LRI within the
classical Sobolev framework. In Section 4, we establish our main theoretical results,
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detailing the sharp error analysis under the newly introduced numerical Besov framework
to overcome the derivative loss. Section 5 provides the full discretization of the LRI
utilizing the Fourier spectral method. Finally, in Section 6, we present extensive numerical
experiments, that range from rigorous convergence tests to the simulation of complex
vortex patch dynamics, to robustly validate our theoretical findings.

2. NUMERICAL PRELIMINARIES

2.1. Notation. Throughout this paper, for any two (non-negative) quantities X and Y,
we write X <Y if X < CY for some generic constant C' > 0. Unless stated otherwise,
C' is independent of the time step 7 and v € (0,2] and is uniform for v in a prescribed
bounded interval [0, vmax; the stability estimates themselves hold for every v > 0. We
denote X ~ Y if X <Y and Y < X. The commutator of two operators is defined as
usual by [A, B] = AB — BA.

We use the standard convention for the Fourier expansion on the 2D torus T?:

kez? T2

1
f(x):W

Based on the Fourier expansion, the equivalent H®-norm and the homogeneous H*-
seminorm of a function f are given by

1 A 1 N
Il = 5~ STA+EPFERIP) o Ml = 2r > kP (k)P
kez? kez?

To introduce the numerical Besov framework, we recall the Littlewood-Paley dyadic
decomposition. Let x : [0,+00) — [0,1] be a smooth, monotonically decreasing cut-

off function such that y(r) = 1 for 0 < r < 3, and x(r) = 0 for r > 1. Defining
¢(r) = x(r) — x(2r), we have the partition of unity: x(|z|) + > ;5 ©(277]x]) = 1 for all

x € R2. For any distribution f on T?, the Littlewood-Paley operators are defined as:

Aof = Srez FRIX(K)ET = (0),
Ajf = ez f(R)p(277R)e™ e, > 1, (2.1)
Snf= Zj‘vzoAjfa N > 0.
Throughout this numerical study, we naturally assume that the active scalar 6 is of zero
mean. Consequently, Aof =0and f =3 . A;f.
Let s € Rand 1 < p,r < oco. The Besov space B;"T(']TZ) is defined as the set of
distributions satisfying

#1155, = || @714 120) 15|, < oo (2:2)

2.2. Essential Estimates for Error Analysis. The following harmonic analysis tools
are vital for establishing our sharp error estimates, which are completely free from deriv-
ative loss, for the proposed LRI.

Lemma 2.1 (Bernstein’s inequality (Bahouri et al., 2011)). Let 1 < p < ¢ < oo and
s € R. Then for any j7 > 1, we have

CIAAjflle < 2% Ajfllze < CTIAA; £l 1o,
and
18 llze S 29570 A oo,
where the constants C, C’ are strictly independent of j and f.
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To carry out the benchmark Sobolev error analysis, we need the Kato-Ponce inequali-
ties:

Lemma 2.2 (Sobolev commutator estimate). Let s > 0 and p € (1,00). Suppose
1 _ 1,1 _ 1,1 ~

p1,p2,p3,pa € (1,00] such that 5=t =t Then there exists a constant

C > 0 such that

IA®, £Vl < C A flle Vgl ez + IV £l Les [ A gl Lea) -

To bypass the derivative loss inherent in the Sobolev framework, we critically rely on
the following commutator and product estimates in the Besov setting.

Lemma 2.3 (Besov commutator estimate). Let 1 < p < oo, 1 <7 < 00, 0 > —1 —
dmin(%, [%) and div u = 0. Define I; = [u -V, A;]f. Then there exists a constant C' such
that for o > 0, we have

@1z, < CUVulel Fllsg, + IVul o=t IVafllz).

" (2)

Moreover, ifa>1+% orozl—i—%, r =1, we have
| @ ME3122)s] o, < Il 11,

ifazl—i—%, r > 1, we have

| @7 1551221, < IVl 1S,

z

ifo<1+%,wehave

| @ 1zllzz);

S C VU d f Bo .
vy SNVl W,

Lemma 2.4. Suppose divu = 0, the following Bgo,l estimate holds
- Vollgs , < Cllulps lollp .

for some absolute constant C' > 0. Furthermore, if in addition both u and v are of zero
mean in T2, then we have:

I Vallse , < Ifls IVglp -

Finally, since the velocity field u is recovered via the Riesz transform, therefore the
boundedness of the Riesz operator is frequently required.

Lemma 2.5 (Boundedness of the Riesz operator VXA~!). Let f be a mean-zero distri-
bution on T2. The operator V-A~! is bounded in the following functional spaces:

e For 1 < p < o0, HVLAil‘fHLp ,S HfHLp.

o For s > 1, [VEAT fllpee S |1/ mre-

e For the critical Besov space, ||[VEA~L £ 50 S llse -

These standard harmonic-analysis estimates follow from Bahouri et al. (2011, Lemma 2.1,
Corollary 2.86, and Lemma 2.100) and Li (2019, Theorem 1.1); see also Chapter 2 of Ba-
houri et al. (2011) for the Fourier-multiplier bounds used in Lemma 2.5.

3. ERROR ANALYSIS IN SOBOLEV SPACES

This section proves both parts of Proposition 1.1 and then establishes the L2-error esti-
mate in Proposition 1.2. Subsections 3.1 and 3.2 treat the L? and H* stability estimates,
respectively, while Subsection 3.3 contains the error analysis.
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3.1. Unconditional L2-dissipation. Recall that §"*! is generated by the LRI (1.1).
Also, it is easy to see that V - u™ = 0. We can then test (1.1) with 67! and obtain that:
||0n+1||%2 — (e—w—A'YHn’ en—i—l) _r (6—V7A7un . V9n+1, 9n+1)

<[16™ |2 167 -

We can derive [|0"+!||;2 < 07| 2 from here and thus prove (1.2).

3.2. Unconditional H?*-stability. Throughout this subsection, we assume s > 2 as in
Proposition 1.1(ii). In this subsection we present the H*-stability of our LRI (1.1). We
first apply A® on both sides of (1.1) and obtain that

AT A (e TR - VO = Ase AT
We then multiply both sides with A*0"*! and integrate in T? to get
[AS" Y12, = (A%e 0" A0 T) — 7 (AS(e TN - VT, ASeTT)

[N 2| A0 |2 — 7 (e TN W - VATHTT, AT
_ ([As’ e VA 1 V]9n+17As(9n+1)

<[ AT 2| A" 2 + Crl[ Ve T oo 07 [ | A0 2
+ Crl[ Ve ™ U e[ VO oo AT 2

<A™ 12| A0 [ 2 + Crllu” s 07 o | A%0™ 2,

where the last two inequalities follow from Lemma 2.3 by taking p = r = 2 and identifying
B3 o ~ H*. By Lemma 2.5 we have

167 1Zrs < 1167 1Zrs + CTN0™ 116717,

for some absolute constant C' > 0. Without loss of generality, we can assume T = m

and 7 = & from the local well-posedness theory and [|6"||gs < 4||f|| g+ as an induction
hypothesis. We thus get that

1
167 e < 1677z + 710" e
which implies that
16" Zs < (14 h)[16™ (17,
where h := ﬁ Iterating the inequality above, we have
16" 17 < (14 )M 6017
< (14 h)a 2 1o s
< 16]|6o |7+
This then proves (1.3) and thus shows Proposition 1.1.

3.3. L? error estimate. It is known that the exact solution of (SQG) can be written in
the following Duhamel’s formula for any s € [t,, t,t1]:

0(s) :e—u(s—tn)mg(tn) _ / e~ V(s—o)AY (VLA—IQ . vg) (o) do. (3.1)
tn
In particular, we have

tn+1
O(tnit) = "N 0(t,) — / e ns1=IN (VA0 ) (s) s, (3.2)
tn
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Note that for s € [t,, t,11], We can approximate 6(s) by e *~t)A7g(t,) as in (3.1):
tn+l
/ eV (tnr1=s)A (vﬁrle : ve) (s)ds
tn
tn+1
:/ e V(tnt1—s)AY (e—V(S—tn)A’YvLA—Ie(tn) . ve—u(s—tn)me(tn)) ds+R, 1,
tn
where the remaining term is the following;:
tn+1
Ryt = / e~V {tnt1=9)A7 (VLA*H : ve) (s)ds
tn
tn+1
- / efll(tn_Hfs)AW (efz/(sftn)A“/vJ_Aflaan) . Vefl/(sftn)Awg(tn)> ds
ln
tn+1
- / e~V (tn1=s)A? (VLA”(H(S) — eVt g (g ) ve(s)) ds
tn

tn+1
+ / e~V (nr1=a)A7 (VLA‘le"’(S‘t")mG(tn) - V(0(s) — e—V<s—th9(tn))> ds.
tn

(3.3)
Therefore we can rewrite (3.2) as below

tn+1
O(tns1) = e V™M 0(t,) — / g(s)ds =Ry 1, (3.4)
tn

where g(s) = e Vtnt1=8)A (VLA 1y(s) - Vu(s)), with v(s) = e 757)AG(¢,,).
Besides, we can further approximate ﬁi"“ g(s) ds by observing that

9(s) = g(tn+1) — / " 0y9(0)do.

Therefore (3.4) can be reorganized as

tn+l

Otnst) = e ™M 0(t,) — / 9(tns1)ds —Ro1 — Ry,

tn

tn+1

o g(s) — g(tn41) ds. Writing g(¢,41) out explicitly, we have

where R, 2 =
O(tns1) = "™ 0(t,) — 7 (VLA—le—Wme(tn) : Ve_"TMH(tn)) — Rp1— Rna. (3.5)
From (3.5), we can further derive that

O(tnrt) = e "™ O(t,) — 7 (VLA’le’”TmG(tn) : V@(tn+1)> — Rp1— Rna — Rus,
(3.6)

where

Ry =7 (VEATL ™ 0(t0) - V(™™ 0(t0) — Oltasn))
(3.7)

tn+1
=7 <VLA—1e—Wme(tn) -V e Vtnt1= AT (LA (5) - VA(s)) ds> .

tn
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Next, we estimate the terms R, 1, R, 2 and R, 3. To start with, it is clear from (3.3)
and (3.1) that

tn+l
| R 1| 2 g/ ’VLA*(G(S)—e*”<8*tn>me(tn)).ve(s) .08
tn
1 A A
- / VAEA e VA g ) v (0(s) — eV 7tn) 9(75”))‘ ds
tn L2 (3.8)

<r sup {IVEATHO() — TN 0(t))] 1o V() 1

S$E€[tn,tn+1]
+ VATt | 172 [V (B(s) — TR 0(t) | Lo }
where p;, ¢; € [2, 00] are arbitrary so long as p% + i = 5. Note that here V+A~1is a Riesz
operator and # is mean-zero. By Lemma 2.5 and (3.8), we have
1Ratllze ST2IVO o IVEAT0 - VO] e pa + [ VAT 0 150100 [ V(VEATE - VO) | e 2)
S0 e mr2 10 T oo pyrra + 100 e 21017 gr2)

57'2”9‘&,?01{2-

(3.9)
To estimate R, 2 we first observe that
9pg(0) =eVInt1=N Y AV (VLA (o) - V(o))
_ e V(tn1—0)A? (VAVVLA*H)(U) : VU(U)>
— e V(tny1—0)AY (VLA_IU(O') : VAVVU(0)> (3.10)

_ Ve_y(tn+1_J)A’y <A'YVJ-A_1’U(U) : V’U(U>>
n Ve_y(tn_‘_l—a)l\’y [A’Y, VLA_LU(O') : V]U(U)
Then we have by (3.10)

[Rnollrz S 7 sup lg(s) — g(tn+1)]l L2
Se[tnythrl]

< sup 10591l 2
Se[tnatn+1},06[5atn+l}

Svr?|| |A, VEA V} llpsorz + v |[AVEA Vol|peor2
= vl + vrils.
To estimate I, it is clear by Holder’s inequality and Lemma 2.5 that
I = [|[AYVFA 0 Vo pee 2 S 1A ]| Lo 10 ]| V0| Lo Lo,
where %—i— % = % Since 0 < v < 2, we then take p = 2+ € where € > 0 is arbitrarily small.
Then I3 can be estimated after applying the H'(T?) < L9(T?) Sobolev embedding:
I S 10l pvelloll e S lolerpere S 1612 (3.11)

It is worth emphasizing that the estimate (3.11) is independent of the choice of v and ~.
Note that here the semigroup e *(*~#)A” is bounded independently of v and ~ in L**¢.
Similarly we can estimate I; by adopting the Sobolev commutator estimate Lemma 2.2:

I =] [, VA0 9 ol e o

SHA’YVLAfl’UHLtooLpg ||VUHL§’°L‘Y3 + ”AﬂyilvanfoLm HVVJ'Ailan?oLtM,
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%. Then by Lemma 2.5 we have

where again p;, g; € [2,00) and p%_ + %
Iy S A e povel[vll ez S 10N oppaase. (3.12)
Combining (3.11)-(3.12), we can conclude
1Rn2llze S vr? (0117 copaate- (3.13)
Moreover, we can estimate R, 3 from (3.7) as follows:
1Rnsllze S T2IVEAT 0 Lo 1 [V (VAT - VO) | oo 2 S 720167 o o (3.14)
Now we let £7T1 = 9"+1 — 0(t,,,11) be the error. Then we can derive from (3.6) that

gl 7 (e NIGEATI vE) —e N e - p (TN TEATIE - VOt 1))

+ Rn,l + Rn,2 + Rn,3-
(3.15)
We take the L2-inner product between (3.15) and £"*1. Note that div VEA~10" = 0, we
therefore obtain that

||gn+1||%2 — (e—m-A’an7gn+1) —r (e—VTA'YvLA—lgn . V@(tn+1),6n+1)
+ (Rn,l + Rn,2 + Rn,3a gn+1)
1 n 1 n n n n
<5l 172 + Sl€ e + CTIVO(tas )l €M L2 €™ | 2 + CT2I €™ 2
+ Cvr?||EMTY| 12
1 1
<SllE™7: + 5\\5"*1!!%2 + CT| €M7 + CTIE™ |72 + CT° + V7P,
(3.16)
by applying (3.9), (3.13) and (3.14). The factor ||VO(t,+1)| L is controlled by |6y 2.2+

through the embedding W22+¢(T?) — W1°°(T?), so no separate W assumption is
needed. Then we derive from (3.16) that

1+C*r

| C*(1+ v?)713
1-C*r

+1(2
lem 2. < e

E7|72 +

for a constant C* depending on the displayed exact-solution norms. On each interval
0 < v < Unax, the factor 1422 is bounded independently of v. By the discrete Gronwall’s
inequality (cf. Cheng et al., 2024a) we arrive at

sup [|E" |2 S 7,
where we need
6 € C([0,T]; L*(T?)) N L>(0, T; W*T<(T?)).

This completes the proof of Proposition 1.2.

4. SHARP ERROR ANALYSIS IN BESOV SPACES

In this section we prove Theorem 1.5 by performing the ngl—error estimates. We first
show the stability result in Theorem 1.4:



OPTIMAL ERROR ESTIMATES OF LRI FOR SQG 11

4.1. Unconditional Béo,l stability. Recall our LRI (1.1):
ot 4 (e TNy - Ve = A g, (4.1)

Applying the Littlewood-Paley frequency projection on both sides of (4.1) we can derive
that

Aj0n+1 — Aje—VTA'YQn _ TAJ (e—VTA'YVLA—IHn . V9n+1>

AR e o AR VNV (VRS S AR e B
(4.2)
Taking sgn(A;0"1)|A,;0" T [P~1 as a test function of (4.2), we can then obtain the fol-
lowing energy estimate:

280" 1o < D20 1o+ D] e TNV, 0] 00
Taking p = oo and summing the series in j, we can get

16" g, < 18711s, , + €TI0 52, 16",

where C > 0 is an absolute constant. With no loss we can again assume T = W
B
0,1

and 7 = 1. Similar to Proposition 1.1 we can further assume ||6"|| 5 < 4)l0ollpr_, as

an induction hypothesis. It then follows that
16"+ g, < (L4 6",

where h := ﬁ Iterating the inequality above, we get

16"+ s, < 4160l 51,

Invoking the Besov commutator estimate (Lemma 2.3), we deduce that

2283-7_" [e_VTvaLA—len . V7AJ} 9H+1||L°° < T(HenHB;OYlHQn-H'
7=0

s, 10" 1B, N0 B2, ),

which implies that
107+ 5, , < 10" s, + Or(16™ 5 16 s, + 10" s, 10 151 )
< 10", + 40700l (107 152, + 167152,
< 07ms,, + 210 s, + 16752,
Then we deduce that
107 B, < (1 +20)[167]| s,
Iterating the inequality above, we have

16"+ |55, , < 4l160]l 5= , -

This completes the proof of Theorem 1.4.
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4.2. ngl-error estimate. Similar to Section 3 we write the exact solution of (SQG) in
the following Duhamel’s formula for any s € [t,, tp4+1]:

O(s) —e VN g1 ) — / e =N (VEAT10. ) (o) do (4.3)
tn
In particular, we again have

thrl

O(tnr1) =e "™ 0(t,) — / e~V (tn1=s)A? (vﬁrle : ve) (s)ds. (4.4)

in

After applying the Littlewood-Paley frequency projection Aj;, we have the following ap-
proximation for s € [ty, tn41]:

tn+l
/ AjeVtnri=)AT (viA—le : ve) (s)ds
tn - (4.5)
:/ Aje—u(thrl—S)A'Y (e—u(s—tn)AW’vLA—le(tn) ) ve—u(s—tn)me(tn)) ds +Bn.1,
t’ll

where the remaining term is the following:
tn+1 -
Bpi1 = / AjeV(tnri=9)A (VLA—le-ve) (s)ds
tn
bt —v(tn41—8)AY —v(s—tp)AT gLl g —1 —v(s—tn)AY
— Aje Viint (e VAT (L) - Ve n H(tn)> ds
tn
b1 A (ol a—1 AT
_ / Aje st =NT (VLA (g(s) — eI (1)) - O(s) ) ds
tn

lnt1
+ / Aje_”(t”“_s)m (VJ‘A_le_”(S_t”)MG(tn) -V (6(s) — e_”(s_t")m@(tn))> ds.
tn

(4.6)
Combining (4.4) and (4.5), we infer that

Aja(tn-&-l)
tnt1

:Aje*’”m&(tn) . / Ajefl/(tnﬂfs)A"’ (efl/(sftn)A"’vJ_Afla(tn) . veﬂ/(sftn)A"’@(tn)) ds—Bp,
tn

tn+1
:Aje—”“e(tn)—/ h(s)ds —Bp.1,
tn

(4.7)
where h(s) = Ajetnt1=)A (TLA=1y(s5)-Vu(s)), with v(s) = e 5= t)A9(t,,). Besides,
we can further approximate fttn"“ h(s) ds by observing that

tn+1
h(s) = h(tn+1) —/ Os-h(c)do.
Therefore (4.7) can be reorganized as
~ tn+1
Aje(tn-i—l) = Ajeim-A Q(tn) — / h(tn—H) ds _Bn,l — Bn’g,
tn
where B, 9 = ft’;”“ h(s) — h(tn+1)ds. Writing h(t,+1) out explicitly we have

AjO(tnsr) =Dje "™ 0(t,) — TA; (viA—le—W“e(z&n) : Ve_”TMO(tn)) — Bp1— Bna.
(4.8)
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From (4.8) we can further derive that

Aje(th) == Aje_’”me(tn) - TA]' <VJ‘A_1€_VTA’Y(9(tn) . VH(th)) - Bn71 - Bn72 - Bnyg,
(4.9)
where
Bug = A5 (THAe ™ 0(t) - V(e ™ 0(ta) — 0(tas1)) )

tn+1

=TA;j (vLAlewA”e(tn) v eVt =)AT (L ATLG(5) - VO(s)) ds) .

(4.10)
Next, we estimate the terms B,, 1, By 2 and By 3. Firstly, it is clear from (4.3) and
(4.6) that

Bn,l

tn

tn41 s
:/ A e nt1= AT (VJ‘Afl/ eV (TEATI . V) (o) da~V9(s)> ds
t tn

tntl1 s
+ / Aje—v(tn+1—S)A'Y (e—u(s—tn)AWvLA—19(tn) . V/ e~ V(s—o)n? (VLA—19 - V0)(0) d0'> ds
tn tn

=Bn1,1 + Bn,11-

(4.11)
Therefore we consider By, 1 ; and B, 1 ;1 respectively.
tn41 .
Buis = / AjeV(tnr1=s)A (VLA_1V(3) : ve(s)) ds,
tn
where we define
V(s) = / e VN (TLATY . V) (o) do. (4.12)
tn
Noting that div V-A~10 = 0 then by Lemma 2.4 we have
VA~ - VOllreepo | S HVLA_IGHL;X’B&JHHHLfOBiO’l'
We observe that by Lemma 2.5, V (s) can be bounded further by
”V(S)”Bgo’l S THVLA_IQHL;’OBQOJHGHL;’OB;OJ S THHHL;’OB&JHHHLE’OB;J' (4.13)

Moreover by the div-curl structure noting div V-A~1V = 0 we have (again by Lemma 2.4)

-
Z | Bn11llpe STIVA 1V|’L;>OBQO71||9||L§°B;O’1
; (4.14)
§T2”9HL§°BQO,1HQHQLtOOB;O’I'

We then estimate B,, 1 r7. According to (4.11) and (4.12), then we have
tn+1
Buii1 = / Aje i1 —s)A7 (e—”s—tw“vi/\—le(tn) : VV(S)) ds.
tn
By similar arguments we arrive at

Z | BnrllLee S THHHLzOOBgOJ HV||L<;OBC1>071~ (4.15)
J
Similar to (4.13) we can bound [|V[|gecp1 by applying Lemma 2.4 and the product rule:

Vo, S7(10B0p  +10lpsn 1012 ,) - (4.16)
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Combining (4.14), (4.15) and (4.16) we get

> I1Bnal

J

v S (100 1002 p 1020 10 ). (a1m)
We proceed to estimate the term B,, 2. Recall that
tn+1
Bpa = / h(s) = h(tn41) ds,
tn
where h(s) = Aje ?tnt1=9A (TLATLy(s) - Vo(s)), with v(s) = e 7(7)A79(1,). Note
that we can approximate B, 2 by O;h and therefore we derive that
Osh(s) :Ve_”(t"“_S)MAJ'A'Y(VJ‘A_IU - V)
- ye*”(t"“*S)MAj(A'YVJ‘Aflv -Vv) — z/e*”(t"“*S)MAj(VLA*lv - VAv)
—peV(tnt1=s)AY [A;AY, VEAT - Vv — Ve_”(t"“_s)mAj (AVEA Iy - Vo)
— ve V=N AL YA L VAT

(4.18)
By the Besov commutator Lemma 2.3 we can conclude
S AT, VA - Tlollex S olge Iolls -
! L (4.19)
S HIA; VEA - VIA Dz £ folly 0l
J
For the remaining term we apply the Lemma 2.4 that
DA, AVEAT - V)| S Hlollsz llollse - (4.20)
J
Combining the estimates (4.18), (4.19) and (4.20) we can conclude that
Y IBualle S Tvllvllg Iollps | S 7016l ey 16l e - (4.21)
J
Note that v € (0, 2] by assumption, therefore (4.21) can be reduced to
Z [Bnallzee S TZVHHHL;’OBEOJ HGHL;”B;OJ- (4.22)

J
Lastly, to estimate By, 3 we recall that (4.10)

Bus=r1A; (VLA_le_”TmH(tn) : VV(th)) .
Then by Lemma 2.4 and noting that div V-A~le #7479 = 0, we have

> Busllze STIVEAT Ol e po, IV (tnsn)lge
J (4.23)
ST (1003 g NONzgez,, + 10N gepo, 1013 ) -

Taking sgn(A;E"T)|A;EMTP~1 as a test function of (4.9), we can then obtain the
following energy estimate:

185" o <NAGE o + 7185 (7T TEATET - TO(tns1) ) 10

7 || vtaTten v, A [ €|+ IBaallis + [Buallee + | Bulles.
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Letting p — 0o and summing in j we have

3
lE™ M mo , < 1€ 1m0, +CrUIE™Ime, N01izms , + 16" 15 1€ im0 )+ 3 3 [ Buillim

i=1 j

by applying Lemma 2.3, Lemma 2.4 and Lemma 2.5. Note that by Theorem 1.4,
16"(|p1 | <1 and recall (4.17), (4.22) and (4.23) we thus obtain that

1+C*r C*(1 +v)7?
n+1 < n A
€™ las,, < Togrr €7 5e, + g
where C* depends on the displayed exact-solution norms; the factor 1 + v is uniformly
bounded for 0 < v < vy By the discrete Gronwall’s inequality (cf. Cheng et al., 2024a)

we arrive at

sup [€"l g0 | S 7.
u |

where we only need the endpoint requirement that
6 € C([0.T]; L*(T?)) N L>(0,T; B, 1(T?)).
This ends the proof of Theorem 1.5.

5. FULL DISCRETIZATION BY THE FOURIER SPECTRAL METHOD

In order to solve the (SQG) equations while handling the challenging non-local oper-
ators V-A~! and A7, we implement the LRI with the following fully discrete Fourier
spectral method:

9n+1 — e*l/TA’YH’I’L_THN(erTA’Yun . v9n+1)7
u" = VAo, (5.1)
60 = TInHo,

where 7 is the time step. For N > 2, we introduce the space
Xy =span {cos(k-z) , sin(k-z): k= (k1,ko) € Z*, |k|oo = max{|k1|, |ko|} € [1, N]}.

We thus define IIx to be the truncation operator of Fourier modes 1 < |k|o < N, namely
the Fourier modes are no larger than N and the zero-th mode is projected off. Note that
IIn09 € X and therefore by induction we have 8" € Xy ,¥n > 0. In addition we can
further derive that divu™ = 0 for all n by the definition of u™. Recall that the frequency
cut-off operator S; defined in (2.1), essentially S; = Ily;+1 in our setting. Then we have
the following error estimates for the Fourier spectral method.

Theorem 5.1 (Fully discretized error estimates). Assume that 0(t, z) is the exact solution
to (SQG).
(i) L?-error: Assume 6(t) € H?T¢(T?) for any sufficiently small ¢ > 0. Then the
following L?-error estimate holds.

sup 0" — 0 (tng1) || 2 < C1(r + N717°). (5.2)

(ii) B, j-error: Assume 6(t) € BZ ;(T?). Then the following BY, ;-error estimate
holds.

sup [|0"T — 0 (tni1) g0 < CaT+ NT. (5.3)

For every fixed vyax > 0, the constants C, Cy > 0 depend on T, vpy.x, and the indicated
exact-solution norms, but are independent of v € [0, Vmax] and v € (0, 2].
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Remark 5.2. Theorem 5.1 displays the same endpoint distinction as the time-discrete
analysis: the Sobolev estimate uses an additional e derivative, while the Besov estimate
is formulated at derivative index two. This is an endpoint comparison, not a claim that
B§O71 is a larger space than H2T¢ or W22%¢; see also (Li et al., 2022).

6. NUMERICAL EXPERIMENTS

In this section, we present numerical evidence including the dynamics, the rate of
vanishing viscosity and the order of error. In this section we fix v = 2, N, = N, = 128 to
be the hyperparameter. Note that even though A? = —A seems to be a local differential
operator, the equation u = V+A~16 guarantees the non-local behavior of the SQG system.

6.1. Convergence test: L2,Lw,B&71—errors with fixed v. In this subsection we
present the error of the LRI (1.1). Throughout this subsection we choose the following
initial data suggested by (Cheng et al., 2024a,b) and (Li et al., 2022):

2" sin(3),

5 (cos(5))" (cos( ;

0y = 5 (cos( 5
For this family of initial data, the dominant singularity occurs at y = £, where |0y| is
proportional to d;”_l, with d, denoting the distance to the periodic seam. Consequently,
up to but not including the endpoints, 8y € H? for every s < m — %, whereas 0y € B
for every s < m — 1. Thus m = 1.8 and m = 2.8 correspond to Sobolev regularitieb
H'3~ and H?3~, respectively, but they should not be identified with B H and B + . We
use these values as representative finite-regularity profiles with a 0.3- derlvatlve margm
above Sobolev orders one and two. This margin keeps the nonsmooth profiles adequately
resolved at the fixed Fourier resolution N = 128 and permits a clean comparison of
the temporal convergence and stability of the three methods. The experiments are not
intended to realize the exact function-space endpoints or to numerically establish the
sharpness of the endpoint Besov theorem.

We shall generate the “accurate” reference solution #r by computing using the same
schemes but with 7 = 107%. We then compare the numerical solutions of our LRI (1.1)
to the reference solution 0z under different choices of 7-values. Similar comparison will
be done for 1st order IMEX method (Cheng, 2026; Cheng et al., 2024a) and the usual
exponential integrator (EI) method (Cheng et al., 2026a). More specifically speaking, the
schemes are given below:

9"+1 on n+l _ n+1
— +u"-Vo = —vAYo"T
{ T Lp-lgn (IMEX)
and
g+l — e*l/TA’Yen _ 1—e—vAY (un . van)
vAY ’ (EI)
= V+A~lom,

In this first numerical experiment we compute the SQG model (SQG) using the LRI
(1.1), IMEX (IMEX) and exponential integrator method (EI). We fix v =2, N, = N, =
128 and vary the time step 7 = ﬂ for k =0,1,---,7. The local residual is fixed to be
le-13 in the iteration scheme (A. 5) The L?, L*>® ng1 differences at 7' = 0.1 with v = 0.1
and m = 1.8 are presented in Table 1. It is clear that their differences are of order O(7) as
7 — 0. The observed errors in all three lower-regularity norms exhibit first-order behavior
in 7, consistently with the convergence analysis. In view of the regularity characterization
above, however, this finite-resolution experiment is not presented as a direct numerical
verification of the endpoint assumptions in Proposition 1.2 or Theorem 1.5.
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Table 1. Errors for fixed v = 0.1 and varying .

7=0.01 L?error L>-error Bgoﬁl—error
T 9.589¢e-06 7.324e-06 2.124e-05
T/2 4.796e-06 3.664e-06 1.062e-05
T/4 2.399e-06 1.833e-06 5.313e-06
T/8 1.200e-06 9.169e-07  2.658e-06
7/16 6.002e-07 4.590e-07  1.330e-06

7/32  3.005e-07 2.300e-07 6.665e-07
7/64  1.506e-07 1.156e-07 3.346e-07
7/128  7.569e-08 5.845¢-08 1.687e-07

We present the L*°-errors of the LRI, IMEX, and EI methods with m = 1.8,2.8 and
v =0.1,0.01,0.0001 in Figure 1. It is clear that the usual EI method is not as stable as
the other two methods with larger time step when the viscosity v is small.

Figure 1. Convergence test for the LRI (1.1). We choose v = 0.1,0.01,0.0001
and vary the time step 7. The first row uses m = 1.8 in the initial data, and the
second row uses m = 2.8.

Remark 6.1. It is worth introducing the discrete version of Besov norm ngl here
(defined in (2.2) from Section 2). In order to compute [|f|/go =~ numerically for any

function f, it is essential to compute ||A;f|[= for j = 0,1,--- , K, where 2K = N from
the Fourier side. Then we sum in j to get the desired norm.

6.2. Rate of vanishing viscosity. In this subsection we present the rate of vanishing
viscosity of the LRI (1.1). Throughout this subsection we choose the following initial data
suggested by (Cheng et al., 2024a,b) and (Li et al., 2022):

by = 3 (cos(3))" (cos())" sin(5).

As characterized in the preceding subsection, m = 1.8 yields H'3~ Sobolev regularity
(and ngfl— Besov regularity), while m = 2.8 yields H%3~ (and Bi(‘fl_ ). These values are
finite-regularity representatives rather than exact borderline parameters. We shall first
generate the “accurate” reference solution 8z by computing using the same schemes but
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with 7 = 107% and fixing v = 0,y = 2. We then compare the numerical solutions of our
LRI (1.1) to the reference solution #r under different choices of v-values.

In this second numerical experiment we compute the SQG model (SQG) using (1.1).
We fix 7 = 107°, N, = Ny = 128 and we vary the viscosity v = 0'3,?1 for k=0,1,---,7.
The local residual is fixed to be le-13 in the iteration scheme (A.5). The L?, L, BY
differences at T" = 0.1 are presented in Table 2. It is clear that these differences are
linear in v as ¥ — 0. We see that all the errors in the lower-regularity norms behave as

O(v), as predicted by Theorem 1.1 of Cheng et al. (2026b). However, in practice it is

min{1

not easy to capture the exact rate v ’%}. The main reason is due to the difficulty to
construct solutions of the exact regularity. Another challenge is that spatial or frequency
discretization requires higher regularity for the convergence of the numerical scheme. See
also Figure 2.

v =0.001 L2-error L>-error ngl—error o
v 3.576e-04 5.909e-04 1.426e-03 e
v/2  1817e-04 3.032e-04 7.291e-04 o
v/4  9.162e-05 1.537c-04 3.687e-04 o e
v/8  4.601e-05 7.734e-05 1.854e-04 i
v/16  2.306e-05 3.880e-05 9.298¢-05 l, J
v/32  1.154e-05 1.943e-05 4.656e-05 "
v/64  5.775e-06 9.726e-06 2.330e-05 Figure 2. Rate of the
v/128  2.889¢-06 4.866e-06 1.166e-05 vanishing viscosity for
the LRI (1.1) with 7 =
Table 2. Errors for fixed 1075 fixed and v vary-
7 =107 and varying v. ing.

6.3. Dynamics. In this subsection we present dynamics of the SQG equations on two
benchmark examples.

6.3.1. Vortex Waltz. In this example we consider the following initial data of two Gaussian
vortices. The initial data is given as

b0 = Vi = exp(—5((x + 7)* + 7)) +exp(=5((@ = )’ +4). (61)

We present the dynamics of § with the initial data given in (6.1) after zero-mean pro-
jection. We present the 6 with fixed v = 0.0001 in Figure 3 and 4. This benchmark
example is motivated by (Cheng et al., 2024a,b). To be more specific in (Cheng et al.,
2024a), dynamics of 2D incompressible Navier-Stokes (NS) are studied; indeed there are
some similarities between the SQG equations and the vorticity equation of the NS system
as can be shown in the dynamics. From the dynamics we can observe that when the
viscosity v is small the dynamics of the two Gaussian vortices tend to merge as they orbit
around each other. Indeed on the contrary, while the viscosity v is larger the dynamics
tend to be more stable. We see that the frequency resolution does not contribute to a
major difference in the dynamics of the vortex Waltz.

6.3.2. Dynamics of blow-up initial data. In this example we consider the following initial
data:

0o = —%(cos(g))m(cos(%))m_l sin(%), (6.2)
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Figure 3. Dynamics of vortex Waltz with N = 128.
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Figure 4. Dynamics of vortex Waltz with N = 1024.

t=10

]

o

where m = 0.8 and we choose viscosity v = 0.1. It is clear that the data 6y from (6.2)
is in H® for s < 0.3. Moreover 6 ¢ L°°; we can observe that singularities are located at
y = £m. Therefore one may treat it as a special blow-up initial data. The Figures 5 and 6
present the dynamics of SQG equations after certain types of L>° blow-up. The viscosity
makes the system more stable and smoother even for this blow-up-type initial data. We
also emphasize here that the initial data is of mean zero, even in x and odd in y. From
the Figures 5 and 6 we clearly see the differences in the dynamics between N = 128 and
N = 1024 cases. Moreover according to the error estimate, the frequency truncation error
is O(N—%). The values 128793 ~ 0.233 and 10247°3 ~ 0.125 do not differ by an order
of magnitude. Indeed this difference suggests energy cascade: energy transfer from low
frequency (large scale) to high frequency (small scale). As one can tell in the N = 128
(low frequency) case, the convection dominates the dynamics and therefore turbulence
tends to occur in short time; smoothing effect by the viscosity then stabilizes the system.
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As for the N = 1024 (high frequency) case, the viscosity dominates the dynamics and
therefore the system remains stable for all times.

t=0.01

25
20
15
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5
o

Figure 5. Dynamics of blow-up initial data with N = 128.
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Figure 6. Dynamics of blow-up initial data with N = 1024.
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7. CONCLUDING REMARKS

In this paper, we have proposed and rigorously analyzed a novel semi-implicit low-
regularity integrator (LRI) for the (dissipative) surface quasi-geostrophic (SQG) equa-
tions. A central mathematical challenge in the numerical analysis of active scalars is the
severe derivative loss induced by the highly singular non-local convection term, which tra-
ditionally forces sub-optimal, artificially high regularity assumptions in classical Sobolev-
based error estimates.

To fundamentally bypass this structural barrier, we introduced a tailored numerical
Besov space framework. By exploiting the special quasi-algebraic div-curl structures and
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refined commutator estimates within the critically embedded space ngl, we successfully

established unconditional energy stability and sharp, first-order temporal error estimates.
Our analysis reaches the endpoint derivative index § € L>°(0, T} ngl) and eliminates the
fractional derivative surplus in the Sobolev calculation. As emphasized in Remark 1.6, this
is an endpoint, derivative-loss improvement rather than an inclusion-wise weakening of the
Sobolev hypothesis. These theoretical findings were strongly corroborated by extensive
numerical experiments, including rigorous convergence tests and the robust simulation of
singular vortex patch dynamics.

The mathematical framework developed herein extends significantly beyond the 2D
SQG model. The transition from classical Sobolev energy methods to Besov calculus
provides a robust and universal paradigm for the sharp numerical analysis of general
incompressible fluids. Future research directions include extending this numerical Besov
framework to higher-order low-regularity integrators and applying it to the 3D Navier—
Stokes and Euler equations.
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APPENDIX A. PROOF OF THEOREM 5.1

Proof of Theorem 5.1. We first show (5.2). In particular, we have
tn+1
O(tn1) =N (1) — / e =Ny (VA0 ) (5) ds
tn
lny1 5
. / eVt =N (1 1) (viA—le-ve) (s)ds.
tn

We then denote "1 = "1 — §(¢,11) to be the error. Similar to the arguments in
previous sections, we infer from (5.1) that

£ 4 Tl (e—VTA”VLA‘len : VS"“) = VTAEN Iy (e_”TmVlA_lgn ' VG(th))

+ -En,l + En,Q + -En,?) + EnAa
(A1)

where the remaining terms én,j, 7 =1,2,3,4 are defined as follows:

~ tn+1
Ryt = / eVt =N T (VLA—l(e(s) —e_”(s_t")mﬁ(tn))-VH(S)) ds
tn
tn+1
+/ e—z/(tn+1fs)A7HN (VJ_Aflefu(sftn)AVH(tn) V(0(s) — e*V(sftn)AWQ(tn))) ds,
tn

and
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where §(s) = e V(1= (VLA 0(s) - Vu(s)), with v(s) = e V~)A0(¢,). More-
over, we denote

En,{i =7lly (vLA_le_VTA’YG(tn) : v(e_m—A’y‘g(tn) - a(thrl)))
tn+1
= 71ly (vLAlewA”a@n) -V e V1= AT (L A=Lg(5) . VO(s)) ds) .
tn
and
- tnt1 N
Rt = / e =N (1 1Ly) (VA0 ) (s) ds. (A.2)
tn

In fact, the estimates of En,j,j = 1,2, 3 are completely parallel to R, ;,j = 1,2,3. Simi-
larly, we can estimate R, 4 from (A.2) as below:

[Roallze S 7 Z 1A;(VEATI0 - VO)|| oo 12
2>N

NI AATE(TEAL - V0)) e (A.3)
21>N
STN_1_6||9H%§°H2+E~

We also take the L?-inner product between (A.1) and £"*!. Note that div V-A~1o" =
0, we therefore obtain that

||gn+1||%2 — (e—llTA’an’ gn—l—l) —r <€—ZITA’YvJ_A—lg’rL . V9(tn+1), gn-l—l)
+ (Rt + Ruz + Rog + Foa, €1

1 1
<SIEM 3 + 1€ 2 + OTIV0(ts ) lpoe ™ 2 €7+ 2 + C72 €7 1
+ Cvr?||EM Y| 2 + CTN Y EFY| 12
1 1
<5113 + SETHZ: + CrllEn |3 + 7€+ 3 + 7 + CvPrd 4+ OrN 22,

(A4)
So we can derive from (A.4) and (A.3) that

14+ C*r C*(l 4 V2)T3 C*TN—2—26

1—-C*r 1—-C*r 1-C*r

Then by the discrete Gronwall’s inequality we can conclude (5.2). The proof of (5.3) is
very similar. The main difference is to control 3 || By,al[ o, Where

le™Hze < ™17 +

tn+1
By = /t eVt A (T — TTy) (vﬂrle : ve) () ds.
Indeed we have

S UBnallzee S TN (W0l o, NOlzepz, + 101 ome, 10 ) -
J

Therefore, we can derive the following error estimate:

1+ C*THgnH n C*(1+v)r? C*rN-!
1-C*r Bioa 1-C*r 1—C*r’

n+1
I g0, <

which proves (5.3).
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In practice our LRI is implemented via the following iteration:

gm+1) — €7VTAW9n—THN(€7VTAWun . ve(m))7
un = VAo, (A.5)
09 = TInHo,

Here at each time step n we implement an iteration of 8™ with 8(©) = ™ and eventually
9(m) converges. We therefore define lim,, 8™ = #"! up to a local tolerance and therefore
the iteration is finite. Such iteration (A.5) converges; we refer the readers to Cheng et al.
(2024a) for the details in the Navier-Stokes case and we omit the proof here.
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