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Abstract. We propose and analyze a novel semi-implicit low-regularity integrator
(LRI) for the dissipative surface quasi-geostrophic (SQG) equations. The semi-implicit
treatment yields an exact discrete transport cancellation and hence unconditional en-
ergy stability, while retaining the efficiency of an exponential treatment of the frac-
tional dissipation. To overcome the suboptimal regularity requirements typical of stan-
dard Sobolev-based error analysis for active scalars, we introduce a general numeri-
cal Besov space framework. Within this framework, we establish a sharp B0

∞,1-error
estimate and prove first-order temporal convergence under the endpoint assumption
θ ∈ L∞(0, T ;B2

∞,1). The gain is the removal of the additional fractional derivative loss
in the Sobolev analysis; it is not an inclusion-wise weakening of the W 2,2+ϵ assump-
tion. We present rigorous proofs for the stability and error bounds, complemented by
extensive numerical experiments including convergence tests, vanishing viscosity limit
validations, and complex vortex dynamics, to demonstrate the robustness and accuracy
of the method under low-regularity conditions.

1. Introduction

1.1. The SQG Model. This paper focuses on the sharp numerical approximation of
the dissipative surface quasi-geostrophic (SQG) equations for the active scalar field θ :
T2 × [0,∞) → R: 

∂tθ + u · ∇θ = −νΛγθ,

u = ∇⊥Λ−1θ = (−∂2Λ
−1θ, ∂1Λ

−1θ),

θ|t=0 = θ0,

(SQG)

where ν ≥ 0 is the viscosity, 0 < γ ≤ 2 is the fractional dissipation parameter, and
T2 = [−π, π]2. The unknown θ represents the potential temperature in geophysical fluid
dynamics (Pedlosky, 1982; Held et al., 1995). The (SQG) system models the temperature
evolution in a rapidly rotating stratified fluid and can be derived from the 3D Boussinesq
equations (Pedlosky, 1982). The operator Λ = (−∆)

1
2 is the fractional Laplacian. The

well-posedness of the (SQG) equations has been extensively studied; see, for example,
Resnick (1995) and Marchand (2008). Further analytical results on global weak solutions,
global existence for related nonlocal transport equations, and nonuniqueness of weak SQG
solutions can be found in (Bae and Granero-Belinchón, 2015; Constantin and Nguyen,
2018; Buckmaster et al., 2019; Cheng et al., 2021; Isett and Ma, 2021).

1.2. Semi-Implicit Low-Regularity Integrator (LRI). Solving the SQG equations
numerically presents profound challenges due to the highly singular and nonlocal nature
of the velocity field u = ∇⊥Λ−1θ. Classical explicit methods often require stringent
stability restrictions, while fully implicit methods can be computationally prohibitive. On
the other hand, regarding energy conservation, Onsager conjectured in 1949 that a loss of
regularity may lead to “anomalous energy dissipation” or “energy cascades”. Therefore,
computing such “rough” solutions is of profound physical and mathematical significance.
To effectively handle the nonlocal fractional dissipation and the singular convection term
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without artificially inflating the regularity assumptions, we propose the following first-
order semi-implicit low-regularity integrator (LRI), based on an exponential integrator,
for the SQG equations:

θn+1 + τ(e−ντΛγ
un · ∇θn+1) = e−ντΛγ

θn,

un = ∇⊥Λ−1θn,

θ0 = θ0,

(1.1)

where τ is the time step size. Induction verifies that the zero-mean property
∫
T2 θ

n dx = 0
and the incompressibility ∇ · un = 0 are perfectly preserved at the discrete level.

The semi-implicit treatment of the transport term is essential to the stability mech-
anism. Since e−ντΛγ

un is divergence free, testing (1.1) by θn+1 cancels the transport
contribution exactly and gives the unconditional L2 estimate in Proposition 1.1. The
method requires only a linear solve at each step, implemented by the fixed-point iteration
in (A.5). By contrast, replacing θn+1 in the transport term by θn destroys this discrete
cancellation. An explicit exponential method can still be analyzed by related consistency
estimates, but its stability estimate generally requires a time-step restriction (and, after
spatial discretization, a CFL-type coupling with the Fourier cut-off). Thus the present
argument does not yield a comparable unconditional error bound for the explicit variant.

1.3. Historical Review and Motivation. Numerical simulations of active scalars and
incompressible fluids, including the SQG equations, have been extensively explored using
classical techniques such as finite difference method (Chorin, 1968; Wetton, 2006), finite
element method (Heywood and Rannacher, 1982, 1990; Hill and Süli, 2000), spectral
method (Guo and Zou, 2003), the Lagrange-Galerkin method (He, 2013; Süli, 1988), and
projection method (Chorin, 1969; Hou and Wetton, 1993; E and Liu, 1995). For the SQG
equations specifically, numerical simulations on periodic domains and various boundary
conditions were elegantly conducted by Bonito and Nazarov (2021) and Constantin et al.
(2012). More recently, neural network methods have also been introduced to approximate
SQG dynamics (Abdo et al., 2025), following seminal machine learning techniques for
fluids (Han et al., 2018).

Despite these advancements, classical numerical methods for active scalars typically
require high regularity assumptions to achieve optimal convergence rates. Recently, low-
regularity methods for numerical computation of fluid models have seen vigorous devel-
opment, significantly relaxing regularity requirements compared to classical schemes (Bai
et al., 2023; Cao et al., 2025; Rousset and Schratz, 2021; Wu and Zhao, 2022). Notably,
Li, Ma, and Schratz (2022) developed an elegant semi-implicit exponential integrator for
the Navier–Stokes equations, lowering the regularity requirements significantly. How-
ever, standard numerical analysis techniques for these advanced schemes rely heavily on
Sobolev spaces (Hs). As observed in the literature, Sobolev-based error analysis for quasi-
linear active scalars suffers from severe derivative loss when bounding the highly singular
nonlocal convection term. Consequently, obtaining a first-order temporal convergence
typically requires the exact solution to be bounded in W 2,2+ϵ(T2) or H2+δ(T2) for some
δ > 0, which strictly demands more than two spatial derivatives.

1.4. Introduction to the Numerical Besov Framework. For the SQG equations,
where anomalous dissipation and rough fronts (e.g., vortex patches) are physical hall-
marks, assuming H2+δ regularity is often overly restrictive. The fundamental mathemat-
ical obstacle is that standard Kato-Ponce type energy estimates in Sobolev spaces suffer
from derivative loss when bounding the nonlinear convection term, thereby forcing an
artificial increment in the required Sobolev index.

To fundamentally break this barrier, we introduce a numerical Besov space framework
for active scalars and general fluid models as the primary contribution of this paper. By
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transitioning from the classical Sobolev space L2 to the critically embedded Besov space
B0

∞,1, we leverage specific product rules (div-curl structures) and refined commutator
estimates that are uniquely available in the Besov setting. This allows us to obtain
endpoint error estimates without the additional fractional derivative loss that arises in
the Sobolev calculation.

More importantly, the versatility of our proposed numerical Besov framework extends
far beyond the 2D SQG equations. For instance, in the analysis of the 3D Navier–Stokes
equations, the same methodology targets the endpoint regularity u ∈ L∞(0, T ;B2

∞,1(T3)),
whereas the Sobolev argument in (Li et al., 2022) uses u ∈ L∞(0, T ;W 2,12/5(T3)). This
comparison concerns the endpoint structure and the avoidance of a derivative surplus,
rather than a set-inclusion improvement, because B2

∞,1 embeds into W 2,p for every finite
p.

1.5. Main Numerical Results. In this section, we present the main theoretical contri-
butions of this paper: the unconditional energy stability and the rigorous error estimates
for the proposed LRI (1.1). To isolate the effect of the numerical Besov framework, we
first state the benchmark results in the classical Sobolev setting, which naturally exposes
the derivative loss phenomenon. Subsequently, we present our sharp results in Besov
spaces at the endpoint derivative index.
1. Benchmark: Stability and Error in Sobolev Spaces

Proposition 1.1 (Unconditional Sobolev stability). Consider the SQG equations (SQG)
in T2 with periodic boundary conditions, solved by the semi-implicit low-regularity in-
tegrator (LRI) (1.1). Assume that the initial data θ0 ∈ L2(T2). Then, there exists
T > 0 such that the following statements hold for any M ∈ Z+ and n ≤ M , without any
restriction on the time step τ = T

M , the viscosity ν, and the dissipative parameter γ:
(i): The L2 energy dissipates in time:

∥θn+1∥L2 ≤ ∥θn∥L2 . (1.2)
(ii): If we additionally assume θ0 ∈ Hs(T2) for s > 2, then the Hs norm is uniformly

bounded:
sup
n

∥θn∥Hs ≤ 4∥θ0∥Hs . (1.3)

Proposition 1.2 (Error estimate in Sobolev spaces). Consider the (SQG) equations in a
2D torus T2 with periodic boundary conditions. Assume that the exact solution satisfies
the following regularity:

θ ∈ C([0, T ];L2(T2)) ∩ L∞(0, T ;W 2,2+ϵ(T2)), (1.4)
where ε > 0 is arbitrarily small. Then the numerical solution generated by the LRI (1.1)
possesses the following strong error bound:

max
1≤n≤M

∥θ(tn)− θn∥L2 ≲ τ,

where M = T
τ . For every fixed νmax > 0, the implied constant is independent of ν ∈

[0, νmax] and γ ∈ (0, 2]. In particular, the estimate is uniform in the vanishing-viscosity
limit; no uniformity as ν → ∞ is asserted.

Remark 1.3. It is crucial to note that the stability bound (1.3) and the error esti-
mate in Proposition 1.2 strictly demand the sub-optimal regularity θ0 ∈ Hs (s > 2)
or θ ∈ L∞(0, T ;W 2,2+ϵ(T2)). From the perspective of scaling and Sobolev embeddings,
W 2,2+ϵ(T2) essentially scales equivalently to H2+δ for some δ > 0. A similar stringent
requirement was adopted by Li, Ma, and Schratz (2022) for the Navier–Stokes equations.
This artificial increment in regularity is the unavoidable mathematical consequence of
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using standard energy estimates to compensate for the derivative loss inherent in the
singular fractional convection term.

2. Main Results: Sharp Estimates in the Besov Framework
To fundamentally break the regularity barrier highlighted in Remark 1.3, we now tran-

sition to the critically embedded numerical Besov framework. By exploiting delicate
div-curl structures and refined product rules in B0

∞,1, we establish the unconditional sta-
bility and endpoint error estimates without the additional fractional derivative loss of the
Sobolev argument.

Theorem 1.4 (Unconditional Besov stability). Consider the SQG equations (SQG)
solved by the LRI (1.1). Assume that the initial data θ0 ∈ B1

∞,1(T2). Then there exists
T > 0 such that the B1

∞,1 norm is uniformly bounded for any n ≤ M , unconditionally
independent of the time step τ , the viscosity ν, and the dissipative parameter γ:

sup
n

∥θn∥B1
∞,1

≤ 4∥θ0∥B1
∞,1

. (1.5)

Moreover, if θ0 ∈ Bs
∞,1 for any s > 1, there holds

sup
n

∥θn∥Bs
∞,1

≤ 4∥θ0∥Bs
∞,1

. (1.6)

Theorem 1.5 (Error estimate in Besov spaces - Endpoint Regularity). Assume that the
exact solution to the (SQG) equations satisfies the endpoint Besov regularity:

θ ∈ C([0, T ];L2(T2)) ∩ L∞(0, T ;B2
∞,1(T2)). (1.7)

Then the numerical solution by the LRI (1.1) possesses the following strong error bound:
max

1≤n≤M
∥θ(tn)− θn∥B0

∞,1
≲ τ,

where, for every fixed νmax > 0, the implied constant is independent of ν ∈ [0, νmax] and
γ ∈ (0, 2]. Thus the estimate is uniform as ν → 0, but not claimed to be uniform for
unbounded viscosity.

Remark 1.6 (Comparison and interpretation of the regularity assumptions). The hy-
potheses in Proposition 1.2 and Theorem 1.5 are conditional regularity assumptions on the
exact solution over the interval of comparison. The embedding W 2,2+ϵ(T2) ↪→ W 1,∞(T2)
makes a separate W 1,∞ hypothesis in Proposition 1.2 unnecessary. Also, B2

∞,1(T2) ↪→
W 2,p(T2) for every finite p, so the Besov assumption is not weaker by set inclusion. Its
advantage is that it realizes the endpoint derivative index in the Besov error topology
and removes the extra ε-loss of the Sobolev calculation.

These solution assumptions can be related to the initial data through the well-posedness
theory for the SQG equations. Smooth initial data generate local strong solutions with
persistence of regularity (Constantin et al., 1994). For ν > 0, global regularity is known
in the subcritical regime γ > 1 (Constantin and Wu, 1999) and in the critical regime
γ = 1 (Kiselev et al., 2007). In contrast, for the inviscid equation ν = 0 and for the
supercritical dissipative regime 0 < γ < 1 with general large initial data, global smooth
well-posedness remains open. Therefore, a theorem stated solely in terms of θ0 for all
ν ≥ 0 and 0 < γ ≤ 2 would conceal an unresolved analytical issue. Our error estimates
apply on any interval [0, T ] on which the indicated exact-solution norm is finite.

1.6. Organization of the Paper. The remainder of this paper is organized as follows.
In Section 2, we introduce the necessary numerical preliminaries, including the discrete
product rules and the essential commutator estimates in Besov spaces. Section 3 is devoted
to the unconditional stability and optimal error estimates of the proposed LRI within the
classical Sobolev framework. In Section 4, we establish our main theoretical results,
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detailing the sharp error analysis under the newly introduced numerical Besov framework
to overcome the derivative loss. Section 5 provides the full discretization of the LRI
utilizing the Fourier spectral method. Finally, in Section 6, we present extensive numerical
experiments, that range from rigorous convergence tests to the simulation of complex
vortex patch dynamics, to robustly validate our theoretical findings.

2. Numerical Preliminaries

2.1. Notation. Throughout this paper, for any two (non-negative) quantities X and Y ,
we write X ≲ Y if X ≤ CY for some generic constant C > 0. Unless stated otherwise,
C is independent of the time step τ and γ ∈ (0, 2] and is uniform for ν in a prescribed
bounded interval [0, νmax]; the stability estimates themselves hold for every ν ≥ 0. We
denote X ∼ Y if X ≲ Y and Y ≲ X. The commutator of two operators is defined as
usual by [A,B] = AB −BA.

We use the standard convention for the Fourier expansion on the 2D torus T2:

f(x) =
1

(2π)2

∑
k∈Z2

f̂(k)eik·x, f̂(k) =

∫
T2

f(x)e−ik·x dx.

Based on the Fourier expansion, the equivalent Hs-norm and the homogeneous Ḣs-
seminorm of a function f are given by

∥f∥Hs =
1

2π

∑
k∈Z2

(1 + |k|2s)|f̂(k)|2
 1

2

, ∥f∥Ḣs =
1

2π

∑
k∈Z2

|k|2s|f̂(k)|2
 1

2

.

To introduce the numerical Besov framework, we recall the Littlewood-Paley dyadic
decomposition. Let χ : [0,+∞) → [0, 1] be a smooth, monotonically decreasing cut-
off function such that χ(r) ≡ 1 for 0 ≤ r ≤ 1

2 , and χ(r) ≡ 0 for r ≥ 1. Defining
ϕ(r) = χ(r) − χ(2r), we have the partition of unity: χ(|x|) +

∑
j≥1 ϕ(2

−j |x|) ≡ 1 for all
x ∈ R2. For any distribution f on T2, the Littlewood-Paley operators are defined as:

∆0f =
∑

k∈Z2 f̂(k)χ(|k|)eik·x = f̂(0),

∆jf =
∑

k∈Z2 f̂(k)ϕ(2−j |k|)eik·x, j ≥ 1,

SNf =
∑N

j=0∆jf, N ≥ 0.

(2.1)

Throughout this numerical study, we naturally assume that the active scalar θ is of zero
mean. Consequently, ∆0f = 0 and f =

∑
j≥1∆jf .

Let s ∈ R and 1 ≤ p, r ≤ ∞. The Besov space Bs
p,r(T2) is defined as the set of

distributions satisfying

∥f∥Bs
p,r

=
∥∥∥(2js∥∆jf∥Lp

)
j≥1

∥∥∥
ℓr

< ∞. (2.2)

2.2. Essential Estimates for Error Analysis. The following harmonic analysis tools
are vital for establishing our sharp error estimates, which are completely free from deriv-
ative loss, for the proposed LRI.

Lemma 2.1 (Bernstein’s inequality (Bahouri et al., 2011)). Let 1 ≤ p ≤ q ≤ ∞ and
s ∈ R. Then for any j ≥ 1, we have

C∥Λs∆jf∥Lp ≤ 2js∥∆jf∥Lp ≤ C ′∥Λs∆jf∥Lp ,

and
∥∆jf∥Lq ≲ 2

2j( 1
p
− 1

q
)∥∆jf∥Lp ,

where the constants C,C ′ are strictly independent of j and f .
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To carry out the benchmark Sobolev error analysis, we need the Kato-Ponce inequali-
ties:

Lemma 2.2 (Sobolev commutator estimate). Let s > 0 and p ∈ (1,∞). Suppose
p1, p2, p3, p4 ∈ (1,∞] such that 1

p = 1
p1

+ 1
p2

= 1
p3

+ 1
p4

. Then there exists a constant
C > 0 such that

∥[Λs, f ·]∇g∥Lp ≤ C (∥Λsf∥Lp1∥∇g∥Lp2 + ∥∇f∥Lp3∥Λsg∥Lp4 ) .

To bypass the derivative loss inherent in the Sobolev framework, we critically rely on
the following commutator and product estimates in the Besov setting.

Lemma 2.3 (Besov commutator estimate). Let 1 ≤ p ≤ ∞, 1 ≤ r ≤ ∞, σ > −1 −
dmin(1p ,

1
p′ ) and div u = 0. Define Ij = [u · ∇,∆j ]f . Then there exists a constant C such

that for σ > 0, we have∥∥∥(2jσ∥Ij∥Lp
x
)j

∥∥∥
lr(Z)

≤ C(∥∇u∥L∞∥f∥Bσ
p,r

+ ∥∇u∥Bσ−1
p,r

∥∇xf∥L∞
x
).

Moreover, if σ > 1 + d
p or σ = 1 + d

p , r = 1, we have∥∥∥(2jσ∥Ij∥Lp
x
)j

∥∥∥
lr(Z)

≤ C∥∇u∥Bσ−1
p,r

∥f∥Bσ
p,r
;

if σ = 1 + d
p , r > 1, we have∥∥∥(2jσ∥Ij∥Lp

x
)j

∥∥∥
lr(Z)

≤ C∥∇u∥Bσ
p,r
∥f∥Bσ

p,r
;

if σ < 1 + d
p , we have ∥∥∥(2jσ∥Ij∥Lp

x
)j

∥∥∥
lr(Z)

≤ C∥∇u∥
B

d
p
p,r∩L∞

∥f∥Bσ
p,r
.

Lemma 2.4. Suppose div u = 0, the following B0
∞,1 estimate holds

∥u · ∇v∥B0
∞,1

≤ C∥u∥B0
∞,1

∥v∥B1
∞,1

,

for some absolute constant C > 0. Furthermore, if in addition both u and v are of zero
mean in T2, then we have:

∥f · ∇g∥B0
∞,1

≲ ∥f∥B0
∞,1

∥∇g∥B0
∞,1

.

Finally, since the velocity field u is recovered via the Riesz transform, therefore the
boundedness of the Riesz operator is frequently required.

Lemma 2.5 (Boundedness of the Riesz operator ∇⊥Λ−1). Let f be a mean-zero distri-
bution on T2. The operator ∇⊥Λ−1 is bounded in the following functional spaces:

• For 1 < p < ∞, ∥∇⊥Λ−1f∥Lp ≲ ∥f∥Lp .
• For s > 1, ∥∇⊥Λ−1f∥L∞ ≲ ∥f∥Hs .
• For the critical Besov space, ∥∇⊥Λ−1f∥B0

∞,1
≲ ∥f∥B0

∞,1
.

These standard harmonic-analysis estimates follow from Bahouri et al. (2011, Lemma 2.1,
Corollary 2.86, and Lemma 2.100) and Li (2019, Theorem 1.1); see also Chapter 2 of Ba-
houri et al. (2011) for the Fourier-multiplier bounds used in Lemma 2.5.

3. Error Analysis in Sobolev Spaces

This section proves both parts of Proposition 1.1 and then establishes the L2-error esti-
mate in Proposition 1.2. Subsections 3.1 and 3.2 treat the L2 and Hs stability estimates,
respectively, while Subsection 3.3 contains the error analysis.
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3.1. Unconditional L2-dissipation. Recall that θn+1 is generated by the LRI (1.1).
Also, it is easy to see that ∇ · un = 0. We can then test (1.1) with θn+1 and obtain that:

∥θn+1∥2L2 =
(
e−ντΛγ

θn, θn+1
)
− τ

(
e−ντΛγ

un · ∇θn+1, θn+1
)

≤∥θn+1∥L2∥θn∥L2 .

We can derive ∥θn+1∥L2 ≤ ∥θn∥L2 from here and thus prove (1.2).

3.2. Unconditional Hs-stability. Throughout this subsection, we assume s > 2 as in
Proposition 1.1(ii). In this subsection we present the Hs-stability of our LRI (1.1). We
first apply Λs on both sides of (1.1) and obtain that

Λsθn+1 + τΛs(e−ντΛγ
un · ∇θn+1) = Λse−ντΛγ

θn.

We then multiply both sides with Λsθn+1 and integrate in T2 to get
∥Λsθn+1∥2L2 =

(
Λse−ντΛγ

θn,Λsθn+1
)
− τ

(
Λs(e−ντΛγ

un · ∇θn+1),Λsθn+1
)

≤∥Λsθn+1∥L2∥Λsθn∥L2 − τ
(
e−ντΛγ

un · ∇Λsθn+1,Λsθn+1
)

− τ
(
[Λs, e−ντΛγ

un · ∇]θn+1,Λsθn+1
)

≤∥Λsθn+1∥L2∥Λsθn∥L2 + Cτ∥∇e−ντΛγ
un∥L∞∥θn+1∥Hs∥Λsθn+1∥L2

+ Cτ∥∇e−ντΛγ
un∥Hs−1∥∇θn+1∥L∞∥Λsθn+1∥L2

≤∥Λsθn+1∥L2∥Λsθn∥L2 + Cτ∥un∥Hs∥θn+1∥Hs∥Λsθn+1∥L2 ,

where the last two inequalities follow from Lemma 2.3 by taking p = r = 2 and identifying
Bs

2,2 ∼ Hs. By Lemma 2.5 we have

∥θn+1∥2Hs ≤ ∥θn∥2Hs + Cτ∥θn∥Hs∥θn+1∥2Hs ,

for some absolute constant C > 0. Without loss of generality, we can assume T = 1
4C∥θ0∥Hs

and τ = T
M from the local well-posedness theory and ∥θn∥Hs ≤ 4∥θ0∥Hs as an induction

hypothesis. We thus get that

∥θn+1∥2Hs ≤ ∥θn∥2Hs +
1

M
∥θn+1∥2Hs ,

which implies that
∥θn+1∥2Hs ≤ (1 + h)∥θn∥2Hs ,

where h := 1
M−1 . Iterating the inequality above, we have

∥θn+1∥2Hs ≤ (1 + h)M+1∥θ0∥2Hs

≤ (1 + h)
1
h
+2∥θ0∥2Hs

≤ 16∥θ0∥2Hs .

This then proves (1.3) and thus shows Proposition 1.1.

3.3. L2 error estimate. It is known that the exact solution of (SQG) can be written in
the following Duhamel’s formula for any s ∈ [tn, tn+1]:

θ(s) =e−ν(s−tn)Λγ
θ(tn)−

∫ s

tn

e−ν(s−σ)Λγ
(
∇⊥Λ−1θ · ∇θ

)
(σ) dσ . (3.1)

In particular, we have

θ(tn+1) =e−ντΛγ
θ(tn)−

∫ tn+1

tn

e−ν(tn+1−s)Λγ
(
∇⊥Λ−1θ · ∇θ

)
(s) ds . (3.2)
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Note that for s ∈ [tn, tn+1], we can approximate θ(s) by e−ν(s−tn)Λγ
θ(tn) as in (3.1):∫ tn+1

tn

e−ν(tn+1−s)Λγ
(
∇⊥Λ−1θ · ∇θ

)
(s) ds

=

∫ tn+1

tn

e−ν(tn+1−s)Λγ
(
e−ν(s−tn)Λγ∇⊥Λ−1θ(tn) · ∇e−ν(s−tn)Λγ

θ(tn)
)
ds+Rn,1,

where the remaining term is the following:

Rn,1 =

∫ tn+1

tn

e−ν(tn+1−s)Λγ
(
∇⊥Λ−1θ · ∇θ

)
(s) ds

−
∫ tn+1

tn

e−ν(tn+1−s)Λγ
(
e−ν(s−tn)Λγ∇⊥Λ−1θ(tn) · ∇e−ν(s−tn)Λγ

θ(tn)
)
ds

=

∫ tn+1

tn

e−ν(tn+1−s)Λγ
(
∇⊥Λ−1(θ(s)− e−ν(s−tn)Λγ

θ(tn)) · ∇θ(s)
)
ds

+

∫ tn+1

tn

e−ν(tn+1−s)Λγ
(
∇⊥Λ−1e−ν(s−tn)Λγ

θ(tn) · ∇(θ(s)− e−ν(s−tn)Λγ
θ(tn))

)
ds .

(3.3)
Therefore we can rewrite (3.2) as below

θ(tn+1) = e−ντΛγ
θ(tn)−

∫ tn+1

tn

g(s) ds−Rn,1, (3.4)

where g(s) = e−ν(tn+1−s)Λγ
(∇⊥Λ−1v(s) · ∇v(s)), with v(s) = e−ν(s−tn)Λγ

θ(tn).
Besides, we can further approximate

∫ tn+1

tn
g(s) ds by observing that

g(s) = g(tn+1)−
∫ tn+1

s
∂σg(σ) dσ .

Therefore (3.4) can be reorganized as

θ(tn+1) = e−ντΛγ
θ(tn)−

∫ tn+1

tn

g(tn+1) ds−Rn,1 −Rn,2,

where Rn,2 =
∫ tn+1

tn
g(s)− g(tn+1) ds. Writing g(tn+1) out explicitly, we have

θ(tn+1) =e−ντΛγ
θ(tn)− τ

(
∇⊥Λ−1e−ντΛγ

θ(tn) · ∇e−ντΛγ
θ(tn)

)
−Rn,1 −Rn,2. (3.5)

From (3.5), we can further derive that

θ(tn+1) = e−ντΛγ
θ(tn)− τ

(
∇⊥Λ−1e−ντΛγ

θ(tn) · ∇θ(tn+1)
)
−Rn,1 −Rn,2 −Rn,3,

(3.6)
where

Rn,3 = τ
(
∇⊥Λ−1e−ντΛγ

θ(tn) · ∇(e−ντΛγ
θ(tn)− θ(tn+1))

)
= τ

(
∇⊥Λ−1e−ντΛγ

θ(tn) · ∇
∫ tn+1

tn

e−ν(tn+1−s)Λγ
(∇⊥Λ−1θ(s) · ∇θ(s)) ds

)
.

(3.7)
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Next, we estimate the terms Rn,1, Rn,2 and Rn,3. To start with, it is clear from (3.3)
and (3.1) that

∥Rn,1∥L2 ≤
∫ tn+1

tn

∥∥∥∇⊥Λ−1(θ(s)− e−ν(s−tn)Λγ
θ(tn)) · ∇θ(s)

∥∥∥
L2

ds

+

∫ tn+1

tn

∥∥∥∇⊥Λ−1e−ν(s−tn)Λγ
θ(tn) · ∇(θ(s)− e−ν(s−tn)Λγ

θ(tn))
∥∥∥
L2

ds

≤τ sup
s∈[tn,tn+1]

{
∥∇⊥Λ−1(θ(s)− e−ν(s−tn)Λγ

θ(tn))∥Lp1∥∇θ(s)∥Lq1

+ ∥∇⊥Λ−1θ(tn)∥Lp2∥∇(θ(s)− e−ν(s−tn)Λγ
θ(tn))∥Lq2

}
,

(3.8)

where pi, qi ∈ [2,∞] are arbitrary so long as 1
pi
+ 1

qi
= 1

2 . Note that here ∇⊥Λ−1 is a Riesz
operator and θ is mean-zero. By Lemma 2.5 and (3.8), we have
∥Rn,1∥L2 ≲τ2(∥∇θ∥L∞

t L4∥∇⊥Λ−1θ · ∇θ∥L∞
t L4 + ∥∇⊥Λ−1θ∥L∞

t L∞∥∇(∇⊥Λ−1θ · ∇θ)∥L∞
t L2)

≲τ2(∥θ∥L∞
t H2∥θ∥2L∞

t W 1,4 + ∥θ∥L∞
t L2∥θ∥2L∞

t H2)

≲τ2∥θ∥3L∞
t H2 .

(3.9)
To estimate Rn,2 we first observe that

∂σg(σ) =e−ν(tn+1−σ)Λγ
νΛγ(∇⊥Λ−1v(σ) · ∇v(σ))

− e−ν(tn+1−σ)Λγ
(
νΛγ∇⊥Λ−1v(σ) · ∇v(σ)

)
− e−ν(tn+1−σ)Λγ

(
∇⊥Λ−1v(σ) · νΛγ∇v(σ)

)
=− νe−ν(tn+1−σ)Λγ

(
Λγ∇⊥Λ−1v(σ) · ∇v(σ)

)
+ νe−ν(tn+1−σ)Λγ

[Λγ ,∇⊥Λ−1v(σ) · ∇]v(σ).

(3.10)

Then we have by (3.10)
∥Rn,2∥L2 ≲ τ sup

s∈[tn,tn+1]
∥g(s)− g(tn+1)∥L2

≲ τ2 sup
s∈[tn,tn+1],σ∈[s,tn+1]

∥∂σg∥L2

≲ ντ2∥
[
Λγ ,∇⊥Λ−1v · ∇

]
v∥L∞

t L2 + ντ2∥Λγ∇⊥Λ−1v · ∇v∥L∞
t L2

:= ντ2I1 + ντ2I2.

To estimate I2, it is clear by Hölder’s inequality and Lemma 2.5 that
I2 = ∥Λγ∇⊥Λ−1v · ∇v∥L∞

t L2 ≲ ∥Λγv∥L∞
t Lp∥∇v∥L∞

t Lq ,

where 1
p +

1
q = 1

2 . Since 0 < γ ≤ 2, we then take p = 2+ ε where ε > 0 is arbitrarily small.
Then I2 can be estimated after applying the H1(T2) ↪→ Lq(T2) Sobolev embedding:

I2 ≲ ∥Λγv∥L∞
t L2+ϵ∥v∥L∞

t H2 ≲ ∥v∥2L∞
t W 2,2+ϵ ≲ ∥θ∥2L∞

t W 2,2+ϵ . (3.11)

It is worth emphasizing that the estimate (3.11) is independent of the choice of ν and γ.
Note that here the semigroup e−ν(s−tn)Λγ is bounded independently of ν and γ in L2+ϵ.
Similarly we can estimate I1 by adopting the Sobolev commutator estimate Lemma 2.2:

I1 =∥
[
Λγ ,∇⊥Λ−1v · ∇

]
v∥L∞

t L2

≲∥Λγ∇⊥Λ−1v∥L∞
t Lp3∥∇v∥L∞

t Lq3 + ∥Λγ−1∇v∥L∞
t Lp4∥∇∇⊥Λ−1v∥L∞

t Lq4 ,
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where again pi, qi ∈ [2,∞) and 1
pi

+ 1
qi

= 1
2 . Then by Lemma 2.5 we have

I1 ≲ ∥Λγv∥L∞
t L2+ϵ∥v∥L∞

t H2 ≲ ∥θ∥2L∞
t W 2,2+ϵ . (3.12)

Combining (3.11)-(3.12), we can conclude

∥Rn,2∥L2 ≲ ντ2∥θ∥2L∞
t W 2,2+ϵ . (3.13)

Moreover, we can estimate Rn,3 from (3.7) as follows:

∥Rn,3∥L2 ≲ τ2∥∇⊥Λ−1θ∥L∞
t L∞∥∇(∇⊥Λ−1θ · ∇θ)∥L∞

t L2 ≲ τ2∥θ∥3L∞
t H2 . (3.14)

Now we let En+1 = θn+1 − θ(tn+1) be the error. Then we can derive from (3.6) that

En+1 + τ
(
e−ντΛγ∇⊥Λ−1θn · ∇En+1

)
=e−ντΛγEn − τ

(
e−ντΛγ∇⊥Λ−1En · ∇θ(tn+1)

)
+Rn,1 +Rn,2 +Rn,3.

(3.15)
We take the L2-inner product between (3.15) and En+1. Note that div∇⊥Λ−1θn = 0, we
therefore obtain that

∥En+1∥2L2 =
(
e−ντΛγEn, En+1

)
− τ

(
e−ντΛγ∇⊥Λ−1En · ∇θ(tn+1), En+1

)
+
(
Rn,1 +Rn,2 +Rn,3, En+1

)
≤1

2
∥En∥2L2 +

1

2
∥En+1∥2L2 + Cτ∥∇θ(tn+1)∥L∞∥En∥L2∥En+1∥L2 + Cτ2∥En+1∥L2

+ Cντ2∥En+1∥L2

≤1

2
∥En∥2L2 +

1

2
∥En+1∥2L2 + Cτ∥En∥2L2 + Cτ∥En+1∥2L2 + Cτ3 + Cν2τ3,

(3.16)
by applying (3.9), (3.13) and (3.14). The factor ∥∇θ(tn+1)∥L∞ is controlled by ∥θ∥W 2,2+ϵ

through the embedding W 2,2+ϵ(T2) ↪→ W 1,∞(T2), so no separate W 1,∞ assumption is
needed. Then we derive from (3.16) that

∥En+1∥2L2 ≤ 1 + C∗τ

1− C∗τ
∥En∥2L2 +

C∗(1 + ν2)τ3

1− C∗τ
,

for a constant C∗ depending on the displayed exact-solution norms. On each interval
0 ≤ ν ≤ νmax, the factor 1+ν2 is bounded independently of ν. By the discrete Grönwall’s
inequality (cf. Cheng et al., 2024a) we arrive at

sup
n

∥En∥L2 ≲ τ,

where we need

θ ∈ C([0, T ];L2(T2)) ∩ L∞(0, T ;W 2,2+ϵ(T2)).

This completes the proof of Proposition 1.2.

4. Sharp Error Analysis in Besov Spaces

In this section we prove Theorem 1.5 by performing the B0
∞,1-error estimates. We first

show the stability result in Theorem 1.4:
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4.1. Unconditional B1
∞,1 stability. Recall our LRI (1.1):

θn+1 + τ(e−ντΛγ
un · ∇θn+1) = e−ντΛγ

θn. (4.1)

Applying the Littlewood-Paley frequency projection on both sides of (4.1) we can derive
that

∆jθ
n+1 = ∆je

−ντΛγ
θn − τ∆j

(
e−ντΛγ∇⊥Λ−1θn · ∇θn+1

)
= ∆je

−ντΛγ
θn − τe−ντΛγ∇⊥Λ−1θn · ∇∆jθ

n+1 − τ
([

∆j , e
−ντΛγ∇⊥Λ−1θn · ∇

]
θn+1

)
.

(4.2)
Taking sgn(∆jθ

n+1)|∆jθ
n+1|p−1 as a test function of (4.2), we can then obtain the fol-

lowing energy estimate:

2j∥∆jθ
n+1∥Lp ≤ 2j∥∆jθ

n∥Lp + 2jτ∥
[
e−ντΛγ∇⊥Λ−1θn · ∇,∆j

]
θn+1∥Lp .

Taking p = ∞ and summing the series in j, we can get

∥θn+1∥B1
∞,1

≤ ∥θn∥B1
∞,1

+ Cτ∥θn∥B1
∞,1

∥θn+1∥B1
∞,1

,

where C > 0 is an absolute constant. With no loss we can again assume T = 1
4C∥θ0∥B1

∞,1

and τ = T
M . Similar to Proposition 1.1 we can further assume ∥θn∥B1

∞,1
≤ 4∥θ0∥B1

∞,1
as

an induction hypothesis. It then follows that

∥θn+1∥B1
∞,1

≤ (1 + h)∥θn∥B1
∞,1

,

where h := 1
M−1 . Iterating the inequality above, we get

∥θn+1∥B1
∞,1

≤ 4∥θ0∥B1
∞,1

.

Invoking the Besov commutator estimate (Lemma 2.3), we deduce that
∞∑
j=0

2sjτ∥
[
e−ντΛγ

∇⊥Λ−1θn · ∇,∆j

]
θn+1∥L∞ ≤ τ(∥θn∥B1

∞,1
∥θn+1∥Bs

∞,1
+ ∥θn∥Bs

∞,1
∥θn+1∥B1

∞,1
),

which implies that

∥θn+1∥Bs
∞,1

≤ ∥θn∥Bs
∞,1

+ Cτ(∥θn∥B1
∞,1

∥θn+1∥Bs
∞,1

+ ∥θn∥Bs
∞,1

∥θn+1∥B1
∞,1

)

≤ ∥θn∥Bs
∞,1

+ 4Cτ∥θ0∥B1
∞,1

(∥θn+1∥Bs
∞,1

+ ∥θn∥Bs
∞,1

)

≤ ∥θn∥Bs
∞,1

+
1

M
(∥θn+1∥Bs

∞,1
+ ∥θn∥Bs

∞,1
).

Then we deduce that

∥θn+1∥Bs
∞,1

≤ (1 + 2h)∥θn∥Bs
∞,1

,

Iterating the inequality above, we have

∥θn+1∥Bs
∞,1

≤ 4∥θ0∥Bs
∞,1

.

This completes the proof of Theorem 1.4.
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4.2. B0
∞,1-error estimate. Similar to Section 3 we write the exact solution of (SQG) in

the following Duhamel’s formula for any s ∈ [tn, tn+1]:

θ(s) =e−ν(s−tn)Λγ
θ(tn)−

∫ s

tn

e−ν(s−σ)Λγ
(
∇⊥Λ−1θ · ∇θ

)
(σ) dσ . (4.3)

In particular, we again have

θ(tn+1) =e−ντΛγ
θ(tn)−

∫ tn+1

tn

e−ν(tn+1−s)Λγ
(
∇⊥Λ−1θ · ∇θ

)
(s) ds . (4.4)

After applying the Littlewood-Paley frequency projection ∆j , we have the following ap-
proximation for s ∈ [tn, tn+1]:∫ tn+1

tn

∆je
−ν(tn+1−s)Λγ

(
∇⊥Λ−1θ · ∇θ

)
(s) ds

=

∫ tn+1

tn

∆je
−ν(tn+1−s)Λγ

(
e−ν(s−tn)Λγ∇⊥Λ−1θ(tn) · ∇e−ν(s−tn)Λγ

θ(tn)
)
ds+Bn,1,

(4.5)

where the remaining term is the following:

Bn,1 =

∫ tn+1

tn

∆je
−ν(tn+1−s)Λγ

(
∇⊥Λ−1θ · ∇θ

)
(s) ds

−
∫ tn+1

tn

∆je
−ν(tn+1−s)Λγ

(
e−ν(s−tn)Λγ∇⊥Λ−1θ(tn) · ∇e−ν(s−tn)Λγ

θ(tn)
)
ds

=

∫ tn+1

tn

∆je
−ν(tn+1−s)Λγ

(
∇⊥Λ−1(θ(s)− e−ν(s−tn)Λγ

θ(tn)) · ∇θ(s)
)
ds

+

∫ tn+1

tn

∆je
−ν(tn+1−s)Λγ

(
∇⊥Λ−1e−ν(s−tn)Λγ

θ(tn) · ∇(θ(s)− e−ν(s−tn)Λγ
θ(tn))

)
ds .

(4.6)
Combining (4.4) and (4.5), we infer that
∆jθ(tn+1)

=∆je
−ντΛγ

θ(tn)−
∫ tn+1

tn

∆je
−ν(tn+1−s)Λγ

(
e−ν(s−tn)Λ

γ

∇⊥Λ−1θ(tn) · ∇e−ν(s−tn)Λ
γ

θ(tn)
)
ds−Bn,1

=∆je
−ντΛγ

θ(tn)−
∫ tn+1

tn

h(s) ds−Bn,1,

(4.7)
where h(s) = ∆je

−ν(tn+1−s)Λγ
(∇⊥Λ−1v(s)·∇v(s)), with v(s) = e−ν(s−tn)Λγ

θ(tn). Besides,
we can further approximate

∫ tn+1

tn
h(s) ds by observing that

h(s) = h(tn+1)−
∫ tn+1

s
∂σh(σ) dσ .

Therefore (4.7) can be reorganized as

∆jθ(tn+1) = ∆je
−ντΛγ

θ(tn)−
∫ tn+1

tn

h(tn+1) ds−Bn,1 −Bn,2,

where Bn,2 =
∫ tn+1

tn
h(s)− h(tn+1) ds. Writing h(tn+1) out explicitly we have

∆jθ(tn+1) =∆je
−ντΛγ

θ(tn)− τ∆j

(
∇⊥Λ−1e−ντΛγ

θ(tn) · ∇e−ντΛγ
θ(tn)

)
−Bn,1 −Bn,2.

(4.8)
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From (4.8) we can further derive that

∆jθ(tn+1) = ∆je
−ντΛγ

θ(tn)− τ∆j

(
∇⊥Λ−1e−ντΛγ

θ(tn) · ∇θ(tn+1)
)
−Bn,1 −Bn,2 −Bn,3,

(4.9)
where

Bn,3 = τ∆j

(
∇⊥Λ−1e−ντΛγ

θ(tn) · ∇(e−ντΛγ
θ(tn)− θ(tn+1))

)
= τ∆j

(
∇⊥Λ−1e−ντΛγ

θ(tn) · ∇
∫ tn+1

tn

e−ν(tn+1−s)Λγ
(∇⊥Λ−1θ(s) · ∇θ(s)) ds

)
.

(4.10)
Next, we estimate the terms Bn,1, Bn,2 and Bn,3. Firstly, it is clear from (4.3) and

(4.6) that
Bn,1

=

∫ tn+1

tn

∆je
−ν(tn+1−s)Λγ

(
∇⊥Λ−1

∫ s

tn

e−ν(s−σ)Λγ

(∇⊥Λ−1θ · ∇θ)(σ) dσ ·∇θ(s)

)
ds

+

∫ tn+1

tn

∆je
−ν(tn+1−s)Λγ

(
e−ν(s−tn)Λγ

∇⊥Λ−1θ(tn) · ∇
∫ s

tn

e−ν(s−σ)Λγ

(∇⊥Λ−1θ · ∇θ)(σ) dσ

)
ds

:=Bn,1,I +Bn,1,II .

(4.11)
Therefore we consider Bn,1,I and Bn,1,II respectively.

Bn,1,I =

∫ tn+1

tn

∆je
−ν(tn+1−s)Λγ

(
∇⊥Λ−1V (s) · ∇θ(s)

)
ds,

where we define
V (s) :=

∫ s

tn

e−ν(s−σ)Λγ
(∇⊥Λ−1θ · ∇θ)(σ) dσ . (4.12)

Noting that div∇⊥Λ−1θ = 0 then by Lemma 2.4 we have

∥∇⊥Λ−1θ · ∇θ∥L∞
t B0

∞,1
≲ ∥∇⊥Λ−1θ∥L∞

t B0
∞,1

∥θ∥L∞
t B1

∞,1
.

We observe that by Lemma 2.5, V (s) can be bounded further by

∥V (s)∥B0
∞,1

≲ τ∥∇⊥Λ−1θ∥L∞
t B0

∞,1
∥θ∥L∞

t B1
∞,1

≲ τ∥θ∥L∞
t B0

∞,1
∥θ∥L∞

t B1
∞,1

. (4.13)

Moreover by the div-curl structure noting div∇⊥Λ−1V = 0 we have (again by Lemma 2.4)∑
j

∥Bn,1,I∥L∞ ≲τ∥∇⊥Λ−1V ∥L∞
t B0

∞,1
∥θ∥L∞

t B1
∞,1

≲τ2∥θ∥L∞
t B0

∞,1
∥θ∥2L∞

t B1
∞,1

.

(4.14)

We then estimate Bn,1,II . According to (4.11) and (4.12), then we have

Bn,1,II =

∫ tn+1

tn

∆je
−ν(tn+1−s)Λγ

(
e−ν(s−tn)Λγ∇⊥Λ−1θ(tn) · ∇V (s)

)
ds .

By similar arguments we arrive at∑
j

∥Bn,1,II∥L∞ ≲ τ∥θ∥L∞
t B0

∞,1
∥V ∥L∞

t B1
∞,1

. (4.15)

Similar to (4.13) we can bound ∥V ∥L∞
t B1

∞,1
by applying Lemma 2.4 and the product rule:

∥V (s)∥B1
∞,1

≲ τ
(
∥θ∥2L∞

t B1
∞,1

+ ∥θ∥L∞
t B0

∞,1
∥θ∥L∞

t B2
∞,1

)
. (4.16)
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Combining (4.14), (4.15) and (4.16) we get∑
j

∥Bn,1∥L∞ ≲ τ2
(
∥θ∥L∞

t B0
∞,1

∥θ∥2L∞
t B1

∞,1
+ ∥θ∥2L∞

t B0
∞,1

∥θ∥L∞
t B2

∞,1

)
. (4.17)

We proceed to estimate the term Bn,2. Recall that

Bn,2 =

∫ tn+1

tn

h(s)− h(tn+1) ds,

where h(s) = ∆je
−ν(tn+1−s)Λγ

(∇⊥Λ−1v(s) · ∇v(s)), with v(s) = e−ν(s−tn)Λγ
θ(tn). Note

that we can approximate Bn,2 by ∂sh and therefore we derive that

∂sh(s) =νe−ν(tn+1−s)Λγ
∆jΛ

γ(∇⊥Λ−1v · ∇v)

− νe−ν(tn+1−s)Λγ
∆j(Λ

γ∇⊥Λ−1v · ∇v)− νe−ν(tn+1−s)Λγ
∆j(∇⊥Λ−1v · ∇Λγv)

=νe−ν(tn+1−s)Λγ
[∆jΛ

γ ,∇⊥Λ−1v · ∇]v − νe−ν(tn+1−s)Λγ
∆j(Λ

γ∇⊥Λ−1v · ∇v)

− νe−ν(tn+1−s)Λγ
[∆j ,∇⊥Λ−1v · ∇]Λγv.

(4.18)
By the Besov commutator Lemma 2.3 we can conclude∑

j

∥[∆jΛ
γ ,∇⊥Λ−1v · ∇]v∥L∞ ≲ ∥v∥B1

∞,1
∥v∥Bγ

∞,1
,

∑
j

∥[∆j ,∇⊥Λ−1v · ∇]Λγv∥L∞ ≲ ∥v∥B1
∞,1

∥v∥Bγ
∞,1

.
(4.19)

For the remaining term we apply the Lemma 2.4 that∑
j

∥∆j(Λ
γ∇⊥Λ−1v · ∇v)∥L∞ ≲ ∥v∥Bγ

∞,1
∥v∥B1

∞,1
. (4.20)

Combining the estimates (4.18), (4.19) and (4.20) we can conclude that∑
j

∥Bn,2∥L∞ ≲ τ2ν∥v∥Bγ
∞,1

∥v∥B1
∞,1

≲ τ2ν∥θ∥L∞
t Bγ

∞,1
∥θ∥L∞

t B1
∞,1

. (4.21)

Note that γ ∈ (0, 2] by assumption, therefore (4.21) can be reduced to∑
j

∥Bn,2∥L∞ ≲ τ2ν∥θ∥L∞
t B2

∞,1
∥θ∥L∞

t B1
∞,1

. (4.22)

Lastly, to estimate Bn,3 we recall that (4.10)

Bn,3 = τ∆j

(
∇⊥Λ−1e−ντΛγ

θ(tn) · ∇V (tn+1)
)
.

Then by Lemma 2.4 and noting that div∇⊥Λ−1e−ντΛγ
θ = 0, we have∑

j

∥Bn,3∥L∞ ≲τ∥∇⊥Λ−1θ∥L∞
t B0

∞,1
∥V (tn+1)∥B1

∞,1

≲τ2
(
∥θ∥2L∞

t B0
∞,1

∥θ∥L∞
t B2

∞,1
+ ∥θ∥L∞

t B0
∞,1

∥θ∥2L∞
t B1

∞,1

)
.

(4.23)

Taking sgn(∆jEn+1)|∆jEn+1|p−1 as a test function of (4.9), we can then obtain the
following energy estimate:

∥∆jEn+1∥Lp ≤∥∆jEn∥Lp + τ∥∆j

(
e−ντΛγ∇⊥Λ−1En · ∇θ(tn+1)

)
∥Lp

+ τ
∥∥∥[e−ντΛγ∇⊥Λ−1θn · ∇,∆j

]
En+1

∥∥∥
Lp

+ ∥Bn,1∥Lp + ∥Bn,2∥Lp + ∥Bn,3∥Lp .
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Letting p → ∞ and summing in j we have

∥En+1∥B0
∞,1

≤ ∥En∥B0
∞,1

+ Cτ(∥En∥B0
∞,1

∥θ∥L∞
t B1

∞,1
+ ∥θn∥B1

∞,1
∥En+1∥B0

∞,1
) +

3∑
i=1

∑
j

∥Bn,i∥L∞

by applying Lemma 2.3, Lemma 2.4 and Lemma 2.5. Note that by Theorem 1.4,
∥θn∥B1

∞,1
≲ 1 and recall (4.17), (4.22) and (4.23) we thus obtain that

∥En+1∥B0
∞,1

≤ 1 + C∗τ

1− C∗τ
∥En∥B0

∞,1
+

C∗(1 + ν)τ2

1− C∗τ
,

where C∗ depends on the displayed exact-solution norms; the factor 1 + ν is uniformly
bounded for 0 ≤ ν ≤ νmax. By the discrete Grönwall’s inequality (cf. Cheng et al., 2024a)
we arrive at

sup
n

∥En∥B0
∞,1

≲ τ,

where we only need the endpoint requirement that

θ ∈ C([0, T ];L2(T2)) ∩ L∞(0, T ;B2
∞,1(T2)).

This ends the proof of Theorem 1.5.

5. Full Discretization by the Fourier Spectral Method

In order to solve the (SQG) equations while handling the challenging non-local oper-
ators ∇⊥Λ−1 and Λγ , we implement the LRI with the following fully discrete Fourier
spectral method: 

θn+1 = e−ντΛγ
θn−τΠN (e−ντΛγ

un · ∇θn+1),

un = ∇⊥Λ−1θn,

θ0 = ΠNθ0,

(5.1)

where τ is the time step. For N ≥ 2, we introduce the space

XN = span
{
cos(k · x) , sin(k · x) : k = (k1, k2) ∈ Z2 , |k|∞ = max{|k1|, |k2|} ∈ [1, N ]

}
.

We thus define ΠN to be the truncation operator of Fourier modes 1 ≤ |k|∞ ≤ N , namely
the Fourier modes are no larger than N and the zero-th mode is projected off. Note that
ΠNθ0 ∈ XN and therefore by induction we have θn ∈ XN , ∀n ≥ 0. In addition we can
further derive that div un = 0 for all n by the definition of un. Recall that the frequency
cut-off operator Sj defined in (2.1), essentially Sj = Π2j+1 in our setting. Then we have
the following error estimates for the Fourier spectral method.

Theorem 5.1 (Fully discretized error estimates). Assume that θ(t, x) is the exact solution
to (SQG).

(i) L2-error: Assume θ(t) ∈ H2+ϵ(T2) for any sufficiently small ε > 0. Then the
following L2-error estimate holds.

sup
n

∥θn+1 − θ (tn+1) ∥L2 ≤ C1(τ +N−1−ϵ). (5.2)

(ii) B0
∞,1-error: Assume θ(t) ∈ B2

∞,1(T2). Then the following B0
∞,1-error estimate

holds.
sup
n

∥θn+1 − θ (tn+1) ∥B0
∞,1

≤ C2(τ +N−1). (5.3)

For every fixed νmax > 0, the constants C1, C2 > 0 depend on T , νmax, and the indicated
exact-solution norms, but are independent of ν ∈ [0, νmax] and γ ∈ (0, 2].
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Remark 5.2. Theorem 5.1 displays the same endpoint distinction as the time-discrete
analysis: the Sobolev estimate uses an additional ε derivative, while the Besov estimate
is formulated at derivative index two. This is an endpoint comparison, not a claim that
B2

∞,1 is a larger space than H2+ϵ or W 2,2+ϵ; see also (Li et al., 2022).

6. Numerical Experiments

In this section, we present numerical evidence including the dynamics, the rate of
vanishing viscosity and the order of error. In this section we fix γ = 2, Nx = Ny = 128 to
be the hyperparameter. Note that even though Λ2 = −∆ seems to be a local differential
operator, the equation u = ∇⊥Λ−1θ guarantees the non-local behavior of the SQG system.

6.1. Convergence test: L2, L∞, B0
∞,1−errors with fixed ν. In this subsection we

present the error of the LRI (1.1). Throughout this subsection we choose the following
initial data suggested by (Cheng et al., 2024a,b) and (Li et al., 2022):

θ0 = −m

2
(cos(

x

2
))m(cos(

y

2
))m−1 sin(

y

2
),

For this family of initial data, the dominant singularity occurs at y = ±π, where |θ0| is
proportional to dm−1

y , with dy denoting the distance to the periodic seam. Consequently,
up to but not including the endpoints, θ0 ∈ Hs for every s < m − 1

2 , whereas θ0 ∈ Bs
∞,1

for every s < m − 1. Thus m = 1.8 and m = 2.8 correspond to Sobolev regularities
H1.3− and H2.3−, respectively, but they should not be identified with B1+

∞,1 and B2+
∞,1. We

use these values as representative finite-regularity profiles with a 0.3-derivative margin
above Sobolev orders one and two. This margin keeps the nonsmooth profiles adequately
resolved at the fixed Fourier resolution N = 128 and permits a clean comparison of
the temporal convergence and stability of the three methods. The experiments are not
intended to realize the exact function-space endpoints or to numerically establish the
sharpness of the endpoint Besov theorem.

We shall generate the “accurate” reference solution θR by computing using the same
schemes but with τ = 10−6. We then compare the numerical solutions of our LRI (1.1)
to the reference solution θR under different choices of τ -values. Similar comparison will
be done for 1st order IMEX method (Cheng, 2026; Cheng et al., 2024a) and the usual
exponential integrator (EI) method (Cheng et al., 2026a). More specifically speaking, the
schemes are given below:{

θn+1−θn

τ + un · ∇θn+1 = −νΛγθn+1,

un = ∇⊥Λ−1θn,
(IMEX)

and {
θn+1 = e−ντΛγ

θn − 1−e−τνΛγ

νΛγ (un · ∇θn),

un = ∇⊥Λ−1θn.
(EI)

In this first numerical experiment we compute the SQG model (SQG) using the LRI
(1.1), IMEX (IMEX) and exponential integrator method (EI). We fix γ = 2, Nx = Ny =
128 and vary the time step τ = 0.01

2k
for k = 0, 1, · · · , 7. The local residual is fixed to be

1e-13 in the iteration scheme (A.5). The L2, L∞, B0
∞,1 differences at T = 0.1 with ν = 0.1

and m = 1.8 are presented in Table 1. It is clear that their differences are of order O(τ) as
τ → 0. The observed errors in all three lower-regularity norms exhibit first-order behavior
in τ , consistently with the convergence analysis. In view of the regularity characterization
above, however, this finite-resolution experiment is not presented as a direct numerical
verification of the endpoint assumptions in Proposition 1.2 or Theorem 1.5.
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Table 1. Errors for fixed ν = 0.1 and varying τ .

τ = 0.01 L2-error L∞-error B0
∞,1-error

τ 9.589e-06 7.324e-06 2.124e-05
τ/2 4.796e-06 3.664e-06 1.062e-05
τ/4 2.399e-06 1.833e-06 5.313e-06
τ/8 1.200e-06 9.169e-07 2.658e-06
τ/16 6.002e-07 4.590e-07 1.330e-06
τ/32 3.005e-07 2.300e-07 6.665e-07
τ/64 1.506e-07 1.156e-07 3.346e-07
τ/128 7.569e-08 5.845e-08 1.687e-07

We present the L∞-errors of the LRI, IMEX, and EI methods with m = 1.8, 2.8 and
ν = 0.1, 0.01, 0.0001 in Figure 1. It is clear that the usual EI method is not as stable as
the other two methods with larger time step when the viscosity ν is small.

Figure 1. Convergence test for the LRI (1.1). We choose ν = 0.1, 0.01, 0.0001
and vary the time step τ . The first row uses m = 1.8 in the initial data, and the
second row uses m = 2.8.

Remark 6.1. It is worth introducing the discrete version of Besov norm B0
∞,1 here

(defined in (2.2) from Section 2). In order to compute ∥f∥B0
∞,1

numerically for any
function f , it is essential to compute ∥∆jf∥L∞ for j = 0, 1, · · · ,K, where 2K = N from
the Fourier side. Then we sum in j to get the desired norm.

6.2. Rate of vanishing viscosity. In this subsection we present the rate of vanishing
viscosity of the LRI (1.1). Throughout this subsection we choose the following initial data
suggested by (Cheng et al., 2024a,b) and (Li et al., 2022):

θ0 = −m

2
(cos(

x

2
))m(cos(

y

2
))m−1 sin(

y

2
),

As characterized in the preceding subsection, m = 1.8 yields H1.3− Sobolev regularity
(and B0.8−

∞,1 Besov regularity), while m = 2.8 yields H2.3− (and B1.8−
∞,1 ). These values are

finite-regularity representatives rather than exact borderline parameters. We shall first
generate the “accurate” reference solution θR by computing using the same schemes but
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with τ = 10−6 and fixing ν = 0, γ = 2. We then compare the numerical solutions of our
LRI (1.1) to the reference solution θR under different choices of ν-values.

In this second numerical experiment we compute the SQG model (SQG) using (1.1).
We fix τ = 10−5, Nx = Ny = 128 and we vary the viscosity ν = 0.001

2k
for k = 0, 1, · · · , 7.

The local residual is fixed to be 1e-13 in the iteration scheme (A.5). The L2, L∞, B0
∞,1

differences at T = 0.1 are presented in Table 2. It is clear that these differences are
linear in ν as ν → 0. We see that all the errors in the lower-regularity norms behave as
O(ν), as predicted by Theorem 1.1 of Cheng et al. (2026b). However, in practice it is
not easy to capture the exact rate ν

min{1, 1
γ
}. The main reason is due to the difficulty to

construct solutions of the exact regularity. Another challenge is that spatial or frequency
discretization requires higher regularity for the convergence of the numerical scheme. See
also Figure 2.

ν = 0.001 L2-error L∞-error B0
∞,1-error

ν 3.576e-04 5.909e-04 1.426e-03
ν/2 1.817e-04 3.032e-04 7.291e-04
ν/4 9.162e-05 1.537e-04 3.687e-04
ν/8 4.601e-05 7.734e-05 1.854e-04
ν/16 2.306e-05 3.880e-05 9.298e-05
ν/32 1.154e-05 1.943e-05 4.656e-05
ν/64 5.775e-06 9.726e-06 2.330e-05
ν/128 2.889e-06 4.866e-06 1.166e-05

Table 2. Errors for fixed
τ = 10−5 and varying ν.

Figure 2. Rate of the
vanishing viscosity for
the LRI (1.1) with τ =
10−5 fixed and ν vary-
ing.

6.3. Dynamics. In this subsection we present dynamics of the SQG equations on two
benchmark examples.

6.3.1. Vortex Waltz. In this example we consider the following initial data of two Gaussian
vortices. The initial data is given as

θ0 = ∇⊥ · ~u0 = exp(−5((x+
π

4
)2 + y2)) + exp(−5((x− π

4
)2 + y2)). (6.1)

We present the dynamics of θ with the initial data given in (6.1) after zero-mean pro-
jection. We present the θ with fixed ν = 0.0001 in Figure 3 and 4. This benchmark
example is motivated by (Cheng et al., 2024a,b). To be more specific in (Cheng et al.,
2024a), dynamics of 2D incompressible Navier-Stokes (NS) are studied; indeed there are
some similarities between the SQG equations and the vorticity equation of the NS system
as can be shown in the dynamics. From the dynamics we can observe that when the
viscosity ν is small the dynamics of the two Gaussian vortices tend to merge as they orbit
around each other. Indeed on the contrary, while the viscosity ν is larger the dynamics
tend to be more stable. We see that the frequency resolution does not contribute to a
major difference in the dynamics of the vortex Waltz.

6.3.2. Dynamics of blow-up initial data. In this example we consider the following initial
data:

θ0 = −m

2
(cos(

x

2
))m(cos(

y

2
))m−1 sin(

y

2
), (6.2)
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Figure 3. Dynamics of vortex Waltz with N = 128.

Figure 4. Dynamics of vortex Waltz with N = 1024.

where m = 0.8 and we choose viscosity ν = 0.1. It is clear that the data θ0 from (6.2)
is in Hs for s < 0.3. Moreover θ /∈ L∞; we can observe that singularities are located at
y = ±π. Therefore one may treat it as a special blow-up initial data. The Figures 5 and 6
present the dynamics of SQG equations after certain types of L∞ blow-up. The viscosity
makes the system more stable and smoother even for this blow-up-type initial data. We
also emphasize here that the initial data is of mean zero, even in x and odd in y. From
the Figures 5 and 6 we clearly see the differences in the dynamics between N = 128 and
N = 1024 cases. Moreover according to the error estimate, the frequency truncation error
is O(N−s). The values 128−0.3 ≈ 0.233 and 1024−0.3 ≈ 0.125 do not differ by an order
of magnitude. Indeed this difference suggests energy cascade: energy transfer from low
frequency (large scale) to high frequency (small scale). As one can tell in the N = 128
(low frequency) case, the convection dominates the dynamics and therefore turbulence
tends to occur in short time; smoothing effect by the viscosity then stabilizes the system.
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As for the N = 1024 (high frequency) case, the viscosity dominates the dynamics and
therefore the system remains stable for all times.

Figure 5. Dynamics of blow-up initial data with N = 128.

Figure 6. Dynamics of blow-up initial data with N = 1024.

7. Concluding Remarks

In this paper, we have proposed and rigorously analyzed a novel semi-implicit low-
regularity integrator (LRI) for the (dissipative) surface quasi-geostrophic (SQG) equa-
tions. A central mathematical challenge in the numerical analysis of active scalars is the
severe derivative loss induced by the highly singular non-local convection term, which tra-
ditionally forces sub-optimal, artificially high regularity assumptions in classical Sobolev-
based error estimates.

To fundamentally bypass this structural barrier, we introduced a tailored numerical
Besov space framework. By exploiting the special quasi-algebraic div-curl structures and
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refined commutator estimates within the critically embedded space B0
∞,1, we successfully

established unconditional energy stability and sharp, first-order temporal error estimates.
Our analysis reaches the endpoint derivative index θ ∈ L∞(0, T ;B2

∞,1) and eliminates the
fractional derivative surplus in the Sobolev calculation. As emphasized in Remark 1.6, this
is an endpoint, derivative-loss improvement rather than an inclusion-wise weakening of the
Sobolev hypothesis. These theoretical findings were strongly corroborated by extensive
numerical experiments, including rigorous convergence tests and the robust simulation of
singular vortex patch dynamics.

The mathematical framework developed herein extends significantly beyond the 2D
SQG model. The transition from classical Sobolev energy methods to Besov calculus
provides a robust and universal paradigm for the sharp numerical analysis of general
incompressible fluids. Future research directions include extending this numerical Besov
framework to higher-order low-regularity integrators and applying it to the 3D Navier–
Stokes and Euler equations.
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Appendix A. Proof of Theorem 5.1

Proof of Theorem 5.1. We first show (5.2). In particular, we have

θ(tn+1) =e−ντΛγ
θ(tn)−

∫ tn+1

tn

e−ν(tn+1−s)Λγ
ΠN

(
∇⊥Λ−1θ · ∇θ

)
(s) ds

−
∫ tn+1

tn

e−ν(tn+1−s)Λγ
(I −ΠN )

(
∇⊥Λ−1θ · ∇θ

)
(s) ds .

We then denote En+1 = θn+1 − θ(tn+1) to be the error. Similar to the arguments in
previous sections, we infer from (5.1) that

En+1 + τΠN

(
e−ντΛγ∇⊥Λ−1θn · ∇En+1

)
=e−ντΛγEn − τΠN

(
e−ντΛγ∇⊥Λ−1En · ∇θ(tn+1)

)
+ R̃n,1 + R̃n,2 + R̃n,3 + R̃n,4,

(A.1)
where the remaining terms R̃n,j , j = 1, 2, 3, 4 are defined as follows:

R̃n,1 =

∫ tn+1

tn

e−ν(tn+1−s)Λγ
ΠN

(
∇⊥Λ−1(θ(s)− e−ν(s−tn)Λγ

θ(tn)) · ∇θ(s)
)
ds

+

∫ tn+1

tn

e−ν(tn+1−s)Λγ
ΠN

(
∇⊥Λ−1e−ν(s−tn)Λγ

θ(tn) · ∇(θ(s)− e−ν(s−tn)Λγ
θ(tn))

)
ds,

and

R̃n,2 =

∫ tn+1

tn

g̃(s)− g̃(tn+1) ds,
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where g̃(s) = e−ν(tn+1−s)Λγ
ΠN (∇⊥Λ−1v(s) · ∇v(s)), with v(s) = e−ν(s−tn)Λγ

θ(tn). More-
over, we denote

R̃n,3 = τΠN

(
∇⊥Λ−1e−ντΛγ

θ(tn) · ∇(e−ντΛγ
θ(tn)− θ(tn+1))

)
= τΠN

(
∇⊥Λ−1e−ντΛγ

θ(tn) · ∇
∫ tn+1

tn

e−ν(tn+1−s)Λγ
(∇⊥Λ−1θ(s) · ∇θ(s)) ds

)
.

and

R̃n,4 =

∫ tn+1

tn

e−ν(tn+1−s)Λγ
(I −ΠN )

(
∇⊥Λ−1θ · ∇θ

)
(s) ds . (A.2)

In fact, the estimates of R̃n,j , j = 1, 2, 3 are completely parallel to Rn,j , j = 1, 2, 3. Simi-
larly, we can estimate R̃n,4 from (A.2) as below:

∥R̃n,4∥L2 ≲ τ
∑
2j≥N

∥∆j(∇⊥Λ−1θ · ∇θ)∥L∞
t L2

≲τN−1−ϵ
∑
2j≥N

∥∆jΛ
1+ϵ(∇⊥Λ−1θ · ∇θ)∥L∞

t L2

≲τN−1−ϵ∥θ∥2L∞
t H2+ϵ .

(A.3)

We also take the L2-inner product between (A.1) and En+1. Note that div∇⊥Λ−1θn =
0, we therefore obtain that

∥En+1∥2L2 =
(
e−ντΛγEn, En+1

)
− τ

(
e−ντΛγ∇⊥Λ−1En · ∇θ(tn+1), En+1

)
+
(
R̃n,1 + R̃n,2 + R̃n,3 + R̃n,4, En+1

)
≤1

2
∥En∥2L2 +

1

2
∥En+1∥2L2 + Cτ∥∇θ(tn+1)∥L∞∥En∥L2∥En+1∥L2 + Cτ2∥En+1∥L2

+ Cντ2∥En+1∥L2 + CτN−1∥En+1∥L2

≤1

2
∥En∥2L2 +

1

2
∥En+1∥2L2 + Cτ∥En∥2L2 + Cτ∥En+1∥2L2 + Cτ3 + Cν2τ3 + CτN−2−2ϵ.

(A.4)
So we can derive from (A.4) and (A.3) that

∥En+1∥2L2 ≤ 1 + C∗τ

1− C∗τ
∥En∥2L2 +

C∗(1 + ν2)τ3

1− C∗τ
+

C∗τN−2−2ϵ

1− C∗τ
.

Then by the discrete Grönwall’s inequality we can conclude (5.2). The proof of (5.3) is
very similar. The main difference is to control

∑
j ∥B̃n,4∥L∞ , where

B̃n,4 =

∫ tn+1

tn

e−ν(tn+1−s)Λγ
∆j(I −ΠN )

(
∇⊥Λ−1θ · ∇θ

)
(s) ds .

Indeed we have∑
j

∥B̃n,4∥L∞ ≲ τN−1
(
∥θ∥L∞

t B0
∞,1

∥θ∥L∞
t B2

∞,1
+ ∥θ∥L∞

t B0
∞,1

∥θ∥L∞
t B1

∞,1

)
.

Therefore, we can derive the following error estimate:

∥En+1∥B0
∞,1

≤ 1 + C∗τ

1− C∗τ
∥En∥B0

∞,1
+

C∗(1 + ν)τ2

1− C∗τ
+

C∗τN−1

1− C∗τ
,

which proves (5.3).
□
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In practice our LRI is implemented via the following iteration:
θ(m+1) = e−ντΛγ

θn−τΠN (e−ντΛγ
un · ∇θ(m)),

un = ∇⊥Λ−1θn,

θ0 = ΠNθ0,

(A.5)

Here at each time step n we implement an iteration of θ(m) with θ(0) = θn and eventually
θ(m) converges. We therefore define limm θ(m) = θn+1 up to a local tolerance and therefore
the iteration is finite. Such iteration (A.5) converges; we refer the readers to Cheng et al.
(2024a) for the details in the Navier-Stokes case and we omit the proof here.
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