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Cauchy Problem of Parabolic Equations

(t, x) ∈ R+ × Rd:
• Parabolic equation with non–divergence form:{

∂tu − aij(t, x)∂2
ij u + bi(t, x)∂iu + c(t, x)u = f(t, x),

u|t=0 = u0(x).
(ND)

• Parabolic equation with divergence form1:{
∂tu − ∂i(aij(t, x)∂ju) + bi(t, x)∂iu + c(t, x)u = f(t, x),
u|t=0 = u0(x).

(D)

• {aij(t, x)}d×d: diffusion coefficients (strictly
positive-definite).

1The divergence parabolic operator is defined via distribution.



Background: Variable Thermal Conductivity

• Fourier heat law:

dQ = −k(t, x)∂u
∂~n

dSdt.

u(t, x): Temperature; k(t, x): Thermal conductivity.
• Heat equation with variable coefficient:

∂tu −∇x · (k(t, x)∇xu) = 0.



Background: Composition Material

Figure: Composition Material

• Dm: Fibers; D \ (∪Dm): Matrix surrounding fibers.
• Different shear moduli between fibers and matrix lead to

discontinuity of the coefficient in the shear equation!



Background: Geometry PDEs

• Equation of Ricci flow:

∂tgij = −2Rij(g).

• Variable coefficient/Non-linear parabolic equations.



Credit-Rating Migration: The Asset Model

• A zero-coupon bond has face value F and maturity T. Default
occurs only at T, with payment g(ST) = min{ST,F}.

• r: the risk free interest rate; St: firm’s asset value.

A prescribed rating boundary b(t) > 0 determines the volatility:

σ(t, s) =
{
σH, s ≥ b(t) (high rating),
σL, s < b(t) (low rating),

0 < σH < σL.

Under the risk-neutral measure Q,

dSt = rSt dt + σ(t,St)St dWQ
t .



Bond Pricing: The Risk-Neutral Expectation

The bond value is the risk-neutral value of its terminal payment:

Φ(t, s) = EQ
t,s

[
e−r(T−t) min{ST,F}

]
.

EQ
t,s uses the asset SDE started at St = s.

Replication is the financial justification
A self-financing portfolio Xu = ∆uSu + βuBu satisfies

dXu = ∆u dSu + r(Xu −∆uSu) du,
d(e−ruXu) = e−ru∆uσ(u,Su)Su dWQ

u .

Brownian martingale representation gives a replicating portfolio for the
bounded payoff, with XT = g(ST) and a true discounted martingale. Hence

Xt = EQ[e−r(T−t)g(ST) | Ft] = Φ(t,St).



Credit-Rating Migration: From SDE to PDE

Inside either rating region, let

Lt = rs∂s +
1
2σ

2(t, s)s2∂ss.

Itô’s formula gives discounted drift e−r(u−t)(∂t + Lu − r)Φ. The
martingale property therefore yields

Φt +
1
2σ

2(t, s)s2Φss + rsΦs − rΦ = 0,

Φ(T, s) = min{s,F}.

Set τ = T − t, x = log s, and v(τ, x) = erτΦ(T − τ, ex). Then

vτ − avxx + (a − r)vx = 0, a = 1
2σ

2(T − τ, ex).

a(τ, x) jumps across x = log b(T − τ): a non-divergence-form
parabolic principal part with a discontinuous coefficient.



Settings

• To illustrate the key estimates, consider the following 1-D
parabolic equation without lower-order terms{

∂tu − a(t, x)∂2
x u = f(t, x), (t, x) ∈ R+ × R,

u|t=0 = u0(x).
(1)

• The parabolic scaling:

u(t, x) → u(λ2t, λx), a(t, x) → a(λ2t, λx).

Critical regularity space X of the coefficient:

∥a∥X ∼ ∥aλ∥X, ∀λ > 0.

• For instance: L∞&BMO :Critical; Cα: Sub-critical.



• Indeed, the regularity theory of (1) in sub-critical setting
can be analyzed by unified approaches.

• In sub-critical case, it is almost equivalent to a(t, x) is
Hölder continuous.

• By Levi’s parametrix method, (1) admits a fundamental
solution Γ(·; ·) such that

u(t, x) =
∫
R
Γ(t, x; y, 0)u0(y)dy+

∫ t

0

∫
R
Γ(t, x; y, s)f(s, y)dyds.

The kernel satisfies Gaussian bounds (A. Friedman, 1983).
• Hence, the regularity of the solution can be analyzed

directly from the explicit expression.
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Goals

• Goals: Under the critical regularity setting, establishing the
optimal regularity theory of (1) (In the sense of heat eq.).

• Applications: Regularity estimates for semigroups
with rough coefficients, with applications to nonlinear and
quasilinear equations.



W2,p Estimates in Critical Setting (u0 ≡ 0)

W2,p Esti: For u0 ≡ 0, whether

∥ut∥Lp
t,x
+ ∥∂2

x u∥Lp
t,x
≲ ∥u∥Lp

t,x
+ ∥f∥Lp

t,x
, (ND),

∥ut∥LpW−1,p
x

+ ∥∂xu∥Lp
t,x
≲ ∥u∥Lp

t,x
+ ∥f∥Lp

t W−1,p
x

, (D).

• a(t, x) ∈ C0: Ladyzhenskaya–Solonnikov–Uralceva (1968).
• a(t, x) ∈ L∞

t,x ∩ VMOt,x: Bramanti–Cerutti (1993).
• a(t, x) ∈ L∞

t,x ∩ VMOx: Krylov (2007).
• Partially VMO: Kim–Krylov (2007), Dong (2010).

Our: optimal Sobolev estimates for the critical Cauchy problem.



Assumptions on the Diffusion Coefficient

Fix T > 0, 0 < s < 1
2 and p = 1/s. Write

∥b∥Xs := ∥∂xS0b∥Lp,∞ +
∥∥|∂x|s(I − S0)b

∥∥
Lp,∞ .

(H1) a is measurable and a(t, x) ≥ c0 > 0 on [0,T]× R.
(H2) a(t, ·) ∈ S ′(R) and, for every φ ∈ S(R),

sup
t∈[0,T]

|⟨a(t, ·), φ⟩| ≤ Cϕ.

(H3)δ,s,D The full critical seminorm is bounded:

sup
t∈[0,T]

∥a(t)∥Xs ≤ D.

There is a frequency index N ≥ 0 such that

sup
t∈[0,T]

∥∥|∂x|s(I − SN)a(t)
∥∥

Lp,∞ ≤ δ.

Only the high-frequency tail is small; the full coefficient need not be.



Discontinuous and Unbounded Coefficients

The assumptions do not require continuity or a global upper bound.
• A jump coefficient:

aJ(x) = c0 + λ1{x>0},
∣∣|∂x|saJ(x)

∣∣ ≲s λ|x|−s.

The critical tail is controlled by the jump size. Choose λ > 0
small enough for (H3); moving the cutoff alone does not make an
arbitrary jump small.

• An unbounded coefficient:

aU(x) = c0 + λ log(1 + x2), λ > 0.

It has the required critical regularity; suitable parameters satisfy
(H3). The positive constant is needed for uniform ellipticity.

The approximation must handle both jumps and growth at spatial
infinity.



Main Result: Non-Divergence Form

Let 0 < s < 1
2 , let u0 be continuous, and assume

u0 ∈ Ḣ1(R) ∩ Ḣ1+s(R), f ∈ L2(0,T;Hs(R)).

Theorem (Y., 2026)
There is δ0 = δ0(c0, s,D) > 0 such that, under (H1), (H2), and
(H3)δ0,s,D, equation (1) has a unique strong solution on [0,T], with

sup
0≤t≤T

∥ux(t)∥2Hs +

∫ T

0

∥uxx(t)∥2Hs dt

≲ ∥u0∥2Ḣ1∩Ḣ1+s + ∥f∥2L2(0,T;Hs).

Write Xs = {u : ux ∈ L∞(0,T;Hs), uxx ∈ L2(0,T;Hs)}. The derivative
estimate matches the heat equation; the range s < 1/2 is sharp.



Sharpness for the regularity index s < 1
2

Indeed, the above regularity estimate for the solution is optimal,
even for the simple case of jumping coefficient and smooth
data. ∂tv − a(x)∂2

x v = 0,

v|t=0 = v0(x) ∈ C∞
c (R),

a(x) =
{
1, x < 0,

2, x > 0.
(3)

Assume v(t, x) ∈ Xs for some s ≥ 1
2 ; By the uniqueness in(

L∞
t Ḣ1

x

)
∩
(

L2
t Ḣ2

x

)
, v(t, x) can be expressed explicitly.



• For x > 0:

v(t, x) =

∫ 0

−∞

[
(4

√
2 − 4)

1
√
8πt

exp

(
−

(x −
√

2y)2

8t

)]
v0(y)dy

+

∫ ∞

0

[
1

√
8πt

exp

(
−

(x − y)2

8t

)
+ (2

√
2 − 3)

1
√
8πt

exp

(
−

(x + y)2

8t

)]
v0(y)dy.

(2.1)

• For x < 0:

v(t, x) =

∫ ∞

0

[
(2 −

√
2)

1
√
4πt

exp

(
−

(
√
2x − y)2

8t

)]
v0(y)dy

+

∫ 0

−∞

[
1

√
4πt

exp

(
−

(x − y)2

4t

)
+ (3 − 2

√
2)

1
√
4πt

exp

(
−

(x + y)2

4t

)]
v0(y)dy

(2.2)

• However, in general cannot belong to Ḣ2+s
x for any t > 0

and s ≥ 1
2 , even for v0(x) ∈ C∞

c (R).



Step 1: Smooth and Truncate the Coefficient

For 0 < ε ≤ min{1/10, (2c0)−1}, set

āϵ = η̃ϵ ∗t,x a, aϵ = χϵ(āϵ).

Choose χϵ smooth, monotone and odd, with χϵ(z) = z for |z| ≤ ε−1,
χϵ(z) = 2ε−1 for z ≥ 2ε−1, with

∥χ′
ϵ∥∞ ≲ 1, ∥χ′′

ϵ ∥∞ ≲ ε, c0 ≤ aϵ ≤ 2ε−1.

uϵ
0 = κϵ(ηϵ ∗x u0), fϵ = κϵ(η̃ϵ ∗t,x f), κϵ(x) = κ(εx).

Solve the classical approximation problem

∂tuϵ − Lϵuϵ = fϵ, uϵ(0) = uϵ
0, Lϵu = aϵuxx or ∂x(aϵux).

Mollifier gives smoothness; truncation handles unbounded coefficient.



What Must Survive the Approximation?

Put p = 1/s, 0 < s < 1/2, and

∥b∥Xs := ∥∂xS0b∥Lp,∞ +
∥∥|∂x|s(I − S0)b

∥∥
Lp,∞ , sup

t
∥a(t)∥Xs ≤ D.

Assume supt ∥|∂x|s(I − SN)a∥Lp,∞ ≤ δ0. The construction preserves,
uniformly in ε and t, ∥∥|∂x|s(I − S0)aϵ

∥∥
Lp,∞ ≲s D,

∥∂xS0aϵ∥Lp,∞ ≲s D + D2.

Moreover, for a single K = K(s,N,D, δ0) > N + 20,

sup
ϵ,t

∥∥|∂x|s(I − SK)aϵ
∥∥

Lp,∞ ≤ Csδ0.

Nonlinear truncation creates frequencies: convolution estimates
alone do not suffice.



Tail Preservation I: Dyadic Composition Estimate

Write b = āϵ and M(2) = M◦M. For j > N + 10, split

∆jχϵ(b) = ∆jχϵ(Sjb) + ∆j
[
χϵ(b)− χϵ(Sjb)

]
.

The first term gains 2−j∂x; the second uses ∥χ′
ϵ∥∞ ≲ 1. Thus

|∆jaϵ| ≲ 2−jM(∂xS2b)︸ ︷︷ ︸
Aj,1

+
∑

2≤k<N+2

2k−jM(2)(∆kb)

︸ ︷︷ ︸
Aj,2

+
∑

k≥N+2

min{2k−j, 1}M(2)(∆kb)

︸ ︷︷ ︸
Aj,3

.

Three contributions: very low frequencies, middle frequencies, and
the small tail.



Tail Preservation II: Summing the Three Terms

Littlewood–Paley theory and the Lorentz Fefferman–Stein inequality
give

∥∥|∂x|s(I − SK)aϵ
∥∥

Lp,∞ ≲
3∑

ℓ=1

∥∥∥∥∥∥∥
 ∑

j≥K−2

|2jsAj,ℓ|2
1/2

∥∥∥∥∥∥∥
Lp,∞

=: I1 + I2 + I3.

I1 ≲s D 2−(1−s)K, I2 ≲s D 2−(1−s)(K−N).

For the tail, the dyadic kernel is summable:

hk−j = min{2(1−s)(k−j), 2−s(k−j)},
∑
m∈Z

hm < ∞.

Schur’s test and Fefferman–Stein yield

I3 ≲s
∥∥|∂x|s(I − SN)āϵ

∥∥
Lp,∞ ≲s δ0.

Choose K so I1 + I2 ≲ δ0; this choice is independent of ε.



Low-Frequency Regularity: The Uniform Bound

Let b = āϵ, c = χ′
ϵ(b) and p = 1/s. The same composition argument

controls the high-frequency part of the Xs seminorm. For the low
frequencies,

∂xS0aϵ = S0(c ∂xb).

The low–low term is O(D). Only comparable high frequencies can
interact to reach S0, giving

∥∂xS0aϵ∥Lp,∞ ≲s D + D
∑
q≥1

2q(1−s)∥∆qc∥∞

≲s D + D∥∂xc∥∞.

Split the mollified derivative at 2k ≃ ε−1:

∥∂xāϵ∥∞ ≲s ε−1D, ∥∂xc∥∞ ≤ ∥χ′′
ϵ ∥∞∥∂xāϵ∥∞ ≲s D.

∥∂xS0aϵ∥Lp,∞ ≲s D + D2.



Mollifier Scale: A Uniform Derivative Bound

Choose Jϵ with 2Jϵ ≃ ε−1 and put p′ = 1/(1− s). The space–time
mollifier satisfies

∥η̃ϵ∥L1
t Lp′,1

x
≲ ε−s, ∥∂xη̃ϵ∥L1

t Lp′,1
x

≲ ε−1−s.

Use a derivative on the dyadic block below Jϵ, and on the mollifier
above Jϵ. Lorentz Young’s inequality gives

∥∂xāϵ∥∞ ≲s D

1 + ε−s
∑

0≤k≤Jϵ

2(1−s)k + ε−1−s
∑
k>Jϵ

2−sk


≲s ε−1D.

Thus the derivative lost in mollification is exactly compensated by the
second derivative of the value cutoff:

∥∂x(χ
′
ϵ(āϵ))∥∞ ≤ ∥χ′′

ϵ ∥∞∥∂xāϵ∥∞ ≲s ε · ε−1︸ ︷︷ ︸
1

D.

This cancellation is the source of the uniform D + D2 bound.



Step 2: Energy Identities (Non-Divergence Form)

Testing the approximate equation by −uϵ
xx gives

sup
t
∥uϵ

x(t)∥22 +
∫ T

0

∥uϵ
xx∥22 dt ≲c0 ∥u′

0∥22 + ∥f∥2L2
t,x
+ oϵ(1).

This estimate will control the finite low-frequency range. For
j ≥ J := K + L, write

∂t∆juϵ − aϵ∂xx∆juϵ = ∆jfϵ + [∆j, aϵ]uϵ
xx.

Testing by −22js∂xx∆juϵ yields

1

2

d
dt
(
22js∥∂x∆juϵ∥22

)
+ 22js

∫
aϵ|∂xx∆juϵ|2 dx

= −22js
∫

∂xx∆juϵ
(
∆jfϵ + [∆j, aϵ]uϵ

xx
)

dx.



Commutator Formulation

Commutator terms come in:
[∆j, aϵ]uϵ

xx

=
∑
|l|≤5

∆j
(
Sj+l−1aϵ∆j+l∂

2
x uϵ

)
− aϵ(x)∂2

x∆juϵ

+
∑
|l|≤5

∆j
(
Sj+l−1∂

2
x uϵ∆j+laϵ

)
+

∑
k≥j−5,|q−k|≤1

∆j
(
∆kaϵ∆q∂

2
x uϵ

)
= (Sj−6 − Id)aϵ∆j∂

2
x uϵ +

∑
|l|≤5

[∆j,Sj−6aϵ]∆j+l∂
2
x uϵ

+
∑
|l|≤5

∆j
(
Sj+l−1∂

2
x uϵ∆j+laϵ

)
+

∑
k≥j−5,|q−k|≤1

∆j
(
∆kaϵ∆q∂

2
x uϵ

)
+

∑
−5<l≤5

l−2∑
q=−6

∆j
(
∆j+qaϵ∆j+l∂

2
x uϵ

)
Rmk: The orange term determines the best Sobolev estimates
we can achieve!



The Critical Product Estimate

Set p = 1/s, q = 2/(1− 2s), so 1/p + 1/q + 1/2 = 1. The relevant
Lorentz-space estimates are

Hs(R) ↪→ Lq,2(R), ∥ABC∥L1 ≲ ∥A∥Lp,∞∥B∥Lq,2∥C∥2.

Put v = uϵ
xx and J = K + L. A representative term is∑

j≥J
22js

∫
∆jv∆j

(
Sj−1v∆jaϵ

)
dx.

Use dyadic Cauchy–Schwarz, Lorentz Hölder, and Fefferman–Stein
to bound the absolute value by∥∥∥∥∥∥∥

∑
j≥J

22js|∆jaϵ|2
1/2

∥∥∥∥∥∥∥
Lp,∞

∥v∥Lq,2∥v∥Hs ≲s δ0∥v∥2Hs .



Why Both Preservation Lemmas Are Needed

We need to estimate the dyadic commutator,

∥[∆j, b]v∥2 ≲ 2−j∥∂xb∥∞∥v∥2, b = Sj−6aϵ.

The uniform coefficient bounds imply

∥∂xSj−6aϵ∥∞ ≲s (D + D2)2K + Csδ0 2
j.

Hence, for j ≥ K + L,

2−j∥∂xSj−6aϵ∥∞ ≲s (D + D2)2−L + Csδ0.

• The regularity bound controls the large, low-frequency part.
• The tail bound makes the high-frequency contribution small.
• Choose L large and δ0 small relative to ellipticity; absorb the

commutators into the dissipation.
All frequency cutoffs are uniform as ε → 0.



Closing the Uniform Energy Estimate

Set J = K + L, EJ =
∑

j≥J 2
2js∥∆juϵ

x∥22, and NJ =
∑

j≥J 2
2js∥∆juϵ

xx∥22.
Combining the five paraproduct contributions gives

1

2
E′

J(t) + c0NJ(t) ≲s N1/2
J ∥fϵ∥Hs

+ Cs
[
(D + D2)2−L + δ0

]
∥uϵ

xx∥2Hs .

Choose δ0 small and L ≥ 10 large so that

Cs
[
(D + D2)2−L + δ0

]
≪ c0.

Absorb the high frequencies; control frequencies below J by the basic
energy estimate. Thus, uniformly in ε,

sup
t
∥uϵ

x(t)∥2Hs +

∫ T

0

∥uϵ
xx∥2Hs dt

≲ ∥u0∥2Ḣ1∩Ḣ1+s + ∥f∥2L2
t Hs

x
+ oϵ(1).



Step 3: Local Compactness and the Limit Equation

Since a may be unbounded, work on IR = [−R,R]. The coefficient
and energy bounds give

aϵ → a in L2((0,T)× IR), ∥∂tuϵ∥L2(0,T;L2(IR)) ≤ CR.

Here a ∈ L∞
t L1/s,∞

loc and 1/s > 2. Along a subsequence, compactness
yields

uϵ → u uniformly on [0,T]× IR,
uϵ

x ⇀∗ ux in L∞(0,T;Hs),

uϵ
xx ⇀ uxx in L2(0,T;Hs).

For compactly supported test functions, split

aϵuϵ
xx − auxx = (aϵ − a)uϵ

xx + a(uϵ
xx − uxx).

Strong local convergence of aϵ and weak convergence of uϵ
xx identify

the product. Local uniform convergence preserves u(0, x) = u0(x).



Step 4: Uniqueness by Spatial Localization

Let w be the difference of two solutions, with w(0) = 0. Take ζR = 1
on IR, supported in I2R, with |∂k

xζR| ≲ R−k. Test wt − awxx = 0 by
−∂x(ζ

2
Rwx). Writing aL = S0a, aH = (I − S0)a, we obtain

1

2

d
dt

∫
w2

xζ
2
R dx +

∫
a w2

xxζ
2
R dx

= −2

∫
aHwxwxxζRζ

′
R dx

+

∫
w2

x
[
a′

LζRζ
′
R + aL(ζ

′
R)

2 + aLζRζ
′′
R
]
dx

≲ R−1
(
∥wx∥Hs∥wxx∥2 + ∥wx∥22

)
.

The estimate uses ∥aH∥L1/s,∞ ≲ D, ∥a′
L∥∞ ≲ D, and

|aL(t, x)| ≤ C + D|x|1−s.

sup
t≤T

∫
w2

xζ
2
R dx ≲ R−1 −→ 0.

Thus wx = 0; the equation and w(0) = 0 give w = 0.



Main Result: Divergence Form

{
ut − ∂x(a(t, x)ux) = f,
u(0, x) = u0(x),

u0 ∈ Hs(R), f ∈ L2(0,T;Hs−1(R)). (5)

Theorem (Y., 2026)
For 0 < s < 1

2 , there is δ0 = δ0(c0, s,D) > 0 such that (H1), (H2), and
(H3)δ0,s,D yield a unique weak solution on [0,T] satisfying

sup
0≤t≤T

∥u(t)∥2Hs +

∫ T

0

∥ux(t)∥2Hs dt

≲ ∥u0∥2Hs + ∥f∥2L2(0,T;Hs−1).

The same coefficient approximation and preservation lemmas apply.
The basic L2 energy estimate supplies the low-frequency control.



Thank you for your attention!


