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Abstract

This document collects notes for the course CSSE60003.01 (38 #)IE 57 2). Content is
organized by topic into six parts: classical elliptic equations (with finite-difference methods),
heat and wave equations (with finite-difference methods), Sobolev spaces, weak solutions and

regularity (including Galerkin finite elements), Fourier spectral methods, and phase-field models
and fluids.
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Part 1
Classical elliptic equations

1 Introduction to PDEs

1.1 Course outline

e Part I. Classical elliptic equations

e Part II. Heat and wave equations

e Part III. Sobolev spaces

o Part IV. Weak solutions and regularity (Galerkin finite elements)
o Part V. Fourier spectral methods

e Part VI. Phase-field models and fluids

1.2 Examples of linear PDEs

0. Transport equation: u; +b-Vu =0

1. Laplace equation: Au =0

2. Heat equation: us = Au

3. Wave equation: uy = Au

Remark 1.1 (Linear operator / equation). An operator L is linear if
L(u+v) = L(u) + L(v), L(cu) = ¢ L(u).

A linear equation has the form L(u) = f(x).

1.3 Examples of nonlinear PDEs

|Vu| =1 (Eikonal)
Au+u? =0 (Emden—Fowler)
div(|VulP~>Vu) =0 (p-Laplacian)
ug +uuy =0 (Burgers)
ugp — Au+sinu =0 (Klein—Gordon)
iug — Au—u =0 (NLS)
. Vu
d1v<7> = (minimal surface)
V1+ |[Vul?

(Navier—Stokes)

u—Au+u-Vu+Vp=0
divu =0
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1.4 Guiding questions

o Existence & uniqueness
e« What do we mean by a solution?

Stability of IVP & BVP

e Other properties

Definition 1.2 (Classical / weak solutions). Classical solutions: all derivatives appearing in the
equation are continuous and the equation holds pointwise.
Weak solutions: the equation holds in a weak sense (prerequisites: LP spaces).

1.5 Transport equation
Consider

u:R" x [0,400) = R. (1)

{Btu +b-Vu=f(tz),
u(0,z) = g(x),

1.5.1 Method of characteristics
Along characteristic curves,

b _ dw;

- d
z(t) =0b
]. D]’ () ’

au(:v(t),t) = @(t) - Vu + Opu.

Parametrize initial data by (x(§),t0(§)). With parameter s,
dt

§. 1, t(0) =0,
L=t 0= @)
du

Hence t = s, x; = bjs + §j so { = x — bt, and

—

t
u(t,z) =glx —bt) + / f(s,b(s —t) + z) ds. (3)
0
Existence and uniqueness hold provided b € C*.
Derivation via u(t,z(t)). Set i(t) = b, so z(t) = bt + & with 2(0) = & Then
t
7u=7 u(t,z(t)) = u(0) +/ f(s,2(s)) ds.
0
With 2(s) = bs+&=bs+x — bt and u(0) = g(¢) = g(z — bt), one recovers (3).

1.6 Wave equation via the method of characteristics

Consider
Ut — gy = 0, c> 0,
u(0, z) = uo(x), (4)
Oru(0, ) = ui(x).

Factorization:

Ugt — gy = (0 + cy)(Opu — cdyu) = 0.
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Set v := Oyu — cOzu. Then
O + cOyv = 0,
v(0,2) = ui(x) — cufj(x).
By the homogeneous transport formula (f = 0),
v(t,x) = ui(z — ct) — cuy(z — ct).
Hence
O — cOpu = v = uy (z — ct) — cugy(z — ct).

Apply the transport formula again with forcing f(t,2) = ui(x — ct) — cuy(z — ct) and initial data
uo:

u:uo(x+ct)+/0 f(s,x—c(s—1t))ds.

Change variables y = x + ¢t — 2¢s (so ds = —2% dy), yielding d’Alembert’s formula

1 1 x+ct
u(t,z) = §(u0(ac + ct) + up(z — ct)) + % / ui(y) dy. (6)
z—ct
1.7 Laplace and Poisson equations
—Au =0 (Laplace), —Au = f (Poisson).

Classical solution: u € C?, f € C?, equation holds pointwise.

Aim. Solution formula in a bounded domain ) with suitable boundary conditions:
—Au=f in ),
u=g on Jf.

Existence & uniqueness in the class of continuous functions (to be discussed).

1.7.1 Laplace equation in R"; radial solutions

In spherical coordinates,
n—1

1
Au = Upp + ——up + 2A5n_1u,
r

o}
where Agn-1 is the Laplace-Beltrami operator on S"~1 (for n = 2, Ag1 = 9gy).
Radial solutions satisfy u,, + ”Tflur =0, hence

Cir2™ +Cy, n > 2,
u =
Cilogr +Cs, n=2.
1.7.2 Newtonian potential
For f suitably decaying / compactly supported,
[ e =y = (£ P @), >,
Vi) =14"""
A f(y) log |z —y| dy, n=2.
Theorem 1.3. Let f € CLH(R™). Then V € C*(R") and

AV = —(n —2)wy, f(z), r€R" n>3,
AV =2r f(z), zeR" n=2,

where wy, = |S" 7| and |By| = wp/n.
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Sketch for n = 3. Differentiate under the integral (justified by cutting out a small ball):

FW) O, (Jlo —y|™") dy
]Rn
= f aml —yl ) d +
/Rn\Bp(w) d (‘x 4 )y /Bp(x)

using Oy, |z — y|~! = —9,,|z — y|~! and integration by parts. The first and third integrals are C';
the second is C! since f € C'. Hence

For) [ — y| " dy — / FW) |z -y nido,,
9B,

Away from the diagonal, Az|r —y|™' =0, so AV = I} + I, with

|L| < C dy<Cp—=0 (p—0),

By(z) 17— yl?

L= / F(y) p2 do = —wn £(7),
9By(x)

where f(y) is the spherical mean of f on 0B,(x). Thus lim, o I> = —w, f(z).
Other dimensions: exercise (same idea). O

Sketch for n = 2. With V(z) = [z f(y)logly — | dy,
2
AV =) S @) nz logly — x| dy.
Since A, log|y — x| = 0 for y # z, cutting out B.(z) yields

AV = Z/(z ) Oz, log |y — x| dy.

Using 0y, log|y — x| = —0,, log |y — z| and integration by parts,

AV = Z(/ (y) Oz, log |y — x| dy — / ( )f(y) O, log\y—m\nid0y> =0+ .
0B:(x

Recall 9,, log |y — z| = —(y; — x;)/|ly — x|%. Then
1

Bi<Clfler [ Ay =Cliler 2me 0,

() | \

and (y — x) - 71 = € on 0B (x) implies

I, = / fy) e tdo,.
OBe(x)

1~ 2nf(a)| = ‘51/

OB (x)
so limge_y0 Io = 27 f (). O

Thus
(f(?/) - f(x)) day‘ < Ce—0,
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Remark 1.4. 1. The result holds for f € C¢(R™).
2. Tt also holds under decay |f(y)| < C(1 + |y|)~! with [ > 2.

Exercise 1.5.

o 1+,
dy S 4 (1+ |z])*> " log |«]
|z —y|"=2 (L+y))t "~ ’
(1 +[z[)*,
Next aim. General solution formula for
—Au=f inQ,
u=yg on 0},

with f, g € C?; prove existence and uniqueness.

1.7.3 Properties of harmonic functions

Theorem 1.6 (Mean-value property). If u € C*(Q) and Au = 0, then for every ball B,(z) € ,

1

u(z) ud ! /
= — o= ———
0B,(x)] JoB, () 1Bo(2)] /B,

Proof. By the divergence theorem,

B, oB, OV
19

= w(x + pw) do.
/ 6p/|w|1( )

udy.
)

Au = / % do = p ! /l - Opu(zx + pw) do

If Au = 0, the spherical mean is independent of p. Integrating from 0 to r,

/ u(z + rw)do = u(x) wp,
|w|=1

hence
1

= do.
u(@) wprn—1 /a&(z) uly) do

Integrating in p from 0 to r gives the volume form of the MVP:

“n o n u u(x) = 1
u(z) < ‘/BT(@ W) dy = (@) =

n

Remark 1.7. If Au > 0 (i.e. u is subharmonic), then

v
— u(x + pw)do > 0,
9 Do (x + pw)
SO .
P —
u(z) < 0B, (7)| 8B,.(m)Uda

B(z)] /B, (2)

u(y) dy.

(10)

(sub-mean-value inequality). If instead Au < 0, the inequality reverses (superharmonic / super-

mean-value). The MVP characterizes harmonic functions.
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Theorem 1.8 (MVP = harmonic). Ifu € C°(Q) satisfies the MVP, then u is smooth and harmonic
in €.

Proof. Choose a radial mollifier ¢ € C2°(B1(0)) with fBl @ =1, and set p.(2) = e "¢(z/ec). Then
for z € Q. :={y € Q:d(y,00) > e},

(e 5 u)(z) = / w(® + ) (y) dy = / u(z + ey)p(y) dy

ly|<1

= /01 ©(r) r"Ldr /|w|=1 u(z + erw) do = u(x),

by the MVP (and normalization of ¢). Thus u = ¢ * u on g, so u € C°(Q) and 0%u = 0%p * u.
Moreover, for every B,(z) € €,

hence Au = 0 in . O

1.7.4 Consequences of the MVP

Theorem 1.9 (Maximum principle). If u € C°(Q) satisfies the MVP, then u attains its mazimum
and minimum only on OS2, unless u is constant.

Proof. Let M = maxgu and X := {z € Q : u(x) = M}. Continuity implies ¥ is relatively closed in
Q. If xg € T and B, (z9) C £, the MVP gives

1

M =ulzy) = ———
) = 1B, 5ol S

u < M,

so u =M on B,(xg), i.e. ¥ is open. Thus ¥ = () or ¥ = Q: either the maximum is attained only on

00, oru=M. O

Corollary 1.10 (Uniqueness for the Dirichlet problem). Solutions of

—Au=f inQ,
U=y on 082

are unique in C°(Q) N C%(Q).

Theorem 1.11 (Gradient estimate). Let u € C(Bg) be harmonic in Bgr(zo). Then

| Du(zo)| < ﬁmax|u|.
R B,

Proof. Harmonicity implies u € C*°(Bpg) and A(D,,u) = 0. By the volume MVP and the divergence
theorem,

n n
Ju(xo) o R /BR(IO) U T BBRUV o

which yields the stated bound. O
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2 Gradient estimates, Harnack inequality, and Greens functions

2.1 Gradient estimates

The gradient estimate for harmonic functions yields

n
IDiulao) < o

max |u| - w, R" 1 < ﬁmaux\u|.
R
Lemma 2.1. Ifu > 0 and Au =0, then

| Du(zo)| < %u(mo).

Corollary 2.2. If Au=0 in R™ and u < M for some constant M, then u is constant.
Corollary 2.3. If Au =0 in R" and |u| < (1 + |y|)* with £ < 1, then u = C.

Theorem 2.4 (Higher-order derivative estimates). Let u € C(Bg) with Au =0 in Bg. Then

n™em Im|

- max |ul.

D™ <
D" u(wo)| < = ma

Equivalently, for a multi-inder o = (avy, ..., ) with |a] = m,

n™e™ Ll

|DYu(xg)| < R max lul.

Proof of Lemma 2.1 / Corollary 1. Since A0y, u = 0, the volume MVP and the divergence theorem
give

n n
Oz, = Op.udy = i d
sulzo) wn R? /BR(l"o) e wn R" /331%(%) e

n 1

< / doy < - u(w)
< =0 udo, < —=u(xg).
R wpRrt O0BR(wo) TR

The same bound holds for —0,,u, hence for each component. For the full gradient, take a unit
vector £ maximizing & - Du(x):

n n
Du(zo)| = u(€-n)doy, < —=u(xg),
Duteo)l = g [ ey doy < uta)

where the last step uses v > 0 and the surface MVP. O

Proof of Corollary 2.2. Apply Lemma 2.1 to the nonnegative harmonic function v := M — u:
n
—

Dofeo)] <

(o) < %(M —infu)  VR>0.

(If u is not bounded from below one first replaces M by a local bound on Br(zp) and lets R — oo
after estimating on each ball.) Letting R — oo yields Dv = 0, hence u is constant. O

Proof of Corollary 2.3. For £ < 1,

|Diu(zo)| < max |u| < % max (14 |z|)¢

n
R zeBg(w0) z€BR(o)

As R — oo we obtain Dyu(xg) =0, so u = C. O
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Proof of Theorem 2.4. We proceed by induction on m. The case m = 1 is the gradient estimate.
Assume the claim holds for m, and consider m + 1. Fix ¢ € (0,1) and set r = (1 — §)R. Then
Br—r(y) C Br(zg) for every y € B,(x¢), and

| D™ ()] < ﬁmaX|Dmu|.
T B

T

By the maximum principle, maxpg (,q) |[D™u| = maxpp, (z,) |[D™u|. Applying the induction hypoth-
esis on balls of radius R — r = R gives

n™e™m lm)

- max |ul.
m
R

D"yl < ———
max |D™l < S

Hence

n n™e™ iy

v R
nm+1€m71m!
= max |ul,
R

Rm+1om(1 —6) B

| D™ u(zg)| <

where we used (R —7)"r = (OR)™ - (1 — )R = R™"1o™(1 - 0).

Choose 0 = L. Then
m+1

! —<1+1)m( +1) < e(m+1)
om(1—0) m) amT
and therefore -y )
11 n™ T (m+41)le™
| D" u(xg)| < JPLs! BIE(E?;) .
This completes the induction. ]

2.2 Analyticity of harmonic functions
Theorem 2.5. Harmonic functions are (real) analytic.

Proof. Write the Taylor expansion

m—1

u(z + h) = u(z) + Z %[(h181 + o+ b)) (z) + Rin (),
i=1

with remainder

Ry (h) =

1
= [(h181 + ot hnan)mu] (1 + 6hy,...,xn + 6hy,)

for some 6 € (0,1). Using Theorem 2.4,

1 m,m—1

mom nem  ml
|Rin(h)| < oo |h["n 'Tf%ixfu\
< <|h|n2€)mma »
X .
- R

Whenever |h|n?e < R/2, we have R,,(h) — 0 as m — +oco. Thus the Taylor series converges to u
in a neighborhood of x. O
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2.3 Harnack inequality

Theorem 2.6 (Harnack inequality). Let Au =0 in Q with u > 0. Then for every compact K C Q
there exists C = C(n, K,Q) such that

1
o uly) su(z) < Culy)  VzyeK.
1
Proof. Let r = 1 dist(K,0Q). For all z,y € K with |z — y| < r one has B,(y) C By, () C Q. By

the volume MVP,

u(r) = WTL(WL/BQT(I)U(Z) dz > W/BT(y) u(z) dz

1 n

=on e /Br(y) u(z)dz = 2—nu(y)

1
Similarly u(y) > 2—”u(x), so

1 .
on u(y) < u(x) < 2"u(y) Va,y € K with |z —y| <.

Since K is compact, finitely many balls of radius /2 cover K. Chaining the local comparison along
a cover of length IV yields

1

oo W) <ul@) <2"Mu(y) Yoy e K.

O]

Remark 2.7. In particular, if Byr(zo) C Q and z,y € Br(zp), a direct MVP comparison on balls
of radii comparable to R gives a constant C' = C'(n) (e.g. C' = 3" in a standard configuration). For
a general compact K one covers K by balls Bgr(z;) with 4R < dist(K,0) and takes C' = cV.

Remark 2.8. Harnack’s inequality implies

supu < Cinfu.
K K
Theorem 2.9 (Harnack convergence theorem). Let {u;} be a monotone increasing sequence of
harmonic functions in Q. Suppose that at some point y € ) the sequence {u;j(y)} is bounded. Then
{u;} converges uniformly on every compact K € Q.

2.4 Green’s function
2.4.1 Introduction

Recall the fundamental solution

1

— log |z — al, n=2,

2m

Ia,z) = 1

- |z —a*™", n>3.
(n —2)wy,

We have A,I'(a,x) = 0 for x # a. Moreover,
/ V.I(a,x) -fido =1 Vr > 0,
OBy (a)

or
since — = VI'-n.

on
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Case n = 2.

/ v,.[-7id 1/ T8 270 1/ L do=1
JLfido = — . = — =1.
0B, (a) 27 JoB,(a) |T —al* |z —al 27 JoB, () |* — al

Case n > 3.

—9 1 _ _
/ vxr.ﬁdazn/ Ny
9B (a) (n =2)wn Jop, () |z —a[*™" |z —a] |z —d

1
= — r'"do = 1.
8B, (a)

Lemma 2.10 (Representation formula). Suppose €2 is bounded and u € C*(2) N C?(Y). Then for
every a € €,

ua) = [ Temdutdy— [ (PlanGhm - v @) do,

Proof. We treat the case n > 3. Apply Green’s formula on Q\ B.(a):

/ (TAu — uAT") dy
Q\B:(a)
ou or ou or
_ / (r% = uan) do, — /835(@ (r% = u%) do,.

Since AT'=0in Q \ B:(a) for every € > 0,

Estimate of I;.

1
‘/ F—day < ————— max |Vu| 52_"day:M£—>0 as € — 0.
0B.(a) ON (n — 2)wy, 9B.(a) n—2
Estimate of I5.
T 1 — -
lim ua— do, = lim <— u(y) A h— ) doy
e=0JoB.(a) ON =0 JaB. (a) ly—al™ |y —al
1 / 1
= lim u(y) doy, = lim ———— u(y) doy, = u(a),
B e Jopi " T BN BB Sy

as long as u € C'(Q). Combining the limits yields the claimed formula. O

Remark 2.11. (i) If a ¢ €, the right-hand side of the representation formula vanishes. Indeed
AT'(a,-) =0 in Q (no singularity), so

. ou or
OZ/QUAde—/QFAudy—/BQ<F8n—uan)day.

(ii) For every a € Q, I'(a, -) is integrable on  (despite the singularity at y = a).

(iii) Taking u =1 gives
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Derivation of the Green’s function. Let 2 C R™ be bounded and u € C1(Q) N C?(2). For
x €,

ou ar
uw) = [ Temdu)dy— [ (V)G =) 5ol o, (1)
Assume u solves the Dirichlet problem
—Au=f in{,
U=y on 0f).
Set G(z,y) =T'(z,y) + ®(z,y), where ®(z,-) € C*(Q) satisfies Ay ®(z,y) = 0 for y € Q. Then
ou 0o
0= [ oG nsumydy— [ (950 - un) G @) do, (12)

Adding (11) and (12) yields

ou oG
- [ Glemauds— | (GG - )G @) da,.
Choosing the corrector so that

Ay®(z,y) =0 y €9,
P(z,y) = —T(2,y) ye€ N,

we obtain G(x,y) = 0 for y € 092, and therefore

oG
/G z,y)f dy+/ g(y)%(x,y)day-

In other words, the Green’s function satisfies

AG =6, in 9,
G=0 on 0f).

It remains to solve for ® (equivalently GG) on concrete domains 2.

2.4.2 Properties of the Green’s function

Theorem 2.12 (Symmetry of the Green’s function). G(x1,z2) = G(x9,x1) for all z1 # o in Q.
(The diagonal x1 = x5 is singular.)

Proof. Pick x1,29 € Q and € > 0 small enough that B.(z1) N Be(z2) = 0. Write G1(y) = G(x1,v)
and Ga(y) = G(x2,y). Green’s second identity on Q\ (B:(z1) U B.(z2)) gives

/ (GlAGQ - GQAGl) dy
O\ (Be (z1)UBe (22))

e -t

0G2 0G1
_ /aBs(xl)<G18 — GQ%) do

0Go 0G4
- /aBg(m)(Glan ~Ga L) do

{AyGleyGQ:o in Q\ (Be(1) U Be(22)),

Note that

G1:G2:O on 0f).
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Hence

B 0Gy , 0G,
0= /835(:1:1) <G1 an o ) doy

(*)
0Gy 0G4
+/ G -G doy,.
83(@(1@ 2"on ) v

We check the case n > 3. First,

0G2 / 8G2
G1——doy, = Iz1,y) + ®(z1,y)) = doy,.
/aBml) Fon aBg(m( () o), o

1

- 12—
(n_ 2)wn|l‘1 y| )

Since I'(x1,y) = —

1 oG
/ |z — Y™ —2‘ doy, < C " 1e* ™ max |DGs| = Ce — 0,
0B (z1) (N — 2)wn, on

8G2 -1
O(z1,y)| | —=—|doy, < Ce"* — 0.
L @l o,

Thus
lim ¢, 2% do, =0,
e—0 OB.(z1) on

and similarly
lim GQ% doy = 0.

e—0 9B, (382) on
Next,

0G )
/ GQTl de - / GQ(y) Vy(F(a;l,y) —|—(I)(x1’y)) 'ndO'y.
0Bc(x1) n 9B (z1)

A direct computation gives

- (2—’0) 1-n Y —T1 y—a 1—
T e ] [T " . = —|y— ",
vy (wlay) n wn(n_2) ’y xl’ ‘y—CU1| ’y_ml‘ Wn, |y 1'1’
It is then not hard to see that
lim Ga(y) VyI'(21,y) - ido = Ga(z1),
e—0 OBe (1)
while
‘/ y) Vy® - nday’ < " ! max |Gs| max |V,®| — 0.
OBc(z1)
Therefore 8G
lim G ( ) ! dO'y = GQ(.%'1>
e—0 9B.(x1) an
Similarly,
) oG, B
il_r)I(l) 0B (22) Gl(y)% ddy = Gl(xg).
Passing to the limit in (%) yields Gi(x2) = Ga(x1), i.e. G(x1,x2) = G(x2,x1). O

Remark 2.13. (i) G(z,y) € C°(Q\ {z}).

(ii)) G(z,y) < 0 for y € Q\ {z}. Indeed, with the convention AI' = 0, one has I' - —oo as
y — x, while ® = —I" on 012 is harmonic in €. Away from the pole, GG is harmonic, G = 0 on
09, and G — —oo at y = x, hence the maximum principle yields G < 0 in Q\ {z}.
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Recall the representation

oG
u(r) = —/SZG(w,y)f(y)dy+AQg(y)% doy.

Writing v = u1 + u9, we have the decomposition
—Au; = f in Q, —Aus =0 in £,
u1 solves Uy solves
uy =0 on 02, Uy = g on 0f2,

and therefore u solves
—Au=f in Q,
U=y on 0f).

Remark 2.14 (Task). Find G(z,y) / ®(z,y) for concrete domains €.

2.5 Solving for the Green’s function
3 Greens functions on special domains; Perrons method

3.1 Green’s function for the ball
3.1.1 Ball Q = B(0)
Definition 3.1 (Inversion). The inversion of x € R™ \ {0} with respect to dBg(0) is

R2

This map sends 0 — 0o, oo — 0, fixes 9Br(0), and interchanges the interior and exterior of the
ball.

Idea. Invert the singularity from x € Br(0) to z* ¢ Br(0). Recall A I'(z,y) = 0 for all y # 2.
Hence, for n = 3 (and similarly in general),

Aﬂ“(gﬂ, ’mR‘y) =0 for y # x™.
Define the image term

O(z,y) = —F(mx* my)

R" "R
(so that G =T+ @), and obtain the explicit formula
1 2]
-_— 1 - - 1 ‘7 - 5 ‘ 9 = 27
2W<0g!w y| —log P R@/) n
G(z,y) = (13)

Verification. We need to check:
1. Ay®(z,y) = 0fory € Br(0). Since x € Bg(0) implies 2* ¢ Br(0), one has y # z* for y € Bg(0).

2. &(z,y) = —I'(x,y) for y € 0BR(0).



CSSE60003.01 — #UF 4B 572 19

Proof of the boundary condition. Let y € 0Br(0) and x # 0. Then |y| = R and

x| . x| )2 !x\2 |lz[* ! o
Tt = Dy = ety = S (I + gl 20 y)
|5'3|2 ‘ 2 R2
ar \2 T ey
:R2+|x\2—2x-y:\x—y\2.
Hence ] w
x| . |z
F(gzv ,§y> =I'(z,y)  fory e dBR(0),
so ® = —I" on 9BR(0). O

Lemma 3.2 (Normal derivative on dBRr(0)). Suppose G is given by (13). Then for all x € Bgr(0)
and y € 0BR(0),

0G R? — |z|?

%(l‘? y) =

Proof. Consider the case n > 3. From (13),

wnp R ‘I‘ - y‘n .

_ 1 . 2-n E _m 2-n
G(z,y) = (n—2)wn<‘x ?J\ ’|x|fc Ry )

Differentiating in y,
|| R

e — Ryl B

1 Yy—
V,G=—||z—y/'™" —‘—az—
= (' e el T RY

On 0BR(0) one has ’%':U — %'y‘ = |z — y|, whence

1 _ o 1 nf,_laf
Vszwnlw—yI”<(y—w) <R2 x))zwn!fﬂ—yl ( =Y

Therefore, with outward unit normal n = y/R,

oG _ y 1 n 1 o R —|z)?
G @) =D)G = oy R(1- ) = ey

Definition 3.3 (Poisson kernel). The function

K = —
(z,y) = 5 (2, y)
is called the Poisson kernel (for the ball).

Properties.

1. K(z,y) is smooth for z # y.

2. K(z,y) > 0 for all |z| < R.

3. K(z,y)do, =1 for all |z| < R.
ly|=R
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Indeed, recalling Green’s representation and taking u =1 (so f = 0 and G‘ 80 = 0),

oG
1= —(z,y) doy,.
20 8n( ) Y

Theorem 3.4 (Poisson integral formula). For every ¢ € C(0Bg(0)), define

u(r) = /<93R(0) K(z,y) ¢(y)doy, « € Br(0),
(), a € OBR(0).

Then u solves

Au=0 in Br(0),
u=¢  on dBg(0).
Proof. For x € Br(0),
Bu(w)= [ A K(wg) oly) doy,
0BR(0)

Since Ay K (z,y) = 0 for z € Br(0) and y € 9Bg(0) (the singularity of G lies at y = =z, which is
interior), and ¢ is bounded,

/ ALK (z,y) o(y) doy, = 0.
0BR(0)

It remains to check the boundary values. O

Theorem 3.5. For every 2° € 0Bg(0),

li = (9.
BR(O)gonOU(w) o(x”)

Proof. Fix 2° € 9Bg(0). Given ¢ > 0, choose § > 0 small enough that
lo(y) — p(a®)] < e whenever y € 9Br(0) and |y — 2°| < 4.
Then, for |z — 2°| < §/2,

u@) - o) = [ K@pel)do, - o) = [ K)o - o) do,
0BRr(0) 0BRr(0)
where we used [ K = 1. Splitting the integral,

lu(z) — ()] < / K(z,y) lp(y) — ()] doy =: I
OBRr(0)N{|y—=0|<d}

+ K(e,9) [o0) — ()] doy = I,
ABRr(0)N{|y—z°|>6}

For the near region, |I;| <e.
For the far region, |#° —y| > § and |z — 2°| < §/2 imply
0 g 1 0
ly -7l <y —al+5 <ly—a|+Jly—a,

hence |y — 2°| < 2|y — z| (so y is not close to x or 2°). Thus

I < 2max i) K(z,y)do,
OBR(0)N{|y—a0| >3}

R2 — |$|2
OBr(0){ly—20>5} B
< C(R? — [2?) / 2% — y| " do,
OBR(0)N{ly—20|>5}
< C(R? — |z} o ™.

<C |z —y|™" doy,

As z — 2% one has R? — |z|?> — 0, so I — 0. Combining with |I;| < ¢ yields the claim. O
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Remark 3.6. In the Poisson integral formula, taking x = 0,

1, R R .,

hence
1

R
u(0) = y‘"«ﬁydUZ_/ o(y) doy,
(0) /BBR(O)%H oy =g, [ ooy

which is the mean value property.

Lemma 3.7 (Harnack’s inequality in a ball). Suppose u is harmonic in Br(zg) and u > 0. Then
forr =z —xo| < R,

( R )n_QR_T u(xo).

" R )”—ZR—i-r
R+r R+r

(@0) < u(z) < (R R—r

—r
Proof. Without loss of generality take g = 0. The Poisson formula gives

1 R? — |x|?
wnlR Jop, |l —y

u(x) u(y) doy.

For |y| = R one has R — |z| < |y — z| < R+ |z|, and therefore

1 R-—|z| 1 n—2
<
wnR R+ |z (R+ ’33‘) /83R u(y) doy < u(z)

1 R+lz|; 1 n—2/
< do,.
~ wpR R — |z (R— |x]> 9Bn uly) day

By the mean value property,

1
whence R | R ) R el R )
— |z n— + |z n—
0) < < 0).
R—|—|x|<R+|x\) u()_u(x)_R—|x\<R—]m|) u(0)
O
Corollary 3.8 (Liouville). If Au =0 in R™ and u is bounded, then u is constant.
Second approach. From Harnack’s inequality,
R \n2R— || R \n2R+ |z|
0) < < 0).
(R+|:c|) R+|xy“()—“(”“’)—(37|zy> R a0
Letting R — oo yields u(0) < u(z) < u(0), so u=C. O

3.2 Green’s function for a half-space
3.2.1 Half-space

Let
R%} = {$I({L‘1,...,l’n)i$n>0}.

Definition 3.9 (Reflection). For z € R}, write

= (x1,...,Tp-1,—Tp) € R".
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Idea. Take ®(z,y) = —I'(z*,y). One needs

qu)(.%',y) = 07 y € Ri?
q)(l',y) = —F(l’,y), Yy e aRi

The first holds because the only singularity is at y = 2* € R”, while y € R}. For the second: if
y € ORY, then y = y* and |z — y| = |2* — y|, so

[(z*y) ='(z,y).

Thus G(z,y) = I'(z,y) — I'(z*,y) vanishes on the boundary (equivalently G = I' + ® with ® =
T, ).
Theorem 3.10 (Green’s function for the half-space).
]' *
5 (log |z —y| —log |2" — y]), n=2,
T
G(z,y) = 1 ) )
— — R 1 7] L > 3.
(n_Q)wn(\w y| 2" —y[*"), n>

Lemma 3.11. For x € R} and y € OR"},

3£( )_an 1
on Y=

Wy |z -y

Proof. Only the case n > 3 is written. One has 0G/0n = V,G - 7i, and

1 Y= wilon Yy —*
VyG=<|y—:v|1" —ly—a* " )

W, ly — x| ly — x*|

On the boundary |y — x| = |y — x*|, so

1 _ 1 _
VyG=—ly—al "y —w—y+a) = |-y " (~a+ ).
Wn w.

n

Here —z + z* = (0, ..., —2x,). Taking the outward unit normal 77 = (0,...,0,—1) gives
2
V,Goi=
Wy |z —y|™

Definition 3.12 (Poisson kernel for the half-space).

oG 2z,

Wn |$ - y|n

is the Poisson kernel for R’}. Define

K(ZL‘,y) go(y) daya T e Ri)
u(z) = ¢ Jorn

(), xr € ORY.
Theorem 3.13. Assume ¢ is bounded and continuous on OR'y. Then:

1. u solves
Au=0 inRY,
u=¢ onJdRY;
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2. u e C®(R™) N L®(R™);

3. lim u(z) = p(a°) for every 2° € OR".
z—2°
z€RTY

Proof. (1) Agu = [ypn AcK(2,y) (y) doy = 0, since A K (x,y) = 0 for z € R} (the singularity
-+
would require y = x, which cannot occur for y € OR"} ).
(2) Clear from the smoothness of K in € R’} and the boundedness of ¢.

(3) Fix 2¥ € OR".. Given ¢ > 0, choose § > 0 so that |¢(y) — ¢(2°)| < & whenever |y — 20| < §
and y € OR"}. Then

u(z) — p(2°) = K(z,y)(p(y) — ¢(z)) doy,
6R1
and
ue) — (e < [ K(z.9) lply) — p(a°)| do
R N{|y—x0|<4}

+ / K(z,y)|e(y) — 80(=T0)| doy
OR” N{|y—20|>5}

Tn
doy

< Ce + (max ]cp|)/

R {Jy—a0|>6} Wn [T — y["

<Ce+Cmp | gpn |z —y| " doy.
+

ly—2°|>6
As 2, — 0 (with z — 2°), the second term tends to 0, so |u(z) — ¢(z°)| < Cée for z sufficiently close
to z0. O
3.3 Perron’s method
3.3.1 Perron’s method

¢« We have shown existence of
—Au=f inQ,
u=g on 0f2

for the special domains €2 = Br(0) and 2 = R}, by writing out an explicit formula.
e This is not possible for a general domain §2.
e We will introduce two approaches to show existence:
— Perron’s method;

— energy method (calculus of variations).

3.3.2 Subharmonic functions

Definition 3.14 (Subharmonic / superharmonic). A function u € C%(Q) is subharmonic (respec-
tively superharmonic) if —Au < 0 (respectively —Au > 0) in .

Theorem 3.15 (Equivalent characterizations). The following are equivalent:
(i) w is subharmonic: —Au < 0 whenever Au exists;

(i3) for every ball B CC Q and every h € C*(B) N C(B) with Ah = 0 in B, if u < h on OB then
u<hin B;
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(iii)

u(zr) < ! / w(y)dy — Vr >0 with By(x) C £

(iv)

/ u(y) doy Vr >0 with By(x) C Q.
OBr(x)

Q
Sy

vl
Sketch. The equivalences (i) < (iii) < (iv) follow by the same arguments used for the mean value
property of harmonic functions.

(i) <= (iii)/(iv). For every = € Q take B,(z) C Q with w < h on 0B, (z). Then

1 1

u(z) < u(y) doy < ——
Y 7 10B Jos, ()

h(y) do, = h(x).
’aBT" OB, () ( ) Yy ( )

(ii) = (iv). Take the special harmonic function h solving

Ah =0 in B,
h=w on JB.
Then . )
h(x) = h(y)do, = —— u(y) doy,
(=) |0B:| JaB, (2) (v) do 0B JoB, (2) (v) doy
and u < h on 0B implies u(z) < h(z) by (ii). Hence
1
u(x) < u(y) doy.
(@) 0Br| JoB, () W) day

Lemma 3.16 (Maximum principle). If u is subharmonic in Q, then

sSup v = maxu,
Q o

or else u = C.

Proof. Define
Q1 == {z:u(z) =supu=: M} C Q,
Q

which is closed. The aim is to show that €; is open. For every = € € there exists B,(z) C € such

that, by subharmonicity,
1

S -
1Byl JB, ()

Hence v = M a.e. in B,, so B,(x) C ;. Therefore € is either empty or equal to {2

M = u(z) u(y) dy < M.

o if O =0, then maxgu = maxpq u;
o if Oy =, then u = M in €.
O

Lemma 3.17. Let u be subharmonic and v superharmonic, with u —v < 0 on 0. Then either
u<vinf), oru=wvin .

Proof. The difference u — v is subharmonic. O

Remark 3.18. A harmonic function is both subharmonic and superharmonic.
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3.3.3 Harmonic lifting

Let u be subharmonic in €2, let B CC €2 be a fixed ball, and let u be harmonic in B with « = u on
O0B. Then (using the Green’s function for the ball) either u < @ in B, or w = @ in B.

Definition 3.19 (Harmonic lifting). The function
u B
U(x) — U(x), x 6 bl
u(z), ze€Q\B,
is called a harmonic lifting of u in B.
Lemma 3.20. The lifting U is subharmonic in €.

Proof. Let B’ cC Q and let h be harmonic with A~ > U on dB’. We need to show U < h in B'.
Write

C,:=0B"\ B,
Cs:= 8B/ﬁB,
Cy = 0BNB.

Note that Ah = 0 and Au = 0.
On C) = 0B"\ B one has h > U = u by assumption (on the whole of 9B’). On C5 = 9B’ N B
one has h > U = 4 > u. Hence h > u on OB’, and since h is harmonic and u is subharmonic,

h>uwu in B

In particular, in B’ \ B we have h > u =U.
It remains to show h > U in B N B. On Cy = 0BN B’ one has uw = 4w = U, so h > 4. On
C3 = 0B’ N B one has h > U = . Since both h and @ are harmonic,

h>u in B'NB.
Thus h > U on B’, and therefore U is subharmonic. ]

Lemma 3.21. If uy,...,uy are subharmonic in Q, then so is max{ui,...,un}.

4 Perrons method and barriers
4.1 Equivalent characterizations of subharmonic functions
Recall the following are equivalent:

(i) —Awu <0 (if the Laplacian exists);

(ii) for every ball B CC Q and every harmonic A with u < h on 9B, one has u < h in B;

1
iii) u(x) < u(y) dy;
() 1) < gy [ )

1
iv) u(x) < u(y) doy,.
( ) () |8Br| B, (x) () Yy

Proof of (1)< (iii)/(iv). Define the spherical mean

1

o(r) =
") |0B:| JoB, ()

u(y) doy.
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With the change of variables y — x = rz, |z| = 1, so that do, = 7"~ do,

1 nl/ 1
r) = r uw(lx +rz)do, = — u(x +7rz)do,.
o(r) wprn 1 |2|=1 ( ) do Wn J|z|=1 ( ) do
Differentiating in r,
1 1 y—x 1 ou 1
'(r) = — -V do, = / -Vd:/ —d =/Ad3
o(r) Wn, |z\:1z u(e +rz)do wpr™ L Jop, T 1y wnr™ L Jap, On o wprtt g H

where the last step uses the divergence theorem and —Au < 0 (i.e. Au > 0). Hence ¢(r) > ¢(0),

that is
1

‘aBr| OBy

Integrating in r yields the volume mean inequality

u(y) doy > u(z).

1

< — u(y) dy.
|Br| JB,(2) 2

u(z)

O

Proof of (iii)/(iv)=(it). For every x € Q and every ball B,(z) CC Q, if w < h on 0B,(x) with h
harmonic, then

1 1
u(z) < ——— u(y)doy, < ———— h(y) do, = h(x).
) <GB Jomw "Y1 =GB @) S,y P = )

Proof of (ii)= (iii)/(iv). For every x € Q and every B,(z) CC {2, define h by

Ah =0 in By(x),
h=u  on dB,(x),

via the Green’s function. Then by (ii),

1

= udo,
10B:| JoB, (z)

do

< h(z -
(@) 10B;| JaB, (2)

and likewise for the volume mean of the harmonic function h. O

4.2 Harmonic lifting and the idea of Perron’s method
Harmonic lifting on a ball B. Define

U u x € B,
u x € B°

where @ is harmonic in B and @ = u on JB.
In one dimension, subharmonicity means —u” < 0 (i.e. u is convex). On an interval [a,b] the
harmonic lifting is the linear interpolant
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Idea of Perron’s method (in 1D). Consider

—u" =0
uw(0) =wug, w(l)=u;.
The exact solution is
u=1up(l—2z)+uz.

Starting from v € S, one repeatedly replaces v on subintervals by its harmonic lifting; continually
lifting subharmonic functions pushes them toward the solution.

4.3 Existence via Perron’s method
We turn to existence of a solution to

—Au =0 in Q,
U= on 0.

Let
Sy, = {v subharmonic in 2 : v < ¢ on 69}.

Theorem 4.1. The function

U= sup v
vES,

is harmonic in €.
Proof. Step 1: wu is well-defined.
e S, # (): the constant V' = minpg ¢ is subharmonic.
o u # +o0: for every v € S,
v(z) < supgp Va € (.
o0
In particular,

info < < .
infp < u(x) < Sup

Step 2: Fix any = € Q. There exists a sequence {v,} C S, with lim, o vp(z) = u(z).
Replacing vg by max{vy, ..., vy, inf¢}, we may assume {v,} is increasing and bounded from below.
Let B = Br(z) CC Q, and let V,, be the harmonic lifting of v,, in Br(z). Then V,, € S, and

lim V,(z) = u(z). (%)

Proof of (). By definition of lifting, v,(r) < V,(x), so u(x) < lim, V,(z). On the other hand,
Vo €S, implies V,,(z) < SUpyes, v = (), hence

u(z) < liTanVn(x) < u(z).

O]

Step 3: The limit v := lim,, o V5, is harmonic in Bg/o(x). (Here {V,,} is harmonic in Bg(x).)
By the gradient estimate, for any harmonic h,

sup |D%h| < C sup |h|.
Brya(z) Br(x)

Hence
sup sup |DV,|<C.
. Brsa(x)
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A subsequence V,,, therefore converges uniformly on Bp /2(z) to v. By the MVP (uniform conver-
gence is needed), v is harmonic.

Step 4: We show u = v in Bp/y(x) (note v < u). Assume there exists 2’ € Bpg/o(z) with
u(x’) > v(z’). Then there exists ug € S, with

v(z') < up(x') < u(a’).

Set wy, := max(ug, Vp, ) > uo, and let Wy, be the harmonic lifting of wy, in Br(z). Then Wy, converges
uniformly on Bp/s(7) to a harmonic function w, and

v(y) Sw(y) <uly)  Vy € Brpa(a).
Evaluating at the center and using () gives v(z) = w(z) = u(z). By the MVP,

1 1

w(y)dy > v(y)dy = v(z) = w(z),

w(z)

_|BR/2(-T)| Bprya(x) |BR/2(x)| Bry2 ()

so v = w in Bgy(x). This contradicts w(z') > up(x') > v(a2’). Hence u = v in Bpjy(x), and u is
harmonic in Bpg/s(7).
Step 5: Since x € (1 is arbitrary, u is harmonic in 2. O

4.4 Boundary behavior and barriers
Boundary behavior. Does u = ¢ on 0027
Definition 4.2 (Barrier). Let £ € 9§2. A function 8 € C(Q) is called a barrier at ¢ with respect to
Qif
i) 8>0in Q\ {&}, and B(§) = 0;
ii) B is superharmonic in €.

Definition 4.3 (Regular point). A point £ € 99 is reqular if there exists a barrier 5 at £ with
respect to €.

Remark 4.4. A barrier is a local property at Q2. If 5 is a barrier at £ with respect to €2, then for
every ball B,(£) one may form

5 _ Jm=infq\p, B z € Q\ B,
| min(m, B) r € QN B,
which is again a barrier.

Theorem 4.5. Let u = SUPyes,, v be as in Theorem 4.1. If £ is a regular point of 02 and ¢ is

continuous at &, then
lim = p(§).
Qalx—>£ U(JJ) (é)

Proof. Let € > 0. Then there exists 6 > 0 such that
lp(x) —p(€)] < e if x € 00 and |z —¢| < 6.

Let M = supyq |¢|, and let 8 be a barrier at €. Define g : 992 — R by
g(z) = liminf 5(y).
yeN

Then ¢ attains its minimum m; on {|x — &| > §} N IN. Define

V) = #(©) ++ 22 201 — p(9))

(Note B(¢) = 0 implies V(£) = p(€) 4+ £.) Then V is superharmonic since 3 is.
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Boundary values of V.
o If x € 990 and |z — &| < 4, then

1ilrlgi£1fV(y) > p(€) +e > o(x).
ye

o If €00 and |z —&| > 0, then

li%/gi%}fV(y) > (&) + &+ 2M — p(€) = 2M + & > ¢(z).
yeN

Thus V is superharmonic and V > ¢ on 9. Recalling that u is harmonic with v < ¢ on 99, the
strong maximum principle yields u < V in €, and

limsupu(y) < V(€) = ¢(&) +¢.
v

Since € is arbitrary,
limsup u(y) < ¢(§).

y—=¢
yeN
Similarly, define
V() = #(©) -~ 22 (o() + 21),

where limsup,_,, ,ecq 8 < ma for [z —§| > §. One can show

V is subharmonic,
V < ¢ on 09,

ie. V € S,, whence V < u. Therefore

0(€) —e <liminfV(y) < liminfu(y).
y—=¢ y—¢
yeN yeN
Combining the liminf and limsup estimates,
p(&) < liminfu(y) < limsupu(y) < ¢(£),
y—¢ y—¢
ye ye

SO

lim u(y) = ¢(§).
y—€
yeEN

O

Examples of barriers: exterior sphere condition. Suppose that for every £ € 0f2 there exist
R > 0 and y € R” such that

Br(y) NQ = {¢}.
Define
R — o —yP™" >3,
Blz) =
log(jz —yl/R)  n=2
Then:
e B(z)>0forallx e Q\{¢}

o A,f <0 in Q (superharmonic);

< B(€) =0.

Hence f is a barrier at &.
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5 Dirichlet principle

Perron’s method is not a convenient numerical device. An alternative is the energy method, which
recasts the Dirichlet problem as a minimization of the Dirichlet integral.

5.1 Energy uniqueness

Consider

{—Au = f inQ, )

u=4g on 0f2.

Previously uniqueness followed from the maximum principle. Now assume w1, us are two solutions
and set w := uy — uy. Then

Aw =0 in £,
w=20 on 0.

Green’s identity gives

Oz/wAwdm:/ wawda—/Vw-dea:.
Q oo On Q

The boundary integral vanishes since w = 0 on 02, so
0:/ |Vw]?dz >0 = Vw=0inQ — w=CinQ.
Q
But w = 0 on 09, hence w = 0 in Q, i.e. u1 = us.

5.2 The energy functional
Define

Elv] := /Q(%VU’Z — fv) dx,

on the admissible class
A={veC*Q)NCQ) |v=gon o}

Theorem 5.1 (Dirichlet’s principle). 1. If u € A solves (%), then
Elu] < Ev] Vv e A.
2. If u € A satisfies E[u] < Elv] for all v € A, then u solves ().

In other words,

u € argmin, ¢, Ev], or mi/r\l Elv] = Elul.
vE

Proof. (1) For every v € A,
0:/(—Au—f)(u—v)dx (u—v]an = 0)
Q

:/VU-V(u—v)—f(u—v)dx.
Q

Hence
/ (|Vu‘2 _ uf) dr = / (Vu - Vv — fv) dx < / (%|Vu|2 + %|Vv|2 _ fv) dz,
Q Q Q

where we used Vu - Vo < |Vu|? + 1|Vv|?. Rearranging yields

E[u]:/g<5|Vu2—uf> dx§/9<5|Vv\2—fv> dx = E[v] Vv € A.
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(2) Conversely, fix any ¢ € C°(Q2). Denote F(s) := Efu + s¢] for s € R. Since ¢ € C2°(Q2) one
has ¢lgn = 0, so u + sp € A. Minimality gives E[u] < Efu + sg], i.e.

/Qé(lle— IV (u+59)?) — fu— (u+tsp)) da <0
— /Qé(IW — [Vul® = 2|Vl — 25Vu- Vi) + sfpdz <0
= /Q—S;V90!2+sg0(Au+f)dx§0

— /Qcp(Auan)dxg/Q

Letting s — 07 (and repeating with —¢) yields —Au = f in Q.
Alternatively, F'(0) = 0 gives

v 2
‘5'5 Vs > 0.

F(s)— F 1
0 = lim () © = lim — <§|V<p|2 +sVu- -V — sfcp) dx
Q

s—0 S s—0 s
= / (Vu-Vo — fo)de = / o(—Au — f)dx.
Q Q
Since this holds for all ¢ € C2°(Q2), we conclude —Au = f in Q. O

5.3 Convexity and the direct method
Remark 5.2 (Convexity of E). The energy F is convex, i.e. for A € [0, 1],

EXu+ (1= Av] < AEBu]+ (1 — N\ Ev].
One needs to check that Au+ (1 — A\)v € A whenever u,v € A; this holds because
(4 (1— A)v)‘m — Mg+ (1=Ng=g.
To see convexity, expand
E[duA+ (1 -] = /Q(;\Wu + (1= Vo’ = fu+ (1= ) ) de
- /Q(;Aﬂvuy? + 11— N2 Vo2 + A(L = A) V- Vo — Afu— (1— A)fv) dz.
Hence
E[du+ (1= Av] = AE[u] — (1 — \)E[v]
- /Q(;(AZ ) Va2 + 3((1 = N2 = (1= X)) [Vol2+ A1 = A) Vau- w) dw
— A(1-N) /Q<;|Vu|2 + Vo2 = Vu - w) dx
=-\1-)) /Q 2| Vu — Vo2 dz < 0.
Outlook. Does E have a minimizer?

1. Later one shows that F has a minimizer in a larger space — a Sobolev space.

2. One then shows that the minimizer lies in A again (regularity theory).
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6 Finite difference methods for elliptic equations

The Dirichlet principle produces a well-posed Poisson problem, but does not by itself yield a com-
putable solution. On a bounded interval (or a rectangle) the Laplacian may be replaced by a
second-order central difference, leading to a sparse linear system whose stability mirrors the con-
tinuous maximum principle.

6.1 Interpolation and the central difference
Remark 6.1 (Taylor / piecewise linear). I1(z) = f(a) + f'(a)(x — a) satisfies
1 1"
f@) - ) = T @ - ar < Wy

while the constant interpolant Iy has error O(h).

On [a,b] with b = a + Nh, use values of f at the N + 1 nodes a,a + h,...,b. Advantages of
piecewise linear interpolation: derivatives of f are not required; the approximant is continuous;
second-order accurate.

On the i-th subinterval [a + (i — 1)h,a + ih],

a+ih—x .z —(a+(i—1)h)
T—i—f(a—i—zh) . ,

Io(z) = f(a+ (i — 1)h) (discontinuous).

Hat-function form:

In(z) = f(=;) ¢j(x),
j

where ¢; is the standard piecewise-linear “hat” supported on [z;_1,xj4+1] (uses information from
3 points, more accurate, but still second-order O(h?)). The same hats span the P; finite-element
space in Section 19.

6.2 Model BVP and L* stability

Consider the 1D Poisson problem
fecC. (14)

(Here A encodes diffusion/viscosity.) Existence and uniqueness hold; if f € C then u € C?;if f >0
then v > 0.

Remark 6.2 (L>™ estimate). For —Au = f in Q C R?3 with u|spq = 0,
[ull Lo @) < CllfllL=(0)
(zero boundary data, so u cannot be a nonzero constant). In the 1D model on (0, 1),
1
1wl oo 0,1y < é”f”LOO(O,l)-

Exercise 6.3. For —u,, = f on (0,1) with u(0) = u(1) = 0, prove |ul[r~ < &[|f|lz~. Hint:
consider V = u+ % (2 — %)2”wa
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6.3 Central differences and the discrete matrix
Return to (14). Take h = %, partition the interval into NV subintervals, x; = jh, 7 =0,..., N, and
write 4; ~ uj = u(x;).

On [z, 2j4+1], the linear approximation

I(z) = u(%)w + U(Q?j+1)x _}l$j, I'(z) = @) — u(z))

For the second derivative,

HGCEIETICRD)

1 (v(xj+1> — (@) () - v(%’l)) _ vlmi) — 20(z) + v(ws)

v (z5) ~

T h h h h2
Hence —0,,u = f becomes, for j =1,..., N — 1,

Cu(@js) — 2u(z;) + ulzj-1)
2

= f(xj)7 (15)

with boundary conditions u(zg) = u(zy) = 0.

In matrix form one may write a discrete system for the full vector u = (ug,...,uy)?, but the
natural way to impose Dirichlet data ug = uy = 0 is to eliminate the boundary unknowns and solve
Bu = f for u= (u1,...,uny_1)T, where

2 -1 0 0
-1 2 -1
1 T
B=-5l0 -1 2 o, f=@),. .. flan-1))
»
0 0 -1 2

The matrix B is symmetric positive definite: for v € RV =1,
1 N—2
vI By = 3 (v% + Z(Uz —vis1)? + UJQV_1> >0,
i=1
with equality iff v = 0. Hence B is nonsingular and u = B! [ exists and is unique.

Remark 6.4. Enlarging to an (N + 1) x (INV 4 1) stencil whose first/last rows are #(1, -1,0,...)
and %( ..,0,—1,1) produces a singular Neumann matrix (constants lie in the kernel). Dirichlet
conditions must be enforced by eliminating ug, uy as above, not by that enlarged stencil.

6.4 Error analysis (qualitative setup)

1. How different are the properties of the discrete solution formed by u from those of u?
2. How accurate as h — 07

3. |u(zy) —a;] =7

Model test problem:

{—Omu = sin(mz), (16)

u(0) =u(1) = 0.
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6.5 Discrete matrix B: non-negativity and stability

Return to the 1D Dirichlet Poisson problem

{—amu —f in (0,L),
u(0) =u(L) =0,

with A = L/(n + 1) and the reduced system Bu = f,

2 -1 0 0
. -1 2 -1
B:ﬁ 0 1 9 0 eRan7 ﬂ:B_li
0 0o -1 2

The continuous problem satisfies
(a) non-negativity: f > 0= u > 0;
(b) boundedness: [|ufoo < £/ floo (on (0,1)).

Proposition 6.5 (Discrete non-negativity). Write B~ = (b;;). Then b;; > 0 for all 1 <i,j < n.
Hence if f; > 0 for all 7,

n
u; = Zbijfj > 0.
j=1
Proposition 6.6 (Discrete stability). 0 < Z?Zl bij < % for every 1 < i <mn. Consequently

el oo = max|"> by f5] < mase (3 b3y} 1£lloe < 1711,
J J

ie. | B oo < %

Remark 6.7 (Discrete norms). For v € R™ and A € R"*",

n 0\ 1/2
lolloe = max foil, lolle = (3 i)
j=1

1<j<n

and the induced matrix norms are

Av
1Al I Avl, [Afloo = max >~ lail, IAllr = max )~ lail, [All2 = v/ Amax(A*A).
j i

= sup )
v#£0 ||U||p

All finite-dimensional norms are equivalent: there exist Cq, Cy > 0 with C1[|All, < [|Allq < Cal|Allp.
The discrete L? norm of a grid function is (Y, | f(z;)[?Az) 1/2, approximating (f; | f|? dz) vz

6.6 Truncation error, consistency, and convergence
Assume v € C*4. Taylor expansion yields the central-difference identity

v(zj11) — 2v(x;) + v(zj1) h?

. . o
e = o'(a5) + 0 ®(E)
for some & € [z;_1,2j4+1]. Applied to —0zzu = f,
—u(xir1) +2u(xr;) —u(ri_1 h?
(@j41) hg i) — ulzj—1) = f(z;) + 75, = —EU(A‘)(fj)

T; = truncation error).
J
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Definition 6.8 (Discretization error). e; := u(x;) — u;, where u; is the numerical solution (dis-
cretization error).

Comparing the exact grid values (including truncation) with the numerical scheme gives

—ej+1t2ej —¢j
h2

=Ty, 1§j§n, 60=€n+1=O,

or in matrix form

Theorem 6.9 (A priori error estimate). Using discrete stability B~ o < %,

2
<1 < (4) )
lelln < Hizloe < g max, fu(z)
Thus the scheme is second-order, O(h?), provided u € C*.

Definition 6.10 (Consistency). Consistency: %in%) |I7]|ce = 0.
—

For a general elliptic discretization Bu = f and the consistency relation Ba = f + 7, the error
e = 1 — u satisfies the error equation

Be=1r = e=B'r.
Stability ||B™!ls < C then yields |le]|oc < C||7]|cc — 0 as h — 0:
stability 4+ consistency = convergence.

In the 1D Dirichlet Poisson case, |7« < C|h|? (second-order).

6.7 Neumann and Robin boundary conditions
6.7.1 Pure Neumann is not unique

The continuous problem
—Ogzu = f in (0,1),
w'(0)=u(1)=0

is not unique: if ug is a solution then so is ug + C. A well-posed model is the reaction—diffusion
BVP with ¢ > 0,

— Ozt + cu = f
W(0)=a, U(1)=4.

6.7.2 Interior stencil
With z; = ih, x9 = 0, xy = 1, the interior equations are

—ui1 4 2u; — i1 + chu;
2

=f, i=1,...,N—1.

6.7.3 Method 1: one-sided differences (first-order)

At z = 0, “51° = q, rewritten as h—g(uo —uy) = —%. Atz =1, XN & B rewritten as
%(uN —un_1) = % The resulting (N + 1) x (N + 1) system has diagonal entries > 0, but the
boundary approximation is only first-order:

Uy — Uo

h

u'(0) = O(h) (first-order accuracy).
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6.7.4 Method 2: ghost points (second-order)

Introduce a ghost value u_1. At zg,

—u_1 4 (2+ ch®)ug — uy = foh?,
Uy —uU—q

5% ~ o = u_1 = uy — 2ah.

Eliminating u_ yields
(2 + ch®)ug — 2u1 = foh? — 2ach.

Similarly at zy with ghost uyy+1 = uny—1 + 28h,
—2un_1+ (24 ChQ)uN = h2fN + 203h.

The matrix equation is

200
2+ch? -2 fo—7
) —1 2+ ch? -1 i fi
2 : - : = :
—1 2+ ch? -1 UN fn_1
_ 2 2
2 2+4ch fN+7ﬁ

Taylor expansion confirms second-order accuracy of the centered Neumann formulas:

u(h) —u(=h)

o =4/(0) + O(h?) (second-order accuracy!!).

6.7.5 Robin / mixed BVP
Exercise 6.11 (Robin).

{_6mwu =/,
u0)=a, u(1)=p

combines Dirichlet and Neumann (homework).

6.8 2D Dirichlet Poisson: five-point stencil
Consider

— Au = —0pu — Oyyu.

—Au=f inQ=(0,1) x(0,1),
ulag =0,

6.8.1 Five-point method

Central differences give

—u(z — Az, y) + 2u(x,y) — u(x + Az, y)
(Az)? ’

—u(z,y — Ay) + 2u(z,y) — u(z,y + Ay)
- yy“(may) ~ (Ay)2 .

*amcu(ma y) ~

At grid point (i, ), with ui; ~ u(zi, y;),

Ui 20 = Wiy g1 20 =

(Az)? (Ay)?

—Au;; =

Homogeneous Dirichlet: ug ; = up41,; = 0 and u; 0 = 1 mq1 = 0.
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6.8.2 Matrix form

Lexicographic ordering u = (u11,ua1, ..., Un1,U12, - - -, Unm) " produces a block-tridiagonal system
Au = f. For Ar = Ay = h and n = m, the five-point stencil reads

—Ui—1,5 — Wit1,j — Uij—1 — Uij+1 + dug;

In block form,
Ay + 21, -1, 0
. -1, A +21 -1,
0 I, A, +2I ’
where
A 1
A, = -1 2 -1 I, = I.
(Ax)? N T (Ay)?
The discrete energy identity
1
VIAV = Z s (Vig = Vicr)* + ol Vij-1)?| >0

with equality iff V' = 0 shows that A is SPD, hence the discrete solution exists uniquely. Truncation

error for smooth u is

(Az)?
12

(Ay)?
12

pu(Si ) — dyu(zi,n;) = O((Ax)?, (Ay)?).

Tij = —

6.8.3 Jacobi iteration
Assuming Az = Ay = h, rewrite the stencil as
4u(k—l—l)

h2

I & k k
_fl] ( ( ) +uz(+)1] +uz(j) 1 +uz(j)+1)

In vector form U®*+1) = %QF + iC’U(k). The exact discrete solution satisfies the same fixed-point
relation, so

[T — ) < g)Ciu® - o).

In the oo-norm one has ||C||oo = 4, 50 1||C||oc = 1 is not a strict contraction. Convergence of Jacobi
follows from the spectral radius p(C'/4) = cos(mh) < 1.

Remark 6.12 (Residual loop). Input uw9); update

k+1) k k
“5; *fw ( & +uz(+)1] + Uz(j) 1 "‘“z(g)ﬂ)'
set residual res®+D) = [lu*+1) — 4| and iterate until the residual is small.

6.9 Worked examples

Example 6.13 (Exact discrete solution for a sine right-hand side). Consider

{—u” =sin(nz), x€(0,1),
u(0) = u(1) = 0.
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The exact solution is u(z) = 7~ 2sin(rz). On the uniform grid ; = jh, h = 1/N, the load vector
is f; = sin(mjh). The eigenvectors of B are vj(-k) = sin(kmjh) with eigenvalues
4 kmh
)\k:ﬁsiHQ(%>, k=1,...,N —1.

Hence the discrete solution is exactly

sin(mjh)  h2?sin(mjh)

BTN T 4sin’(nh/2)

The grid error is therefore a pure amplitude error:
max}u(mj) —uj| = ’7r72 - )\1_1‘.
J

A short computation gives the second-order table

N h  max|u—uy|  error/h?
J

4 1/4 537x1073 8.60 x 1072
8 1/8 1.31x1073 8.40x 1072
16 1/16 3.26 x 107* 8.35 x 1072
32 1/32 814x107° 834 x 1072

. . . . 2 _
The ratio error/h? approaches 72 /120, consistent with the truncation 7 = —%u(4) and ||B7 || < %.
—u" = sin(nx), Dirichlet 1D Poisson: second-order convergence
0.10 - - |lu-upfl
~=- 0(h?)
0.08 - 10-3
s
0.06 5
IS
> S
C —
T 10 4 |
0.04 - S
1S
0.02 4
10—5 4
0.00 +
0.0 0.2 0.4 0.6 0.8 1.0
X h=1/N

Figure 1: 1D Dirichlet Poisson —u” = sin(mx). Left: exact solution and the central-difference profile at
N = 8. Right: max-norm error versus h, with slope two.

Example 6.14 (A 3 x 3 five-point system). On the unit square take h = 1/2, so there is a single
interior node (1/2,1/2). The five-point stencil with homogeneous Dirichlet data reduces to

4du h?
7h;1 =/m = U = 7f(%7 %)

If f =1, then uy; = 1/16. The exact solution of —Awu = 1 in (0, 1)? with zero boundary values is not
elementary, but the same one-point scheme already illustrates uniqueness of the discrete Dirichlet
problem (the 1 x 1 matrix 4/h? is SPD).
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five-point up, N =32 error u — up
1.0 10
0.8 0.8
0.6 0.6
0.4 0.4
0.2 02
0.0 0.0
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
X X

2D Poisson —Au = 2n?sin(rx)sin(my)

10-2 4 - |lu—up~
1 -—- o)

1073 E

maXx-norm error

1/64 2x1072 3x1B2 4x1072 6 x 106
h

1/8

0.0008

0.0006

0.0004

0.0002

0.0000

Figure 2: Five-point Poisson for u = sin(wz)sin(my). Left: discrete solution. Middle: pointwise error.

Right: max-norm convergence.
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Example 6.15 (Manufactured 2D solution). On (0, 1)? take u(z,y) = sin(rx) sin(ry), so —Au =
272 sin(mz) sin(ry) with homogeneous Dirichlet data. The five-point matrix is diagonalized by
discrete sines; Figure 2 shows the computed field at N = 32 and the O(h?) max-norm error.

Exercise 6.16. For —u” = sin(27z) on (0,1) with u(0) = u(1) = 0, write down the exact discrete
solution on the grid z; = jh and check that the error is still O(h?).
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Part 11
Heat and wave equations

7 The heat equation

Consider the initial-value problem

ou=Au+f, x€R" t>0,
u(0,2) =g(z), xeR*® (t=0).

7.0.1 Fundamental solution

Assume f = 0. By the Fourier transform,

Why Au(¢) = —[¢[2a(§)?  First,

oju(§) = (2m)" 2 dju e dx

igj u(§)-
Therefore
Au(§) =Y dju(8) = Y (&) —(&)*a() = ~l¢” a(e).
j=1 j=1 J=1

Consequently the heat equation becomes an ODE in t:

d . N
{ﬁMuog%M@»
(0,€) = 9(6)

Lloga(t,6) = —leF = alt,e)=g(e)e

SO

Equivalently,
a(t, &) = e g(e)  (or ult,z) = ePg(x)).

Recall: convolution theorem.

—

@ P(€) = G P(€) (2m)2,
where

(o 0)w) = [ ola—y)vly) dy.
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Indeed,

—_—

pxp(§) = (2m)~

B

/Rn < /Rn p(r—y)P(y) dy) et dxy

| ele-pvwe =y,

|3

— (2m)"

By Fubini and the change of variables z =z — y,

—

Fri =t [ e riayas

Now
SO

Inverting the Fourier transform,
['(z) = (27r)‘3(27r)—’5/ et i€ g
== (271')”/ eft|£‘2+i1'§ df

Completing the square,

P e = (Vie_ N2 2P

hence )
iT 7;2

I(z) = (277)_”/ 67(\/2572\/5) el d¢.
Let .

Y

" 3 NG €= (t71%)"dn

Then

The Gaussian factors as a product of one-dimensional integrals:

|3

/ne—Ulen: (/_(:e—n%dm)...(/_oo e—ngdnn> (V) =,

o

Therefore

In summary,

where

SO
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The integrand is the heat kernel (Gaussian)

_Jz—y?

K(z,y,t) = (4mt) 2 e @
which is singular at ¢ = 0.

Theorem 7.1. Let g € C(R™) N L>®(R"™) and set

u(t, ) = - K(z,y,t) g(y) dy

(the representation exhibits a smoothing effect). Then:
(i) ue C;
(it) (0r — Az)u =0 for all (t,z) € (0,00) x R™;
(iii)
(t7x)li%7x0) u(t,z) = g(x°) vl e R™

Remark 7.2 (Properties of K). The proof follows from basic properties of K:
(a) K € C*;

(b) (0 — Ap)K(z,y,t) =0 for t > 0;

(¢) K(z,y,t) >0 for ¢t > 0;

(d) K(z,y,t)dy =1 for all x € R™, ¢t > 0;
R?’L

(e) for every § > 0,

lim K(z,y,t)dy =0
t—0 ly—z|>6

uniformly in x € R™.

Proof of Theorem 7.1. (i) & (ii). Since K € C*° with uniformly bounded derivatives of all orders
on [d,00) x R™ for each 6 > 0, one has u € C*°. Moreover

Ou — Au = / (0 — Ap)K(z,y,t) g(y)dy = 0,

because (0, — Agz)K = 0.
(iii). Fix 2° € R® and € > 0. Choose § > 0 small enough that

lg(y) —g(z)| < e for all |y — 2% < 6.

Also, for |z — 2% < 6/2,
u(t,z) — g(2¥) = - K(z,y,t) (9(y) — g(=)) dy,

because [p, K(z,y,t)dy = 1. (One way to see the latter: if

owu = Au,
u(0,z) =1

then u = 1, since dyu = 0.)
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Split
fu(t, ) — g(a2)] < / K(z,y,t) lg(y) — 9(«)] dy
ly—a0[<d
4 / K(z,y,t) l9(y) — 9(a%)| dy =: I + .
ly—x0|>8
For the near-field integral,

him [ K@ut)lgl) - g6l <e [ Kty
ly—29]<d R™
For the far-field integral: if |z — 2% < /2 and |y — 2°| > 6, then
ly =2 <y — a2l + e —2° < |y -2l + 3,
and hence
§<|y—2% <2ly -z (in particular |y — z| > %)
Therefore

lz—yl|?

IQS/ 2max |g| (4nt) "2 e @ dy
ly—z|>6/2

_lz—y?

SCt_g/ e” 4 dy.
ly—x[>6/2

Let % = 2,50 dy = (V/4t)" dz. Then

I, <C el g 20 g
21> 127
(exponentially fast).
Combining the estimates for I; and I yields (iii). O

8 Inhomogeneous heat equation: Duhamel, maximum principle,
and uniqueness

8.1 Inhomogeneous heat equation

Consider
{atu —Au=f(t,z) t>0, x €R",

u(0,) = g(z) z € R".
The candidate solution is
t
w= K(fc,y,t)g(y)der/o A K(z,y,t —s) f(s,y) dy ds.
Aim: u solves (%) and
li t,z) = g(z0).
(t,x)i%,xt))“( ,x) = g(z")

By Duhamel’s principle, set
wt.o) = [ Kep.0a()dy.

us(t,z) = /Ot/nK(a:,y,t— s) f(s,y) dy ds.
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By previous arguments,

(O — Az)up =0 and (t,x)li%,xo) ui(t,z) = g(z).

It suffices to show the following.

Theorem 8.1. Assume f € C°([0,00) x R") (with compact support). Define

t
us(t, ) :/0 - K(x,y,t —s) f(s,y)dyds.

Then:
(i) ug € CO([O, 00) X R”);
(ii) (Oy — Az)ug = f(t,x) for all (t,x) € (0,00) x R™;

(1i7) (t7x)li>%7xo) us(t,z) =0 for all 2° € R™.

Proof. (i). Note that K(z —y,t) is singular at ¢ = 0; we move derivatives onto f to avoid this. That
is,

_lz—y?
a(t, x) // (Am(t —s))"2 e 1G9 f(s,y)dyds
=Kxf in Rt x R" (space — timeconvolution).

Change of variables (s,y) — (t — s,z — y) yields

o(t, ) //47?575_

flt—s,z—y)dyds.
Differentiating in ¢,
t n ‘y‘z
Opus(t,z) = / / (dms) 2 e 45 O f(t — s,z —y)dyds
2
+/ (4nt)"2 e ~4 f(0,z —y)dy.

Claim.
d

dt Jo
Indeed, let s = t1, so s € [0,t] iff 7 € [0,1] and ds = tdr. Then

t 1
/ F(t,s)ds = / F(t,tr)tdr,
0 0

t 1
d/ F(t,s)ds:/ [t O F (t,t1) + tT O, F(t,t1) + F(t,t1)] dr
0 0

dt
t tg t 1
:/ 8tF(t,s)d8—|—/ 0SF(t,8)ds+/ F(t,s)—ds
0 ot 0 t

t t
F(t,s)ds = / OF(t,5)ds + F(t,1).
0

and

Integrating by parts,

/OtiasF(t,s)dS: [F(t’s)f}t, _/Ot1F(t75)d3:F(t,t)—/0t1F(t,s)ds.
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Hence

d t t
A b, syds = / OF(t, ) ds + F(L,1).
dt Jq 0
In our case
F(t,s) = A K(y,s) f(t — s,z —y)dy,
S0
t
atUQ<t,.%'):/ K(y,s)@tf(t—s,a;—y)dyds—i— K(yat)f<07$_y)dy
0 JR7 Rn
Similarly,

t
Opyus(t, ) = / K(y, 8) 00, f(t — 5,2 — y) dy ds.
0 R™

Repeating the process yields
uz € C*((0,00); C*(R™)).

(ii). We have
¢
@ = Bua= [ [ K5 @f - Auf)t — six ) dyds
0 Jr»
+ A K(y,t) f(0,z —y) dy.
Idea: split (0,¢) = (0,e) U (e, t), using smallness on (0, ) and differentiability on (e,t). Write

(0r — Ag)ug =11 + Io + I3,

where
= [ ] K00 = Aaf)t = 5.~ )y
L= K@~ 80~ s )y,
Iy = - K(y,t) f(0,z —y) dy.
For I,

1) < max(0uf 1+ 18,8 [ [ Ko dyas

Since [pn K(y,s)dy = 1,
| < C-e =5 0.
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For I,

~+

I
— T
— a5

o
|

K(y> 5) (atf - A:Bf)(t — 57— y) dyds

n

K(y> 3) (_8Sf - Ayf)(t - 5T = y) dy ds

n

(—AyK(y, s)) flt—s,z—y)dyds

n

t
+/ 0sK (y,s) f(t — s,z —y)dyds
e JR™

~+

t
s=¢

— || K@) f(t - s —y)dy]

e
_ /:/ (s — AYK (y, 8) f(t — 8,2 —y) dy ds

1

+ RnK(yye)f(t—&x—y)dy— RnK(y,t)f(O,x—y)dy-

For s > 0 one has (0s — Ay)K(y,s) =0, and the last term equals /3. Thus
Ltl= | Kye)ft—er—ydy= | K(xye)f(t—cy)dy
R" R"

Therefore

1111(1)([1 + Is + Ig) = lim K(z,y,e) f(t—e,y)dy
E—r

e—0 R"

=lim [ K(z,y,¢) f(t,y)dy = f(t, ),

e—0 Rn

by Theorem 7.1 (recall: lim. o [p. K(z,y,¢) f(y) dy = f(x)).
(i).

t t
fua(t, 2)] < ||| 5o 1 /0 /R K(y,s)dyds < | fll oz /0 ds = |[fllzers -t 2% 0.

Thus

t
uta)= [ Keys@dy+ [ [ Kot fe)dyds

solves the inhomogeneous problem (Duhamel’s principle).

Remark 8.2 (Differentiating under a moving domain). Let ©(¢) C R™ and let v(¢, z) be a velocity

field. Then d
/ fdl‘:/ fv'ndaz—l—/ O f dx.
dt Jo) o90(1) Q(t)

By Green’s formula this equals

/ (div(fv) + 0,f) da.
Q1)

In fluid mechanics, 0; f + div(fv) is the material derivative Df (material derivative).

Recall the transport equation
of+v-Vgf=0,

which is equivalent to

o f +div(fv) =0
if diveo = 0 (incompressibility), since div(fv) =v -V f + f dive.
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8.2 Maximum principle

Let

Qr={(t,z) |z€Q, t(0,7)},
IO ={(t,x) |2€dQ, t€[0,T)orz €Q, t =0} (parabolic boundary),
"0 ={(t,z) |z €Q, t=T}.

Theorem 8.3. If Oyu — Au = f(t,z) <0, then

maxu = maxu.
ﬁT a,QT

Proof. Step 1. Assume f < 0. Let the maximum of u on Q7 be attained at (to, zo).
Case 1. If tg € (0,T) and ¢ € 2, then

8tu(t07x0) = 07
Au(to, z9) <0,

S0
(Oru — Au)(to, zo) > 0,

contradicting f < 0.
Case 2. If to =T and zqg € 2, then

ou(T, zp) > 0, Au(T,z9) <0,

so again
(Opu — Au) (T, z9) > 0,

contradicting f < 0.
Hence tg = 0 with zg € Q, or x¢ € 99, i.e. (tg, o) € I Q.
Step 2. Now assume f < 0. Set

ue(t,z) = u(t,z) + elz|’

Then
Owue — Aue = 0w — Au — 2ne = f — 2ne < 0.

By Step 1,
max u. = max Ue.
ar o'Qr

Let M := maxpq, v and assume Q@ C Bg(0). Then

max U, — maxu, < M + 8R2,
ﬁT 8/Q’T
SO
maxu < maxu, < M + eR? Ve > 0.
Qr Qr
Letting € — 0 yields
maxu < M,
Qr
i.e.

maxu = maxu.
ar 'y
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8.3 Uniqueness

There is at most one solution to
Ou—Au= f(t,x) ze€Q, te(0,00),
u(O,az) = g(x)v

u’ag = o(t, z).

Proof via the mazimum principle. Assume there exist two solutions ui,ue, and set w = u; — uo.
Then w solves

Oyw — Aw = 0,
w(0,z) =0,
w[yn = 0.
By the maximum principle,
maxw = 0.
Qr
Considering —w likewise yields maxﬁT(—w) =0, hence w =0 in Qrp. O

Uniqueness from energy. Again let w = u; — ug, so w|pg = 0. From d,w — Aw = 0, integrate
(Opw — Aw)w over

0:/(8tw—Aw)wdx:/@tw-w—(Aw)wd:U
Q

0
/ 8t|w\2+|Vw|2d:U—/ w—wdo'x

on
2 2
—zdt/]w| dw+/]Vw| dx,

where the boundary integral vanishes since w = 0 on J€). Hence

d
/ lw[2(t, 2) dz = —2/ YVl dz < 0.

Since w(0, ) = 0, one has [, |w[*(0,z) dz = 0, and therefore

og/ |w|2(t,x)dx§/ lw|?(0,2) dz =
Q Q

Thus w =0 for all £ > 0.

Energy and backwards uniqueness. Define

= [ Pty do

LB (w(t) ——2/9]Vw|2(t,a;)da;§0.

Then
d

dt

Theorem 8.4 (Backwards uniqueness). Suppose ui,us € C?(Qr) solve the heat equation in Q,
agree on the lateral boundary 02 x [0,T], and ui(-,T) = u2(-,T). Then u; = ug in Q.

Proof. Set w = u; — ug. Then

%E(w(t)) - —2/Q|wade,
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and

d? d
—F = 92— 2dp = —4 :
72 (w(t)) dt/ﬂva’ dx /QVw Vw dz

_ _4/va-V(Aw) d:c:4/Q(Aw)2de,

where we used w; = Aw.
On the other hand,

1/2 1/2
—2/ |Vw\2dx :2/ wAwdz < 2(/ deac) (/(Aw)de)
Q Q Q Q

by Hoélder’s inequality. This shows
(E'(t))? < E(t) E"(1).

Let f(t) =log E(t). Then

2

E,(t) " E”(t)E(t) - (E/(t))
f(t) = ) o) = > 0,
Y= T " (E)
so f is convex. For t € [t1,ts] with t = (1 — A\)t1 + Ata,
FI =Mt + M2) < (1= X)f(t1) + Af(ta),
hence
E(t) = E((1 -\t + M) < E(t1) E(t2)*.
Ifto=T and E(T) =0, then E(t) =0forall 0 <t <T. O
9 The wave equation
9.1 One-dimensional homogeneous case
attu - 8:1)1” = 07 (17)
(U, 8tu)(07 .’L’) = (Uo, ul)'
Recall by d’Alembert’s method:
1 1 T+t
u(t,) = 5 (unle+ 1)+ wole ) + 5 [ wrly) dy +)
r—t

Theorem 9.1. Assume (ug,u1) € C3(R) x CY(R) and u is defined by (+). Then
(i) u € C?(R* x R);
(i) Opu — Opzu = 0 in RT x R;

%) lim  wu(t,x) = up(xg);
(i) lim  u(t.x) = uo(ao)

(iv) « lim  Qwu(t,x) = ui(zo).

,z)—(0,z0)

Proof. (i) Differentiating (+),

dyu = (u6($+t)—u6(x—t))+ (U1(l‘—|—t)+u1(:n—t)),

N =N -
N = DN =

Onu = = (ug(z + 1) + ug(z — 1)) + = (vy(z + t) — uj(z — t)).
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Similarly,

dpu = = (up(z +t) + uj(z — 1)) +%(u1(x+t)—u1(x—t)),

»—t[\)\r—t

Ot = i(ug(x + 1) +ug(z — 1)) + %(u’l(x + 1) — uy(z —t)).

Since ug € C%(R) and u; € C'(R), one has Oyu, dzzu € C(RT x R).
(ii) Comparing the expressions above yields dyu — Ozpu = 0.
(i)

1 1 o
lim —u(t,z) = - (uo(2o) + uo(x +/ U dy = up(xg).
()3 (0.20) (t,x) 2( o(@o) + uo(z0)) 2/, 1(y) dy = uo(z0)

(iv)

li du= 1 S t)— dup(z —t) + 5 ¢ —t)) = :
(t,;z:)i%,xo) U (t,x)i%,xo)<2u0(x+) sug(z —t) + 5 (ur(z + 1) + w(z ))) uy (o)

9.2 One-dimensional inhomogeneous case

{attu — Ogaut = f;

(u, Opu) }t _o = (uo,u1). (18)

d?
Remark 9.2 (Duhamel’s principle for ODEs). For 2 +u=f,

u(t) = S"(t)uo + S(t)us + /0 S(t—s)f(s)ds,
where S(t) = sint.

By Duhamel’s principle we claim

x4+t
u(t,r) = %(uo(:v + 1) +uo(z —t)) + ;/_t w1 (y) dy

Ve
Uhom

// f(s,y)dyds.

Uinh

Theorem 9.3. Assume (ug,u1, f) € C?(R) x CY(R) x CY(RT x R). Then u from (x) satisfies
(i) u € C?(Rt x R);
(ZZ) 8ttu — amu = f in RT x R,’

171 lim  u(t,z) =ug(xg) and  lim  Swu(t,z) = uy(xo).
( )(t,x)—>(0,x0) (t, x) = uo(zo) o O (t,x) = u(zo)

// f(s,y)dyds

(the inhomogeneous part ui,). We will show

Proof. Tt suffices to consider

(i) V € C2(R* x R);
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(11) 8ttV — BmV = f in R+ X R;

iii lim V(t,x)= lim oV(t,x)=0.
( )(t,z)%(O,xo) ( ) (t,2)—(0,20) ! ( )

Remark 9.4. u = upom + Uinh; the homogeneous part upom is treated above.
~—~
=V
Set

z+(t—s)
U(t,s,ﬂ:)Z/( | f(s,y) dy,
x—(t—s

so that V (¢, z) *fo (t,s,7)ds. Then

1t 1
oV 2dt/ Ul(t,s,x) 3—2/0 8tU(t,s,x)ds+§U(t,t,m).

Since U(t,t,z) =0,
1 t
oV = / U (t, s, x)ds.
2 Jo

Differentiating again,

I 1
oV = 2/ 8ttU(t, 8,1') ds + iatU(t,t, $)
0

Note
ot s =4 [ sy = 1m0 9) 4 om0 )
S, T) = — S, =fis,z+({t—s))+ s,z —(t—35s)).
t dt o (t—s) Yy)ay
Hence
U (t,t,x) =2f(t,z),
and
attU(t,s,w):(%f(s,x—k(t—s))—(%f(s,w—(t—s)).
Therefore
attV:f(t’z)_|_l/t(axf(57$+(t_5))_8xf(57x—(t—s))>d5.
2 Jo
Also
t
OxV:;/O (f(s,a:+(t—s))—f(s,a:—(t—s)))ds,
t
GMV:;/O (Omf(s,xjt(t—s))—Oxf(s,x—(t—s)))ds.
Consequently

8ttV — amV = f(t, :c)

Moreover V € C2(R* x R) as long as f € C'(RT x R).
For the initial conditions,

moth s
I ) = li )dyds =0,
b 0y 502 / / f(s,y) dyds
Ry A
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9.3 Three-dimensional wave equation

Ouu — Au=0 (t,x) € (0,00) x R3, (19)
(u,@tu)‘tzo = (up,u1) z € R
9.3.1 Spherical mean method
Define the spherical mean
— 1
U(t, Z, T) = 471'7’2 /@Br(x) U(t, y) d0y7
i.e. the average of u on the sphere 0B, (z). In particular,
u(z) = lim U
r—0t
Similarly,
— 1
Uo(z,r) = T2 /8Br(ac) uo(y) doy,
| (20)
U = do,.
Ul(xur) A2 /BBT(:E) ul(y) Oy

We will show that U(t,z,r) solves the radial wave equation (Euler—Poisson-Darboux)

0uT — 0,7 — %a,ﬁ —0, tre(0,00),
(U,0:0) |, = (U0, U1).
Proof. Write

— 1 1
Ult,z,r) = 47”“2/63 - u(t,y)doy = 47T/|z=1 u(t,z +rz)do,.

Differentiating in r,

1 1
O U(t,z,r) = y / . z-Vu(t,z+rz)do, = = /I ‘_1 ?)Z(t,x +1rz)do,

1 ou 1 7
= 42 /83T(x) %(t,y) doy = ) /Br(il?) Au(t,y) dy (by Green’s formula)

1
= 2 /Br(z) Opu(t,y) dy (since Opu — Au = 0).
Hence
L, 2 — 1
20 0,0 + 120, = 0,(r*0,0) = 0, (1 / Ouu(t,y) dy )
471' Br(x)
1
= — Owu(t,y) doy (moving-domain differentiation)
AT JoB, (x)
= T28ttU.
Dividing by 2 yields (x). O

Then define U = 7U (radiation field). We find

U — 0y, U = r0uU — 0, (U +r0,U)
= TattU - r(?rrU — 287~U =0.
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Therefore ~ ~
attU - 8TTU =0 (1D Wave),
(0,0:0)],—q = (Uo, Tn), (21)
Ul|._,=0.
By the 1D d’Alembert formula,
N 1 - B 1 r+t
U= i(Uo(T’—f—t)-i-Uo(T—t)) +2/ Ul(p)dp.
r—t
Then
t,z)= lim U= li U
ult.o) = g U= li (°0)
1 R _ . t+r
= Erlgng(r (Uo(r+1t) + Ug(r —t)) +r /tr Ui(p) d,o).
Since Up(0) = 0, take the odd extension Uy(t — r) = —Up(r — t). The limit becomes
u(t,z) = U(t) + UL (t).
Now
Oo(t) = — / wo(y) doy = wole + 12)d
o(t) = — o(y)doy = — 0 Tz
47t OBy (x) 4 |z|=1
S0
() = ol + t2) dors + / » Vuo(e + t2)d
= — o, + — . o
A Jger 4T J|21=1 ’
1
= — —x)- doy,.
7 o, [0 (= 2)- Tt
Therefore Kirchhoff’s formula reads
ut,r) = —5 [uo(y) + (y — @) - Vuo(y) + tui(y)] doy. (22)
4t 8By (x)
Remark 9.5. .
utg,.%‘o):/ uo + (y — xo) - Vug + tou ) doy,.
( 47Tt(2) 8Bt0(xo)( ) ) Y

One needs information on |y — xo| = to (not the solid ball |y — x| < tp): the light cone. The value
at (tg,zo) depends on data on the sphere of radius ¢y (domain of dependence); conversely, data at

a point x; influence the forward light cone (region of influence).

10 Method of descent and energy methods for the wave equation

10.1 2D homogeneous wave equation: method of descent
For z € R? set 7 = (v, 23) € R? and u(t, z) = u(t, x), so that 0,,u = 0. If
Opu — Apzu =0 for z € R?,

then
Ot — Agsu =0  for € R3.

Thus u(t, z) = u(t, x,0) is given by the fundamental solution in R3.
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Now take w3 = 0. For the ball B;(Z) C R3, points on the sphere |w — Z| = t may be written
w=(y, £/12 |y —z[?).

Hence

u(t7) = 7o /|w o) w2 Datifw) + () do

Let v(y) = v/t? — |y — z|?. By symmetry in w3 (using 0,1 = 0),

u(t, z) = # /w_a:t (f0(w) + (w — F) - Dyiig(w) + t 1 (w)) do.

w3 >0

Recall: surface integral. With w(y) = v)),

//f daw—// ) V1T V)P dy.

Then ( |
—(y—=
v - )
() Ep—
N | 2 2
Yy—x t
1+ |Vy =1 _|_ —
‘ ( )‘ |y—$|2 |y—x|2
Moreover
S {|W—l‘|—t w3>0} — A {|y_;g| <t}
Thus
t
/(uo(w) +tay(w)) doy = / (uoly) + tul(y))ﬁ dy,
5 ly—a|<t 2 — |z —y
and, noting 0,1 = 0,
t
/(w — ) - Vito(w) doyy = / (y — ) - Vuo(y)ﬁ dy.
o ly—al|<t 12—z —y]
Therefore
1 t

u(t,z) = (uo 4+ (y — x) - Dug + tuy)

- -t
27t Jyy—a<t V2 —lz =yl

Remark 10.1 (Duhamel). Duhamel’s principle yields the inhomogeneous case

{81&16“_ Au = f,

(u, Byu)|,_, = (uo,u1).

In 2D one may write

u(t,x) =

1 / ug+ (y —x) - Dug + tug
2t Jyoi<i 2 — |z —yl?

and, equivalently,

1 U 1 U
u(t,x):at/ : 0(y) 2dy+/ i 1(y) _dy
21 Jy—al<t /12 — |z — | 27 Jiy—ai<t /12 — |2 — y]
1 t
+// f(j,y) _ dyds.
21 Jo Jiy—ai<t—s \/(t — )2 — [z —y|
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10.2 Use of the Fourier transform

Consider
Opu — Au =0,
{(u, atu)}t:o = (ug, u1). (23)
In Fourier space,
8ttﬂ(f) + |§|2ﬁ(§) =0, 24
{(a@), 00() o = (10(6), 11(6)). >y

Hence

(&) = Asin(|€|t) + B cos(|€|t).
The initial conditions give 4y(§) = B and 41(§) = Al¢|, so A = 11(§)/[€|. Thus

i1 ()
€]

u(§) = sin([¢]t) 4 dio(§) cos(|€]1).

Equivalently, in operator form,

sin(|V[¢)

————=uj + cos(|V|t) up.
V|

u(t,x) =

10.3 Enmnergy; uniqueness

Theorem 10.2 (Uniqueness). Let v, vy solve

Ou:=0yu—Au=f inR",
u compactly supported, (25)

(U, atu)|t:0 = (UOa ul)‘
Then v1 = vy.

Proof. The difference w = v; — vo satisfies

Ow = dypw — Aw =0 in R, (26)

(’LU, atw)‘t:() = (07 0)
Define )

B(t) = / (10w]? + |Vwl?) da.
2 Jgrn

Then

1

E/(t) = 5 / (2 Btw . 8ttw +2Vw - Vatw) dx
1

=3 /n(26tw (Aw) — 2Aw8tw) dr =0,
using 9w = Aw and integration by parts (compact support). Hence E(t) = E(0) =0,sow =0. O

Theorem 10.3 (Backward uniqueness in the domain of dependence). If u = dyu = 0 on By, (zg) X
{t = 0}, then u =0 inside the backward cone with tip (to,x¢) (domain of dependence).

Proof. For t € [0, to] define

1
E(t) = 2/3 (0l + [VuP),,., da.
tg—t{ZT0o
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Then E(0) = 0. Differentiating the integral over the shrinking ball,

El(t) = / (8ttu . f)tu + Du - 8tD’U,) dx
Bty —t(zo0)

1
- / (19eul® + |Dul?) dos
2 JoBiy—i(xo)
—/ 8{& (8ttu—Au d$+/ —&udaw
Bty —t(zo0) 0Bty —t(0)

1
— / (\atu| + |Du]2) do,
2 JoBiy—i(wo)

1
_ _/ (10uf? + |DuP? — 2 9% ) .
2 0Bty —t(z0) on

Since |Dul|? > |Vu : n’2 = ‘au/an 2

)

Bw<-; [
2 JoBiy—i(wo)

Hence E(t) < E(0) =0, so E(t) =0 and v = 0 in the cone. O

2
O — @‘ dog < 0.
on
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11 Finite difference methods for heat and wave equations

The heat and wave equations add a time derivative to the same spatial Laplacian already discretized
for Poisson. Time stepping then determines stability: explicit schemes for the heat equation require
At = O((Az)?), while the wave equation is limited by the CFL condition cAt/Az < 1.

11.1 Heat equation: finite-difference time stepping
Model IBVP (1D heat / parabolic):
Oyt = Ozt t>0,0<zx<1,

u(0,z) = f(x), (IC)
u(t,0) = u(t,1) = 0. (Dirichlet BC)

(Continuous classification, heat kernel / Duhamel, continuous maximum principle and energy esti-
mates: see the heat-equation sections above; omitted here.)

11.1.1 Forward Euler (explicit)

Central difference in space and forward difference in time give truncation O((Aw)z, At) and the
scheme

k+1 _ ,k

k k k
w; =y + (uiyy +ui g — 2uy),

At
(Az)?
with z; = iAx, t, = kAL, uf ~ u(ty, x;). Dirichlet: ulg = uﬁ, = 0; Neumann uses ghost points as in
the Poisson case. IC: v = f(iAx).

Theorem 11.1 (von Neumann stability for Forward Euler). Substitute ut = ¢e™>%%. The growth

factor satisfies
B ANt 5 Axl
Pht1 = (1 T (Ag) S ( 5 ))(bk

Requiring |¢pr41] < |¢k| for all 6 yields

At

(An)? (Ax)?.

1
<= e. At <
=5 t.e >

For Oyu = cOppu, the condition becomes At < i(Aw)Q.

Pros: easy to implement. Cons: restrictive CFL-type constraint; regularity of the update is
limited (explicit discrete Laplacian maps H? — L?).

11.1.2 Backward Euler (implicit)

uktt — gk _ uﬁfﬁ +ubt] — 2ukH
At (Az)?
With A\ = At/(Az)?,
142X =X

gk gk g | A LR

—A 1+2X
As in the Poisson case, A is invertible and the scheme is unconditionally stable (no restriction
on A: large time steps are allowed). Truncation error remains O(At, (Az)?).
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Remark 11.2 (Direct vs. iterative Backward Euler). Direct: unconditional stability and good
regularity, but large matrices in higher dimensions. Iterative (Jacobi-like on the implicit step):

At
m—+1
“5 V= [ §+%

(m) (m)
S a2

with contraction factor 4At/(Ax)?; convergence of the inner iteration requires this factor < 1, so
stability /convergence force smaller At, though no large matrix solve is needed.

11.1.3 60-scheme and Crank—Nicolson

For 6 € [0,1],

uk L yk uF L okt uk+1

At (Ax)?

2u +u

L+(1-0) s (Ar)2

Special cases: # = 0 Forward Euler; § = 1 Backward Euler; 6 = % Crank—Nicolson.

Expanding about (2, j41/2) shows that Crank-Nicolson cancels the leading O(At) terms, giving
truncation O((At)?, (Az)?). For general 6,

;_ (% _ 9) At Ogpru+ O((AD)2, (Az)?).

Hence 7 = O(At, (Ax)?) if 0 # 3, and O((At)?, (Az)?) if 6 = L.

Proposition 11.3 (Stability of the §-scheme). Let A = At/(Ax)?. The scheme is
e conditionally stable if 0 < 6 < f, requiring 2\ < 1/(1 — 20);

o unconditionally stable if 3 <6 < 1.

Direct Crank—Nicolson: second-order in time, unconditional stability, matrix solve each step.
Iterative C—N keeps the same truncation order but needs a smaller At for inner convergence.

11.1.4 Higher-order time stepping
BDF methods (with discrete Laplacian A):

S S S

BDFL: ———— = AyFtt — O(At),
BDF2: uf2 — dyh+l 4 Lyk — 2A¢ Agbt? — O((At)?),
BDF3: uft3 - 18yk42 1 9kl 2k — 6 At Aubts — O((At)%).

Classical RK4 for y = f(t,y) applied with f = A yields truncation O((At)*) using only one past
time level, at the cost of weaker regularity requirements and more work per step.

Example 11.4 (Forward Euler on a sine mode). For dju = Oypu with w(0,z) = sin(rz) and
Dirichlet data, the exact solution is u(t,z) = e ™ tsin(rz). The forward Euler scheme preserves
the mode uf = ¢gFsin(njh), with

1 -th) _ At
g=1 4rsm<2 , =73

The exact damping per time step is e~ AL

o If r =0.4and h =1/10, then g ~ 0.961 € (0,1): the mode decays monotonically and the scheme
is stable (the worst mode requires r < 1/2).
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Forward Euler, r=0.4, N =20 (stable)

1.0 1
snapshots, r=0.51 Nyquist mode blows up
0.8 1
44 6x10°
0.6 4x10°
S ] 3x10°
0.4 4 =
S 04 < 2x10°
=
0.2 1 24
t=0.000 —— t=0.075 10°
0.0 — t=0.037 —— t=0.150 a)
T T T T T T 6x107%
0.0 0.2 0.4 0.6 0.8 1.0

0.0 0.2 0.4 0.6 0.8 1.0 0.00 0.05 0.10 015 020 0.25
t

Figure 3: Forward Euler for the heat equation. Left: r = 0.4 (markers) against the exact sine mode (curves).
Right: r = 0.51 with a Nyquist-mode seed; the smooth mode decays at first, then the grid-scale oscillation
blows up.

o If » = 0.51, the highest grid frequency has amplification 1 — 4r = —1.04, so |g| > 1 and the
computation blows up, even though the smooth sine mode itself would still decay.

This is the typical picture: stability is decided by the shortest waves on the mesh, not by the data
one intends to resolve.

Example 11.5 (Backward Euler is unconditionally stable). The same sine mode for backward
Euler has
g=(1+4r sin?(ﬁh/Q))*1 €(0,1)

for every r > 0. With h = 1/10 and r = 5 (far beyond the explicit CFL), the smooth sine mode
still has g ~ 0.67 € (0, 1), while the highest grid mode has g = (1+ 4r)~! ~ 0.048: large time steps
are allowed, at the price of strong numerical damping of high frequencies.

Backward Euler, r=5, N =20 (large At) X Heat equation: spatial-temporal error
1.04 107 e FE 1= 04 (O(h? + 0)
- -- BE, r=5 (large At)
0.8 1 'TT 10-24 == oh?
~
0.6 ®
S =i 1073 4
0.4 ?
=
0.2 E 10~ 4
t=0.000 —— t=0.075
0.0 —— t=0.038 —— t=0.150
0.0 02 0.4 06 0.8 1.0 2x1072 3x10724x1072 6x107? 10'*1
X h

Figure 4: Left: backward Euler with » = 5 remains stable, at the cost of extra damping relative to the exact
heat kernel. Right: error at T = 0.1 versus h; forward Euler with » = 0.4 is O(h?), while a large implicit
step is first-order in time.

Exercise 11.6. Implement forward and backward Euler for the example above with N = 20 spatial
nodes. Compare u(-,t = 0.1) against e~ ™ *sin(rz) for r = 0.4 and r = 0.6.

11.2 Finite differences for the one-dimensional wave equation
Consider
Onu = 20pau, t>0, 0<x<l,
u(t,0) = u(t,1) =0,
u(0,2) = up(z), Owu(0,z)=ui(z).
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Centered differences of order two in space and time give the explicit scheme

ntl _

j

1
QU? + u’; _ 2 U?H — 2u§” + “?71
(At)2 (Azx)? ’

or, with Courant number v = cAt/Awx,

u?“ = V2’U,§L+1 +2(1 - 1/2)143-1 + 1/2u37”,1 — u;-‘_l. (27)
The first step uses u;l = u} — 2Atuy(z5) + O((At)?) together with the scheme at n = 0, yielding
a second-order start

1 0 2,0 0 0
u; = u; + Atug(r;) + 12 (u) g — 2u) +ui ).

Theorem 11.7 (CFL condition). A von Neumann analysis of (27) produces the amplification roots
of > — 2(1 — 212sin?(0/2))g + 1 = 0. One has |g| = 1 for all frequencies if and only if
cAt
— 2o,
g Ax —
This is the Courant—Friedrichs—Lewy (CFL) restriction: the numerical domain of dependence must
contain the exact light cone.

Example 11.8 (A single sine mode). Take ¢ = 1, up(x) = sin(nz), u; = 0. The exact solution is
u(t,z) = cos(rt) sin(rx). On a uniform grid the scheme preserves the spatial mode u} = a” sin(mjh),
and a™ satisfies the recurrence a™ ' —2(1—2v2sin?(7h/2))a" +a" ' = 0 with a® = 1, a' = cos(wAt)
up to O((At)?), where w = 2h~!sin(7h/2) is the discrete frequency. For v = 1 one has w = 7 exactly
in the h — 0 limit and the scheme reproduces the sampled exact solution of this mode. For v > 1
the recurrence is unstable.

Wave equation, v= 0.9 (stable)

2.00 1 1.00

1.75 A 0.75

1.50 A 0.50

1.25 A - 0.25

+ 1.00 A -0.00 >

0.75 A - —0.25
—0.50
-0.75

0.0 0.2 0.4 0.6 0.8 1.0
X

Figure 5: Spacetime plot of the centered wave scheme for (0, z) = sin(wz), u:(0, ) = 0, at Courant number
v =20.9.

Exercise 11.9. Derive the CFL condition v < 1 from von Neumann analysis of (27). What happens
to a high-frequency mode if v = 1.17
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Wave equation: CFL and second-order convergence

1072 4 -
v=0.9 (stable) CFL violation: high-frequency blowup ]_0‘5 E
1.00 — =11
102 1 — v=0.9 'F -7
0.75 1077 1
100 4 =
= -0— v=04 - v=1.0
0.50 16 © -9
10% 4 8 10771 -0—- v=06 ——. O(h?)
o = 1021 3 " -0 v=08
> 0.00 E 100 4 '3 10771
-0.25 74 _
10 10713
-0.50 1044 P o
15 & @ °
-0.75 10! 1077 1 I
T
-1.00 1071 6x1073 1072 2x1072 3x10724x1072
00 02 04 06 08 10 00 02 04 06 08 10 12 h

Figure 6: Left: v = 0.9 remains bounded, while v = 1.1 with a Nyquist seed grows exponentially. Right:
second-order convergence for v < 1; at ¥ = 1 the one-dimensional scheme is exact on the grid (machine-
roundoff error).
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Part I1I
Sobolev spaces

12 Weak derivatives

12.0.1 Distributions and weak derivatives

Definition 12.1 (L ).
Li(R™) := {locally integrable functions f: R™ — R},
ie. [ |f] <+oo for every compact K C R™. The support of a function is

supp(¢) = {z | ¢(x) # 0}
If f € C!and ¢ € C2°, then

Difpdr = — fo;odx
R”L Rn
(integration by parts); the right-hand side is well-defined for ¢ € Cg°.

Definition 12.2 (Weak derivative). A weak derivative of f is a locally integrable function g such
that

/" g(z) pdx = — - f(x) 0 dx

for all ¢ € C°(R™). We write g = D, f. (Arbitrary changes on a set of measure zero do not affect
weak derivatives.)

Exercise 12.3 (Example 1). Let

What is the weak derivative of f7

Solution. By definition we need g with

/_Z f(z)¢'(z)dx = - /OO g(z) ¢(x) da.

—00

Compute

0

The boundary term vanishes since ¢ € C2°(R), so

/_Zf¢/d$:_/ow¢d$:—</_(;0'¢($)d$+/0001~¢(:v)dx>,

Therefore

(the Heaviside function). O

Exercise 12.4 (Example 2). What is the weak derivative of the Heaviside function?
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It does not exist as an LllOC

/OO hodr = —/quﬁ’d:c: —/Oooqﬁl(x)dx:qﬁ(O).

—00 —

function. Indeed, suppose h € L11OC satisfies, for all ¢ € C°(R),

Thus [*_h¢ = $(0) for all ¢ € C°. Choose (smooth approximations of)

P, = {1 T € [7%7%]’

0 otherwise,

so that [ h®, = ®,(0) = 1, but

00 1/n
'/ h®,, dz §/ |h| dx.
—00 —1/n

Since h € Llloc, the right-hand side tends to 0 as n — oo, a contradiction.

Remark 12.5. The weak derivative of the Heaviside function is the Dirac delta, which is not an
LllOC function:

o 0o(x) = o =0, (not a function);
0 z#0

. /_OO do(x) dx = 1;
o /_oo f(x) 50($) dr = f(0>

12.0.2 Properties of weak derivatives in R” and WP spaces

Theorem 12.6 (Uniqueness of weak derivatives). If g1,g92 = D'f are two weak derivatives of f,
then

[ ootz —- [ fod - [ o,

S0

/ (g1 — g2)pdx =0 V¢ e CPRM),
hence g1 = go.
Theorem 12.7 (Commutativity). D¥(D?f) = D?(D*f) = D+ f.

Proof.
/Da(Dﬁf) ¢ dx = (—1)l /Dﬂfﬁ"‘gbdx = ... = (=1)lelHl8l /faa"'ﬂqbda:.

O]

Theorem 12.8 (Stability under L{ _ limits). If f, — f in LL. and D“f, — g in L, then
Def =g.

Proof. For every ¢ € C2°(R"™) we aim to show

(—1)a|/faa¢da:=/g¢dx.
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We know
(-0 [ foorods = [ D, da.

Since f, — f in Llloc,

lim(-1)°! [ fu0% = (1) [ fo%,

1i£n/Dafn¢:/g¢.

1
loc?

Since D*f, — g in L

O]

13 Sobolev spaces W*?: approximation, extension, and embed-
dings

13.1 Sobolev spaces Wk»(R")
13.1.1 LP spaces (1 < p < 0)

1/p
1 £l e rny = (/ | fIP dx) , | f[| Lo (mn) = esssup | f|
R z€R™
(in the measure-theoretic sense).

Important inequalities.

o Holder’s inequality: if % + % =1, then

1/p 1/q
/ |luv| dzx < (/ |u|P dx) </ ]v|qda?> ,
n n Rn

ie. [[uv|lpimny < llullze@nllvllamn). On a finite-measure domain one also has ||ul|rr (q) <
Cllul|Lr2 () (for p1 < po).

e Minkowski inequality:
[w+vllr@) < llullze@) + [vlze)-

Remark 13.1 (L]

loc

vs. LY).
Lo (®) ¥ compact K C R [ |f]ds < +o0,
K
LYR") : / | f| dz < +oo.
Rn

Example: f(z) = x on R satisfies f ¢ L'(R) since [~ |z|da = +o0, but for every [a,b] C R one
has f; |z| dx < 400, so f € Li (R). Indeed L*(R™) C L] _(R™): for compact K C R",

loc

/\f\d:cs/ [flde = 1]l 1y < +oo.
K R”

Similarly one can define LP(2) for @ C R™.
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13.1.2 Definition of W#?(Q)
Wh2(Q) = {u | D*u € LP(Q) V|a| < k},

with
lullwray = > 1Dl o),
loo| <k
or equivalently
1/p
(/ > D% \de> :
la|<k

Define |
Wer(9) = C@) v,

i.e. the closure of C%° functions under the W*? norm. Thus for every f € Wéﬁ P(Q) there exist
fn € C(Q) with || fo — fllwrr) — 0.

Example 13.2. Take Q = (—1,1) and u = |z|. Then

1 x>0,
Du=¢0 =0, = DuelP(Q) Vp>1,
-1 z <0,

but D?u does not exist in any LP. Indeed, for every ¢ € C°((—1,1)),

/D2u¢dﬂc— /Du¢
:—/< dx—/¢
/¢ dw—/¢>

$(0) — ¢(=1)) — (#(1) — ¢(0)) = 2¢(0),
since ¢(1) = ¢(—1) = 0. Hence f_l D2uq§dac = 2¢(0), i.e. D*u = 26.
Example 13.3. Let Q = B;(0) C R" and u(z) = |z|~*. Then
- D

ueWP(Q) = a< T

Proof.
1) we LP(Q) iff x| 7*)P dxr < 4o00. In polar coordinates,
B1(0)

1 1
/ |[L“—Oép dx = / / p—aP ds dﬂ = C/ p—appn—l dp — C[p—ap_t,_n] 1_0'
B1(0) 0 JOB,(0) 0 p=

As p — 0 this is meaningful iff —ap +n >0, i.e. « < n/p.
(2) Du € LP(Q): Du = (—a)|z|~* ' D|z|, and D;|z| = z;/|x| for  # 0 (cf. the 1D case D|z| =

1 0
v ). Thus Du = (—a)|z|~* 2z, and
-1 =<0
Du € LP(Q) <= 2|~ 2z|" dz < +o0 = |z|~ PP dx < 400

B1 (0) Bl(o)

1
—an— _ —ap— 1
— / p PP dp < too = [p7 p+"]p:0<+oo,

ie.—ap—p+n>0,ora<(n—p)/p
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Remark 13.4. W*?(Q) is a Banach space (a complete normed space):
leull = e[ flull VeeC,  flul =0 <= u=0,  flutv] <[]+ o]

Special case p = 2: H* := W2 Completeness means every Cauchy sequence converges; in
particular LP is complete.

13.2 Approximation by smooth functions

Define the standard mollifier

1 .
Cexp(m) if ‘ZL’| S 1,
0 if |x| > 1,

n(x) =

so that exp(1/(|z[* — 1)) — e™>® =0 as |z| — 1. Choose C > 0 so that [z, ndz = 1. Then set

- (x) = einn(g) (heightt, widthl).

A change of variables y = x /e gives

/n 17 (z) de = /Rn E%n(g) da = /Ma Einne) da = /Mgln(y) dy =1.

We now define u® = n° % u (mollifier).

Theorem 13.5. uf € C(S.), where Q. = {d(x,0Q) > £}, and uf — u in WP (Q).

loc

Proof.

w(o) = ru@) = [ Za(PE )utw)

ly—z|<e €" €

and

1 ry—=

v —u@) = [ () () - ue) dy,
ly—z|<e 9 9

If u is continuous, then for every ¢ > 0 one has |u(y) — u(z)| < § whenever |y — x| < ¢ (for & small

enough), whence
1 Yy—x
u(z) —u(z)| <6 — )dyzé—)O.
@) @l <5 | Gt

Thus u®(x) — u(z) pointwise as € — 0. Also

Oz, ut(z) = /|y 1. 18%.77<y ; $>u(y) dy

—z|<e € €

(bounded derivatives), so u® € C*°(£2). Similarly D*u® — D%u pointwise; the dominated conver-
gence theorem finishes the argument. O

Theorem 13.6 (Global approximation of W*?(Q) by C™). Assume Q is bounded, u € W*P(Q),
and p € [1,00). Then there exist u, € C=(Q) N WHP(Q) such that |Ju, — ullyrpiq) — 0.

(Proof omitted; density theorem.)

Remark 13.7. C°(R") is dense in W*P(R").
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13.3 Extension and trace

Extension.

Theorem 13.8 (Extension). Assume Q is bounded and 0 is C1. Select an open bounded set V
with Q CC V. Then for any u € WHP(Q) there exists an extension Eu € WHP(R™) such that

(i) Eu=u a.e. in §;
(7i) supp(Eu) C V;
(i) | Bullwssan) < Cllullwis.

In particular E is a bounded linear operator.

Idea of the proof. Step 1. Fix 2° € 9Q and suppose 0Q is flat near x° (locally flatten). Let
B = B,(z") and
BT :=Bn{z, >0} CQ, B™ :=Bn{z, <0}.

The function u is defined in BT; the aim is to define Fu on B~. Set

a(@) u(x) z=(z1,...,2,) € BY,

—3u(a’, —z,) + 4u(2', - %) x=(x1,...,2n) € BT,

where 2’ = (x1,...,2,-1). Continuity across {z,, = 0}:
lim @(x)= lim a(x),
zn—0T1 ( ) Tn—0" ( )

since at x, = 0 one has —3u(a’,0) + 4u(a’,0) = wu(2’,0). Moreover 9, @ is continuous across
{z, =0}: on B~

Oz, (—SU(SU/, —Tp) + 4u(m', —%")) = 38Inu(:c/, —Tp) — 28xnu(a:’, —“%"),

which equals 9, u at x, = 0. It is also not hard to check [|@|ly1pg) < Cllully1pp+)-
Step 2. 0K is C': locally straighten (differential geometry).
Step 3. 0L) is compact: covers by finitely many balls B.

Trace. Question: given u € WHP(Q), how do we define u|sn? Here €2 is n-dimensional while 9
is (n — 1)-dimensional (and 02 has measure zero in R").

Theorem 13.9 (Trace). Assume Q is bounded and 0$) is C1. Then there exists a bounded linear
operator T : WHP(Q) — LP(0S) such that

(1) Tu = ul|pq if u € WHP(Q)NC(Q);
(2) [ Tullro0) < Cllullwreg)-

Idea of the proof. Assume z° € 9Q and 99 is flat near 1°. Let B = B,(2°), B = B, 5(z°), and
pick ¢ € C¢°(B) with
1 in B,
-4

0 outside B.
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Write I' := dQ N B and 2’ = (x1,...,%,_1). Then

/ lulP dz’ < / ClulP d2’ = / 1 - ClulP dz’ (functionality)
r {z,=0} {z,=0}
= —/ Oz, (Clul?) dz (Green’s formula)
Bt
—— [ [Pan, ¢+ plultsgnta) -0y, ] o
B+
< C/ |ulP + |Dul? dz.
Bt

(Young: ab < a®/a+b°/3 with 1 + % =1, taking « = p and S =p/(p—1).)
Then for non-flat 0€:

o straighten = / |ulP do < C/ |ulP + | Dul? dz;
r Q

s compactness, finite cover = [lul|pra0) < Cllullwrr(q)-
Theorem 13.10 (Trace-zero functions in W1P(Q)). Assume Q is bounded, 0 is C', and u €
WLP(Q). Then u € Wol’p(Q) if and only if Tu = 0 on 0N.

Recall WP(Q) == Co() w7,

Proof. (=) Ifue Wol’p(Q), there exist up, € C2°(Q) with uy, — win WP, ie. [[um —ully1pg) = 0.
Then
| Ttum — TullLra0) < Cllum — ullwie) — 0.

Since Tum, = 0 (as uy, € C°(R)), one gets T'u = 0 on ON2.
(<) If Tu = 0 on 99, aim to construct u,, € C°(Q) with u,, — u in WP, WLOG (locally flat
+ extension) we assume

(1) uw e WHP(R™) has compact support;
(2) Tu =0 on {z, = 0}.

Then apply a mollifier to construct u,, ... (omitted). O

13.4 Sobolev embeddings

X C Y embedding means | f|ly < C| fllx, so f € X with ||f|]|x < +oo implies f € Y with
[£lly < +oo.

Question: W1P(Q) C ? depends on p:
1<p<mn,
p=n,
n<p < oo.
13.4.1 Gagliardo—Nirenberg—Sobolev inequality

Case 1 < p < n: we want
ul| Larny < Cl|Dul|p@ny (%)

where C' and ¢ do not depend on .
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Motivation. If (x) holds for every w, it must hold for uy(x) = u(Az), z € R", i.e.

[urllLa@gny < CllDuxl|porn)-

d
[ e = [ uGw)rde = [ Jul (.

/ | Duy P da / | Du(Aa)|P da = AP / \Du(y)|P dy.
R™ Rn Rn

Now

and

Thus (%) becomes
A4 ey < CXPT/P|| Du| po(rny,

or
1wl Lamny < C>\1_5+E”DU||LP(R71)-

This should be independent of A! So

-2+ %9
p q
(otherwise let A — 0o or A — 0). Hence
1 1 1 np N
=T or q= =P,
q p n n—p

which requires 1 < p < n.

Theorem 13.11 (Gagliardo—Nirenberg—Sobolev). Assume 1 < p < n. Then
lull o= gy < CllDullpogeny — Vu € Ce(RY).

Remark 13.12. This version needs u to have compact support! (Counterexample: u = 1 gives
LHS = +o0, RHS = 0.) But C does not depend on the support.

Proof. Step 1. Assume p =1 (so 1* =n/(n —1)). By the fundamental theorem of calculus,
T;
U(.’E) :/ 8Iiu($17"'7$i—1ayi7xi+la'°'7xn) dyh
—0o0
hence

ru<x>rs/ Du(@r,. . gzl dyp (= 1,...,m).

—0o0

So
n ) 1/(n—1)
|u<x>|"/<"1>sr[</ |Du<x1,...,y,-,...,xmdyi) . (%)
i=1 \Y ~®

Integrate (x) with respect to x:

0 o N 00 1/(n—1)
/ ™) dy < / (/ | Du| dyi> dx;
—o0 —00 ;1 \/—0
o =1 o n 00 1/(n=1)
= (/ \Du]dyl) / H(/ | Dl dyi> dxy
—00 —00 ;9 \/—o0

(independent of x;; apply Holder in z; with p; = n — 1). Thus

. VD) 0 o e 1/(n—1)
g(/ |Du|dy1) H(/ / |Du|dy@-dx1> |
—00 i—2 —o0 J —o0
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Again integrate with respect to xo (factor out; i = 2 term independent of x9; apply Holder in x9):

/ / lu|™ D) dxy das
00 00 1/(n—1) 00 oo
< (/ / | Du| dxy dy2> (/ / | Du| dy; d@)
n o roo oo 1/(n-1)
H (/ / / |Du| dzq dxs dyi) )
i—3 \Y —00 J/—o0 J—o0

Repeating the process,

1/(n—1)

/(n—=1) n/(n—1)

/ [/ D) g < (H/ |Du|dx) - (/ |Du|dm> ,

Le. [Jull i@y < |1Dull L2 (re)-
Step 2. Now for 1 < p < n, apply the p =1 case to v = |u|”:

(n—1)/n
[0ll L/ n1) (my = (/Rn Juf Y/ (=) dx) ,

1Do gy = /R Alul Y| Du| de

(r—1)/p
< 7(/ |u,(v—1)p/(p—1) dx) HDUHLP(R”)-

Choose yn/(n—1)=(y—1)p/(p — 1), i.e. y=p(n—1)/(n —p) > 1. Then

oo np *

and

(n=1)/n—(p—-1)/p
) < || Dul| o (wn)-

(/ lul?P” da
Since (n—1)/n— (p—1)/p = (n — p)/(np) = 1/p*, we obtain
[ull o+ (mny < Cl|Dul| Lo @n)-

O

Corollary 13.13. Let Q C R” be bounded with 02 of class C', and 1 < p < n. Then for every
q € [1,p*] with p* = np/(n —p),
1fllLa@) < Clifllwre)

Proof. Let Q = {z € R" : d(z,Q2) < 1} be an open neighborhood of Q. Apply the extension
theorem:

1flla) < Cullf o @) < C2AlES Nl 1or @y < Csllflwre(a)
(by Holder, then GNS). O
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13.4.2 Morrey’s estimate

Question: what about p = n and p > n? Borderline p = n: p* = np/(n —p) — +00 as p — n. Does
whn(Q) C L*®(Q)? No for n > 1.

Example 13.14. Take n = 2 and u = loglog(1+1/|z|). Then u ¢ L>(B(0)) (as z — 0, u — 00),
but v € WH2(B1(0)).
1°. u € L*(B1(0)):

27 1
/ [loglog(1 + 1/|2])]* da = / / (loglog(1 + 1/p))*pdp do
B1(0) 0 0

1
< C/ (loglog(1 + 1/p))2p dp (bounded).
0

Indeed

=0

2
. 2 . (loglog(1+1/p))
lim (log log(1 +1/p))"p = lim 7

(by L’Hopital twice). Or: log grows slower than any positive power of p, so u € L?(B1(0)) (integrand
bounded).
2°. Vu € L*(B1(0)):

1 1 ( 1 ) T
log(1+1/[z[) 1+1/|z| 22/ ||
Thus

1
1
Vul?dz < C/ dp
/Bl(O) IV o log*(1+1/p) (1+1/p)%p?

<CJ o2T 1 s

Set s =log(l+1/p),so1/p=e*—1and p:0— 1 gives s: 0o — log2. Then

1 1 * 1
log2 S e’ —1 log2 S

(The p = n case is complicated!)

13.4.3 The case p >n
Definition 13.15 (Hoélder spaces C*7(Q)). o lull o) = supgeq [u(z)] = [JullLoo()-
o ~-th Holder seminorm (v € (0, 1]):

u(z) — u(y)|
Uu| o, = sup —————.
[ ]CO @) TAYEQN |z —y|7

e ~-th Hélder norm:
[ullcon () = llullc@) + [ulcon -

Remark 13.16. What does [u]co,v(q) describe?

Example 13.17 (y = 1: Lipschitz). If |u(z) — u(y)| < Lz — y| for all z,y € Q, then [u]co1 < L.
Lipschitz functions need not be differentiable everywhere (e.g. f(x) = |z| is not differentiable at
x =0).
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Example 13.18 (C1(Q) C ¢%1(Q) if Q is bounded).
z£YEN |z —y| TEQ
Locally: in a neighborhood of zg, f(x) is contained between £|z|.
Example 13.19 (y € (0,1)). |u(z) —u(y)| < C|lz —y|". Locally f(z) is contained between +|z|7.

Inclusions:

Q) € C¥H(Q) € C™(Q),

since

[f(x) = f)l _ [f@) = ()]
lz—yr T |-y
Definition 13.20.

@) = F)l

=yl

lull iy = llullery + D [0%ulcon -
la|=k

Informally C*7(Q)“ ~ "WH+7:>°(Q) (fractional derivatives).

Theorem 13.21 (Morrey’s estimate). Assume n < p < oo. Then there exists C > 0 such that
n
lullcon @ < Cllullwre@n, — v=1-7.
In particular (p = oo): Whe(R?) C COH(R").
Proof. Step 1. We show

1 / \Du
_ U dy < C/ dy
B o, ) B
for every B,(x) C R". Fix w € 9B1(0). By FTC,
u(x + sw) —u(x) = / Du(z + tw) - wdt,
0

so |u(z + sw) — u(z)| < [3 |Du(z + tw)| dt. Integrating over 9B (0),

1
/ lu(x 4+ sw) — u(z)|doy, = — / lu(y) — u(x)| doy
0B1(0) 5 9B, ()

</ / | Du(x + tw)| dt doy,
0B1(0)

D D
/ / | :f T doy dt = / 7‘ u(yn)_ll dy
oB,(z) t () [T =Yl

/ lu(2) — u(zx)|do, < 5”1/ L% dy

Integrate s from 0 to 7:

Hence

/ ) @)l dy < Uy ) I™

n JB (@ ly — =z

Step 2. . .
B@)] Jow " T W B

u(z) = u(y) dy,
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SO

[ Du(y)| .
——= —dy+ Cllu " boundeddomain
Bye) |t — y["1 [l (81 (2)) ( )

(p—1)/p
< C||Du||Lp(Rn) </B " |z — y|—(n—1)p/(p—1) dy) + ||UHLP(R")-
1(x

u(z)] < C

The radial integral
1 1 1
/O = (=Dp/(0=1) jn=1 g, /0 p~ =D/ gy — [/ D1}

converges when p > n. Thus |u(z)| < Cllully1sgny for all z € R, ie. [Jullogn) < Cllullyiewn)-
Steps for Holder continuity. Let r = |z — y| and W = B,(z) N B,(y). Then

fu(z) — u(y)] < / () — u(2)| dz + —— /|u Ddz = I + .
7]y 1100 =
Now
1 | Du(2)|
L <(C—F— u(z) —u(z)|dz < C ———dz
' | B (z)| Br(x)‘ () ~ul2)] B(z) |7 — 2" !

< C|| Dul| o gy (/B o | — |~ (DRl =) d2>

< C||Dul poqrny r~™P = C|| Dul poggeny ' P
Similarly I> < C|[Dul|zpwn) r1=/P, Hence
u(z) — uly)| < Cla — y|* 7| Dull o (gn,
0 [u]coa-n/p < C||Dul|pp(rny, and therefore

HUHCOJ—"/P(R") < Cllullwregn)-

Corollary 13.22. If Q is bounded and n < p < oo, then

HUHCOvl—"/p(Q) < CH“HWH?(Q)

(by extension).

13.4.4 General Sobolev inequalities

Summary of embeddings for W*»:
o kp <n: WhkP s L9 with ¢ = np/(n — kp).

o kp>n: Whke —y OF=I0/PI=17 where

_JIn/pl+1—=n/p ifn/pisnot an integer,
7 any v < 1 if n/p is an integer.

o kp=mn: WhP — {u: [eClU" < +00} (Trudinger / exponential integrability; related to BMO).
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14 Compact embeddings, Poincaré inequalities, and difference quo-
tients

14.1 Compact embedding

By GNS, WlP(U) — LY(U) for all 1 < p < n and ¢ € [1,p*]. Goal: WIP(U) < L4(U) for all
1<qg<ph.

Definition 14.1 (Compact embedding). Let X,Y be Banach spaces with X C Y. We say X is
compactly embedded in Y (X << Y) if X < Y and every bounded subset of X is (pre)compact
inY.

Theorem 14.2 (Rellich-Kondrachov). Let U C R™ be open and bounded with OU of class C1, and
1<p<n. Then
WLP(U) —— LI(U) V1<g<p*

Remark 14.3. Since p* > p and p* — 0o as p — n, one has in particular W'P(U) << LP(U).

14.2 Poincaré inequalities and difference quotients
14.2.1 Poincaré’s inequalities

Theorem 14.4 (Poincaré’s inequality). Let U C R™ be open, bounded, and connected, with OU of
class C', and 1 < p < co. Then

< CHDUHLI’(U) Yue Wl’p(U),
Lr(U)

1
u—— | udy
Ul Ju

where C' depends on n,p,U.

Proof (by contradiction). If the claim fails, there exists {uy} € W'P(U) with

1
Uk—/ uy dr >k||DUk||LP(U)-
Ul Ju

Le(U)

Define .
Uk = 107 Jor ur dy

e = gy S eyl

Then ﬁ Jyvkdy =0, |vgllr = 1, and || Dvg|zr < 1/k (by the assumption). In particular {v} is
bounded in WP, By Rellich-Kondrachov (WP(U) cc LP(U)), there exist a subsequence vg; and
v € LP(U) with vy, — v in LP(U).

Moreover
),
— | vdy
Ul Ju

(by Holder), so ‘—é' Jyvdy =0. Also |[v]|ry = 1.
For every ¢ € C°(U),

Uk

< Cllv = vk, || Loy = 0

Hence Dv = 0 a.e., so v € WHP(U) with Dv = 0. Since U is connected, v = C a.e.; the mean-zero
condition forces v = 0, contradicting ||v||r» = 1. O
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Remark 14.5 (Case n = 1). Suppose u € WHP((0,1)) and Du = 0 a.e. in (0,1). Prove u is
constant a.e. Assume toward a contradiction

()_ Ch 33‘6(0,1/2),
TN wey2)

with C; # Cy. Choose ¢ € C2°((0,1)) with ¢(1/2) # 0. Then

1 1
0:/0 Duqbdx:/o u Do dx
= —(C19(1/2) = C19(0)) — (Cap(1) — Ca¢(1/2)) = (C2 — C1)9(1/2),

a contradiction.

Corollary 14.6 (Poincaré inequality for a ball). Assume 1 < p < co. There exists C = C(n,p)
such that

< Cr||[Dull Lo (B(ar))
Lp(B(z,r))

)
U— = u(z) dz
|B('T7T)| B(z,r) ( )
for every ball B(z,r) C R"™ and every u € WYP(B(x,7)).

Remark 14.7. Relative to the usual Poincaré inequality, the constant here depends on the domain
V = B(z,r).

Proof. Set v(y) := u(z + ry) for y € B(0,1). Then u € WHP(B(z,r)) implies v € WP(B(0,1)).
By Poincaré on the unit ball (with C' independent of z,r),

< C|Dv|lr(B(0,1))-

o 1/ vdy
1B(0, )] /B0, LP(B(0,1))

The change of variables z = « + ry and Dyv(y) = r D,u(z) produces the factor Cr. O

14.2.2 Difference quotients

Assume u : U — R is locally summable and V CC U.
Definition 14.8. (i) The i-th difference quotient of size h is

u(z + he;) — u(x)
h Y
for all z € V and 0 < |h| < dist(V,0U) (ensures x + he; stays in U).

Dhu(x) =

(ii) D" := (D}u,..., Dhu).

n

Theorem 14.9 (Difference quotients and weak derivatives). (i) Suppose 1 < p < 0o and u €
WLP(U). Then for every V. .CC U,

| D} ull povy < CllDul| oy
for some C >0 and all 0 < |h| < L dist(V,0U).
(i) Assume 1 <p < oo, u € LP(U), and there exists C > 0 such that
D}l oy < C

for all 0 < |h| < §dist(V,0U). Then u € WHP(V).
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Proof. First assume u is smooth. Then

1
u(z + he;) —u(z) = / O, u(z + the;) - hdt,
0
SO )
|Dhu(z)| < / |Du(z + the;)| dt.
0

Hence (elementary inequality)

n 1
Dhul < Z/ \Du(z + they)| dt,
=170

n 1 p n 1
|DhulP < CZ(/ Du(m+thei)|dt> < C’Z/ | Du(x + the;)|P dt
i=1 \"0 i=1 70

(by Jensen: if f is convex and v is a probability measure, then f( [ udy) < [ f(u)dy). Consequently

n 1
/ |DMulP do < CZ/ / |Du(z + the;)|P da: dt
1% 170 JV

< C/ |DulP dx
U

(let y = x + the;). For general u, use the local approximation theorem (approximate using this
identity).
(ii). For ¢ € C°(V') and h small,

/VuD?qbdx:—/v(D;hu)wx

(discrete integration by parts). Since ||Dlull1») < C, one has supy, HDi_huHLp(V) < +oo. For

1 < p < oo (LP reflexive), Kakutani’s theorem yields v; € LP(V) and hy — 0 with D, Py — oy

weakly in LP (V). (Kakutani: a Banach space F is reflexive iff the closed unit ball is weakly compact.)
Then for ¢ € C*(V),

/uaxigbd:z:: lim uD?k(;SdJ:
v hx—0 Jy
= — lim (D;hku) pdr = —/ v; ¢ dx,
hx—0 Jy v

where the first limit uses

h
< lullze [|1D5* ¢ = O, @l oy — O

/ w(DI*p — By, ¢) d
U

(Lebesgue dominated convergence theorem). Thus v; = Dgu. Since u,v; € LP(V), one has u €
WLP(V). ]
Part IV

Weak solutions and regularity

15 Weak solutions of second-order elliptic equations

15.1 Compact embedding: counterexamples
Let U be bounded in R™. Then
WYP(U) —»— LYU), p<n,



CSSE60003.01 — #UF 4B 572 78

if1<qg<p=—2

n—p
Counterexamples.

°1. U =R". Let

0 z <0, 0 z <0,
x 0<x <, 1 O<a <],
xXr) = D €Tr) =
/(@) 2—x 1<z<L2, /(@) -1 1<z<?2,
0 x> 2, 0 T > 2.

Define f,(x) = f(x—n) (translation). Then ||D fy || p(rn) < C, s0 || fullw1p@ny < C is bounded,
but f, does not converge in LI(R") because || fullza@n) = [|fl|Lemn) # 0, while f, — 0.

°2. q=p* = %, assuming suppu C B(0,7) C U. Set ue(x) := e "/? u(z/e). Then

el Lo 0y = llull o* )
HVUsHLP(U) = €n/p_1+n/p*Hvu”Lp(U) = HVUHLP(U)-
Therefore |[uc|ly1.p(r) < C is bounded as € = 0, ue — 0, but [Juel| o+ ¢y 7 0. Note that

_ * 0 . *
el aqry = €™ TP |ul| oy = 0 if ¢ < p*.

15.2 L? theory for weak solutions

In this section we consider

Lu = in Q
u=f in (28)
u=20 on 0,
with Q a bounded domain.
Remark 15.1 (Recall). Long time ago,
—Au = in
u=f in (29)
u=0 on 0},
energy methods gave uniqueness, but existence needs a weaker space and improved regularity.
Definition 15.2. - '
Lu = —8;(a” (z)0ju) + b*(x)d;u + c(x)u (1)
or - ‘
Lu = —a¥ (2)0iju + b (2)0u + c{x)u. (2)

Form (1) is called divergence form; form (2) is non-divergence form. (Einstein summation: repeated
indices are summed.) Here a"(z) is a matrix of measurable functions.

Uniform ellipticity. -
M < al(@)6gy < AP, A<T<A,

and a”(z),b(x), c(z) € L=(Q).

Remark 15.3. D If ¥ = §;; and b’ = ¢ = 0, then Lu = —Au. The operator —A is uniformly
elliptic because 0;;&&; = |€]?, s0 A = A = 1.

@ Assume symmetry a” (z) = a’*(z). For example

O + 2012u + O2u = O11u + O12u + Oa1u + Opu.
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@ If a¥ € C' then L may be written in either divergence or non-divergence form. But if a” is not
differentiable, these two forms are not equivalent.

@ In matrix form, a (x)&;&; = (€, A€). So L is uniformly elliptic if and only if A is positive definite
with lowest eigenvalue Ag(xz) > 6 > 0 for all z. (A is real symmetric, so it has n real eigenvalues.)
15.3 Existence of weak solutions

Definition 15.4 (Bilinear form). For all u,v € HZ(Q),

Blu,v] := / Z a' 9y djv + Z b Oy, uv + cuv da.
1,] i=1
Here
HY(Q) = Cx(Q) (closed under | - || 1)
or
{u S Hl(Q) : u’ag = 0}

(the boundary condition via Trace).

16 Lax—Milgram theory, Fredholm alternative, and H? regularity

16.1 Problem set

Exercise 16.1. Sobolev embedding (n > 2):

o WLP(R") — LP"(R") for p < n, p* =7

o WLHP(R™) — COY(R") for p > n, v =7

e n=1case: [[ullo(ap) < Cllullwriap)?

Exercise 16.2. Let u be a solution to dyu = Au +u? in R” (n = 1,2, 3).

e uy = Mu(A%t, \z) is again a solution. Determine s =? (scaling invariance of the equation)
o Determine what H* space satisfies ||uy|| gk = |||l e ? (scaling invariance of the norm)

@D Quy ~ A2, Auy ~ NT2Au, and u3 ~ A3u3. Hence s +2 = 3s = s = 1, so uy =
Au(N2t, \x).

@

_ _ n
ull g = A= A A2l o = AN ]| g = k=5 -1

16.2 Application of Lax—Milgram
We now apply Lax—Milgram. Take
Lu = —8j(aij8iu) + b'0;u + cu.
In our case we want B(u,v) = (f,v) for all v € H}(Q).
D |B(u,v)| < Cllullg1]|v|| g1 (boundedness).

@ Not positive-definite! (¢ < 0 case). Instead we have, for some v > 0,

A
5 | (9 + uf?) < Bl + 7l (¥
hence

A
Buyu) +llullfe > 5l
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Theorem 16.3 (First existence theorem). There exists v > 0 such that for all p > ~ and all
f € HX(Q) there exists a unique weak solution u € H}(Q) to

Lu+ pu=f in(, (30)
u=20 on 0f).

Proof. Define B, (u,v) := B(u,v) + pu({u,v). Check:

O By(u,v) is bilinear;

@ [Bu(u,v)| < |B(u,v)| + pl{u, v)| < Cllul[g|[v]lg;

@ by (x),

A A
Bl ) = Blu) + () > Bl e = 5 [ (90 +ul?) = SulF,
so B, (u,u) is positive definite.
Then Lax—Milgram applies. O

Restricting the variational equation Blu,v] = (f,v) to a finite-dimensional subspace of H{(Q)
is the Galerkin method; piecewise-linear subspaces are assembled in Section 19.

d2
Remark 16.4 (Example). Let Q = (0,7) and Lu = — gyt e Then uy = sinkx = Luy =
x

(k% + c)ug. If ¢ = —k2 for some ko, then Luy, = 0.
e B(u,v) is not positive definite: B(uy,,ug,) = 0.
o Therefore Lax-Milgram cannot apply. No uniqueness: if Lu = 0 then L(u + ug,) = 0.

» No existence for some f! For f = uy,: if there exists v with Lu = uy,, then
lurg 172 = (Lu, ury) = (u, Lug,) =0,

a contradiction.

16.3 Fredholm alternative

Question: what happens without adding pu?

d2
Formal adjoint. E.g. Lu = —ooat T uon (0,7). Then Lu = f has no solution if ||f||2, =
x
(Lu, f) = (u, L*f) forces a contradiction whenever f is not orthogonal to ker L* (here L* = L and
ker L = span{sinx}). Here L* is the formal adjoint of L.
For divergence form

Lu = —8¢(aij8ju) + b'Ou + cu,

(Lu,v) = /aijaju Oiv + b'djuv + cuv dx

= /aijaiv djul —u 0;(b'v) |+ cuv dx =: (u, L*v).

(The first term is symmetric.) Therefore

L*v = —9; (aij(?jv + biv) + cv.
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Definition 16.5 (Compact operators). Let X,Y be Banach spaces. A bounded operator K : X —

Y is compact if any bounded sequence {x}} C X has a subsequence {xy, } such that Kz, converges
inY.

Remark 16.6. E.g. id : W'(Q) — LI(Q) for ¢ < n"p
K:H — H, (Kx,y) = (x, K*y).

is compact. For an adjoint operator

Theorem 16.7 (Fredholm alternative). Let H be a Hilbert space and K : H — H a compact linear
operator. Then

(i) dimN(I — K) =dim N(I — K*) < 4o0;
(i) R(I — K) is closed and R(I — K) = N(I — K*)*.

In particular, R(I — K) = H if and only if N(I — K*) = {0}. Either (I — K)u = v has a unique
solution for allv € H and (I — K)~! is bounded, or (I — K)u = 0 has a nontrivial solution and
(I — K)u = v has a solution if and only if (v,w) =0 for all w with w — K*w = 0.

Theorem 16.8 (Second existence theorem). Assume Q is bounded, a,b',c € L>(QQ), and L is
uniformly elliptic. Fxactly one of the following holds:

e Fither
Lu = in )
u=f in Q, (31)
u=0 on 0f)
has a unique weak solution u € HE(Q) for all f € L?, and L™ is bounded;
e or
Lu = in )
u=0 1in (32)
u =0 on 0f)
has a nonzero weak solution, and
Lu = in
u=f in§, (33)
u=20 on 0f)

has a solution if and only if (f,v) =0 for all v € H}(Q) with L*v = 0.

Proof. Let v be from the first existence theorem. We know (L +7)~! : H-1(Q) — HL(Q) is a
bounded linear operator, because Lu + yu = ¢ in §2 can be solved uniquely. Now since Lu = f if
and only if Lu 4+ ~vyu = f + ~vyu,

u=(L+y) " (u+f), e u—y(L+y) u=(L+7y)"f (*)

Let K = y(L+ )"t and f = (L +~)"'f. Taking H = L?, we have K : L*(Q) — H}(Q) bounded
linear. We check K is compact as a map L*(Q) — L(9):

K =idgyeoree © Kiz@-my@

is compact (composition of a compact embedding and a bounded map). Now K is compact, so
by the Fredholm alternative theorem: either () has a solution u € H for all f € H, or (*) has a
nonzero solution for f = 0, and (x) has a solution if and only if (f,v) =0 for all v € N(I — K*),
ie. L*v=0. O
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16.4 Regularity of weak solutions
16.4.1 H>-regularity

Let u be a weak solution to —Awu = f in 2. Formally

/sz _ /Q(_Au)2 _ /Zaﬁuaﬁu: —Z/aiuaijju = Z/aijuaiju.

So if u € H?(Q2) we have 3" ||0;jullz2 < ||f||z2- The problem is to prove u € H?(Q2) (for general L),
where - ‘
Lu = —0;(a" O;u) + b"0u + cu.

Theorem 16.9 (Interior regularity). Assume a® € C1(Q), b',c € L°(Q), f € L*(Q). Let u be a
weak solution to Lu = f in Q. Thenu € HY_, i.e. u € H*(V) for all V CC Q, and

lull g2evy < C(I1F ez + llull r2@))-

Remark 16.10. We can show Lu = f a.e. in Q (almost everywhere). Indeed B(u,v) = (f,v) for
all v e C2°(12), where

B(u,v) := / a0 djv + b'0pu - v + cuv di.
Q
Since u € HZ ., we can integrate by parts (v € C°(Q)):
B(u,v) = / (—Oj(aijaiu) + b'Osu + cu)vdz = (Lu,v).
Q

Hence (Lu,v) = (f,v) for all v € C°(Q2), so Lu = f a.e.
Remark 16.11. No boundary conditions are needed here (interior).
Remark 16.12. The RHS term ||u| ;2(q) is necessary: e.g. u = a constant and L = —A, f = 0.

Proof. Take a cut-off n with n = 1 on V and n = 0 on W¢ where V. CC W CC Q. The weak
solution satisfies B(u,v) = (f,v) for all v € C°(Q), so

/Qaij&-uﬁjv:/fv:/[f—Zbiaiu—cu]v.

Note that since v € HY(Q), we have f € L%(Q). Let |h| > 0 be small and k € {1,...,n}.
Approximate dxu by defining
vi=—D"(n?Diu) € H(Q)
(why H}?), where
u(z + heg) — u(x)

Dhu =
U h

is the difference quotient. Then
/aijaiu 0jv = —/aijaiu 0; (D;h(UQDZu))
~ [ Dita9i) 9502 D)
(by the summation-by-parts property of difference quotients: fQ v D,;hu = — fQ D,’;v-u). Expanding,
= [ a"D}(ow) ;D) + [ Dta”) 0,0 D
= /Q [aijDZ((‘?iu) + Dﬁ(aij)ﬁiu] [172DZ({)]-U +2n0jn DZU]

= / a (D) (DRoju) n? +Is + I3 + 14,
Q

I
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where (writing & = DZ@iu, & = Dzaju)
I, = /QaijDZ(aiu) <21 djm Dlu,
Is+ 1y = /QDZ(CLU) Ou (> Drdju + 21 9;n D).

By uniform ellipticity, I; > A [ 7?|DfDu|?. The rest:

2 < CIDkDu il Vo Dfull <& [ (DDu-n+ S [ 1VaPiD}ul

mi<e [(DDuPe?) + S [ 1Dupr,

Ll <C [1DuPip+C [ Dfusp
Therefore

‘/ aijaiuajv‘ > /\/ n?| DR Dul? — 25/ n?| DR Dul? — C/(|Du2+ | Dl ?)n?.
Q Q Q € Ja

Take £ = \/4; also note || Dlulls < C||Dul|z. Then

. A
/a”@iuﬁjvdznz /772|D,}§Du|2—0/ | Dul?.
Q 2 Ja Q

Using [, a"8;udjv = (f,v),

A
2/ n?| DY Dul? < c/(f2+u2+ypu|2) dx.
Q Q

Hence [, |D}'Dul? is controlled, so sup, HDQDUHLZ(V) < +oo (this bounds D?u). Therefore there
exists © € L2(V) such that DZ"’Du — ¢ weakly in L?(V). Thus u € H*(V) and

lullir2vy < Cllullme) + 11fl2())-
(The H' term can be simplified to L*: testing v = nu gives ||Dull 2y < || fllr20) + lullr2@).) O

Corollary 16.13 (Higher interior regularity). If a*/,b',c € C™1(Q) and f € H™(R), then u €
H™2(Q) and

loc

[ull a2y < C (|l ame) + llull20))-

17 Boundary regularity and De Giorgi local boundedness

17.1 Interior regularity (sketch)

Assume a¥ € C1(Q), b',c € L®(Q), f € L*(). Let u be a weak solution to Lu = f in Q. Then
uwe HE,, ie ue H*(V) forall V CC Q, and

oc’?

lull g2vy < C(I1F ez + llull2o))-
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Idea. We show [ul 1) < C(||f]lr2 + |lullz2). To control ||ul| g, test with u € Hg(€2):
B(u,u) = (f,u) = /aija,»uajqu Vo - u+ cu® = (f,u),

hence
/ a“o;u Oju = / fu—0b0;u-u—cu’dr
Q Q
= A|VullZz < [1FI72 + lulZz + [bllos (el Vul 72 + Ce)l|ull72) + llelloollull 72
Take ¢||b]|oc = A/2 to obtain
A
§||VUH§ <15+ Cllulld = Nulfnq) < C(I1f 1720 + lullZa))-

For |lull?2, try the test function v = —0(n?Oku) (formally; otherwise use DjDu). Why v =
Ok (n*0ku)? Because Jyulgn # 0 in general, so a cut-off is needed.

—/aijaiu 0; (8k(7728ku)) =(f - b ou — cu, v),
LHS = / Jﬁlkuﬁ (n?Opu) + /8k ) Oiu 0 (77 Opu)
= /a”@iku(ajku % +2n o (9ku)

/8k ) Oiu (0w - m* + 21 91 Oyu).

Rearranging,
/aij(?iku Ojru - n? = (f — b ou — cu, v) — /2aij8iku7]8jn Opu
/Bk ) Oiu (O - n? + 21 0jm Oxu),
hence
A [ 1D%uPe? < e [ D2 4 Clulfy + €7 B
Therefore

1D ull 2 vy < C(IflIZ2 + lullf) < CUIFIZ + llulz2)-

17.2 Boundary regularity

Theorem 17.1. Let a¥ € C1(Q), bi,c € L>=(Q), f € L*(Q). Assume 9Q € C? and u € H}(Q) is a
weak solution. Then

lullm20) < C(I1fllz2@) + lull2(0))
(H? of the whole Q).
Sketch.

1) Use boundary straightening to the standard case (straightening): = = ¥(y), y = ®(x). Then
a — @k ... give new coefficients, still uniformly elliptic.

2) Model case: Q = B(0,1) " R%.

“Assume” u € H? (otherwise use DZDu).
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o Tangential derivatives only (I # n): by a similarity argument,

Z HalmUH%%Q) S ||f||%2(9) + HUH%Z(Q)
(t,m)#(n,n)

e For 0,,u:
a" O = — Z am O + (v — 8kajk)aju +cu— f,
(L,m)#(n,n)
with a™"(x) > A > 0. Hence

Ol <C > Ol + | Dul + |ul + /],
(Lm)#(n.n)

and
10nnull2i) < C(I1F 2y + llull L2q))-

Summary. If Lu = f with weak solution u € H} (), i.e.
/ a” 9pu djv + b'duv + cuv = / fv Yo € Hi (),
Q Q

we have: two existence theorems, and H2-regularity. Recall: classical solutions need u € C%(Q);
there remains an H? — C? gap.

17.3 Local boundedness

Theorem 17.2. Suppose a’/ € L>®(By), ¢ € LY(By) for some q¢ > n/2, with a”&&; > N¢|? and
|a¥ || + [lcllg < A. Suppose u € HY(By) is a subsolution (b=0):

/ aI0udio+eup < | fo Ve e HY(B), ¢ >0.
Bi By

If f € LY(By) then ut € LY°.(B1) and for all p > 0,

1
”U+||Lo<>(39) < C{(l_e)ﬁHIﬁHLP(BI) + ”fHL‘I(Bl)}-

Method 1: De Gliorgi. 1t suffices to consider the 6 = % case:

sup ut < 0(2_n/2||u+||L2(Bl) + 1 fllacay))-
1/2

Let v = (u— k)T for k> 0 (in the end let k — +00), and let n € C2°(By) to be chosen later. Take
¢ = vn? as the test function. Note

Do — Du a.e.in {u > k},
0 ae in{u<k}

Then
/ a" Dyu Do = / a” Diu Dj(vi’) = / a” Dyu(Djvn? + 20 Djnv)
> )\/ | D)*n? 2A/ | Dul | Dn| vy
{u>k}

A
> 2/ |Dv|*n* — /\Dn|2 2
{u>k}
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By the subsolution inequality,
Gy omr T arrr2 2 2
/a Diu Dj(vn®) 4+ cuvn S/fvn ,
and (using u < v + k)

/|Du!2172 < C’{/1;2|D17|2 + ]c|02772 + \c|k;2n2 + ]f\vnz d:c}.

[ 1Dt <c{ [ D+ [l x / cl? + [ 1flor?)} ()

Recall by Sobolev embedding W12 < L% with 2* = 2 Estimate the RHS of (x) by Hoélder:
n

1 1
Wlth _,_7_’_7 1,

2*
/Iflvn2=/ |flon-n
{vn#0}

N 1/d
< | llzallonl e /{ ")
un

<\ Fllzallonllpox [{vn # 0}|1/2H1/n=1/a
< ellvnllZa + C@)IFII3a [{on # 02/
< 8|[D(wn)[|72 + C )| fIIZa [{on # 0} 1/a+2/m,

Note 1 4+2/n—2/qg >1—1/q as long as ¢ > n/2. Similarly

Hence

/|C|"}27]2 < ||CHLqH’UT]||%2* {'U'r] ;é Q}|2/”—1/q

< lellza || D(vn)||22 [{vn # 0}|2/n1/a,

and
/ R2leln? < K]l o [{om # 0}/,
{vn#0}

Combining (and using 2/n > 1/q),
ID ()72 < C{/UQIDUP + (K% + | fl17a) Hom # 03!~/

+ID(wn)ll72 {vn # 0}\2/"1/q}-
Now if |[{vn # 0}] < g9 < 1, then |[{vn # 0}[7/"1/4 < gy < 1, s0
ID@n) 2 < C{ [ P10 4+ 02 + 1) 1o 2 0} 1),
Again by Sobolev embedding and Hélder,

/ (on)? < ( / (o)) [{on £ 0}12/2 = o2, |{un # 0} 2/

< C|ID(vn)|72 {on # 03>/

: C(/ o? Dnf? da [{om # 03" + (K + | £1[3) | {on # 0}\1+2/"-1/q).
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Thus

/(vn)2 <C

for e =2/n —1/q, if [{vn # 0} is small.
2
Now choose n € C§°(Bgr) with n =1 on B,, n = 0 on B%, and |Dn| < o Set A(k,r) :=
{r e B, :u>k} (so{vn#0} C A(k,R)). Then for 0 <r <R <1andk >0,

/ (u—k:)2 < /1}2,’72
A(k,r)

<C

/v2|D77!2 [{on # 032" + (K + [1£ 1 74) Hon # O}IHE]

(R—r)

5 /v2 dx |{vn # 0} + (E* + Hin) [{vn # 0}|1+€]

1

SCW

)

/ (u— k)? da | Ak, )T+ (K + || fII7) | Ak, )1
A(k,R)

provided |A(k, R)| is small. Also
1 + e by4
Ak, R)| < u” < olut e,
k Jaek,R) k

so |A(k, R)| is small if k > k¢ for some k.
Take any h > k > ko and 0 < r < R such that A(k,r) D A(h,r) and fA(hr)(u —h)? <

fA(km)(u — k)%, and

A1) < {u—Fk > h—k} < — / (u— k2.
A(k,r)

Therefore

1 e
(R—1)? /A(,LR)< B2+ (b + | £20) |A(h, R)

L u — 2 S ; u — 2
< h— k)= (/A(kﬂ)( k) ) (R—1)? /A(m( k)

W2+ 1| f117a / 2
+ LT e w—k
(h —k)? A(k,R)( )

/ (u— h)? < C|A(h, R)|*
A(h,r)

1+
sl ([ wewp) [ U
~ (h=k)* \Jaw,r) (R—r)2 " (h—k)?
Hence .
= 1) g < 0 e 4 ol ) M= D53
12(B,) = jra— " e
Set y(k,r) = [[(u = k) ll12(m,), ke = k‘0+k(1_l) Ty = 14_7 so kg — kp1 = k and
| 1 o 267 2 2L - ol
Te-1 =T = 5T Setting R =1,_1, r =1y,
1, 2 1 2t I4e
ylke,re) < C 12770 + ?<ko +E(1—5)+ ||f|\Lq) . ?(Q(kl’é—lﬂ“z-ﬁ) _ ()

Inductively one shows

k
y(ke,re) < y 027"0) for some v > 1.
v
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Then e
1+e y(ko, 7o) _ yl(ko,m0)*  y(ko,m0)
(y(ke—1,me-1)) " < (73_1> = e T
By (*x),
Cy" (ko + k4 1fllg) oo y(ke—1,7m-1)° y(ko, m0)
y(kg,T'g) < Ll+e 27 ,yaﬁ ) ,YZ ’
We want
ko +k+ || f] y(ko,70)°
1+e 0 q L(1+e )
Cv </€1+5 2 )T < 1.

Take 7 = 21%¢ (y > 1). Then it suffices that

£
071+g<y<k(]: m)) okt

which holds by taking k large. Now

y(ko,m0)

y(ke,me) < ;i — 0 as ! — oo,

and kp — ko +k, 7o — %, ie. y(ko + k, %) = 0. Thus
1w = Gho + B 25, ,) =0 == uF <ho+k in By,
)

sup ut < Clko+ |1 fllze +y(ko, 7o)},
1/2

where ko + || f[ L« and y(ko,70) are both controlled by Cllu*||2(p,)- O

18 Nash—Moser iteration, comparison principles, and moving planes

18.1 Method 2 (Nash—Moser)
Assume b’ = ¢ = f = 0. The idea is to show the reverse Holder inequality
HUHLP(BTI) < CHU’HL?’O(BTQ) for p > po, 1 <712

1
rg—r1’

(issue: C' ~

Step 1.
For m > 0 define

- ut ifu<m,
Uy, = ]
m ifu>m

(will let m — +o0 later). Then Du,, = 0 in {u < 0} (where v = 0) and in {u > m} (where
Uy = m is constant). Also 4, < u™. Set the test function
w=n ( u? +) € HO(Bl) for some 8 > 0,
with n > 0 € C2°(By). Then
Dy = 20 Dy (ab,u™) + n*(Bal, ' Dy )u™ + n*al, Du™
Note Dii,y, - ut @' = Dy, @2, because ut = 1, whenever Di,, #0 (i.e. 0 <u < m). Hence

Dy = 2n Dn (@2, )+77u6(5Du + Du').
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Now ¢ = 0 = Dy in {u < 0} (where u™ = @,, = 0), so we only integrate in {u > 0} (and

Dyu = D;u™ there):

/aijDiuDjnp = /aijDiu<2nDj77uiu+ + n*uf (BD U + Dju ))

Note
0 if u >
Duc* Dy, = ifuzm
Djii, Djty, if u < m.
Thus
/a”Dzﬂ n*al, B Dyt > Aﬁ/n%ilDﬂmIQ,
and

/ a” Dyt n?*al, Djut > )\/7722251|Du+|2.

For the remaining terms (writing @ = u™),

/”Duwm( i) n<A/|Du+||Dn| 8ty
A\ - 2A2 _
<5 [+ 25 [ DaPa

8 /num\DumP / 2al | Dut? < C / Dyl (ut)?.

Set w = @o]*u™; then

Hence

|Dw|* < (1+ B){Bul,| Dy, |* + ul,| Du'|?},

SO

/]Dw|2n2 <C(1+p) /wz\Dn|2 or /\D(wn)|2 <C(1 +5)/w2]Dn\2.

Step 2.
By the Sobolev inequality,

(f1nl)"™ <c [Iptop < ca+p) [wioip

2
Choose n =1 on B,, n =0 on B, with |Dn| < . Then
—r

() < G
u™, so

(f woraze)™ < fé1_+rfﬁ /B (u*)a),

r

By definition w = uﬁ /2

Since i, < u', set v =2+ f:

()" <@g [, e

r

Let m — oo and define x = 2*/2:

() )" <G [ o

r
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Therefore

vo1 /v
%] LB,y < (C(R_T)g> %]l v (BR)-

Step 3.
Iterate beginning with v = 2:

) 1/2
allz2x(s,) < <0M> %l 22 (5)-

Also iterate the radii:

; 1
Vi = 2XZ (: 27 2X) 2X27 cee )7 ri=<+ 9it1 (Ti — 5)7

with r,_1 — 7; Then

Ti—1 = T4

. 1/
_ X _
]| v (B,,) < (C()2> ]|y (B,, )

and the prefactor is bounded by a factor of order C%/ X', Hence
allzi(s,,) < CZX 1| 2y,
where the sum is bounded since x = 2*/2 =n/(n — 2) > 1. Letting i — +o0,

sup 4 < C|ltl[ 2B, or sup u” < Olu™||2p,).-
1/2 By /o

18.2 Comparison principle for elliptic equations
Let © be open and bounded, and

Lu := a;;Diju(x) + biDju(x) + cu(x) > 0.
e If ¢ <0, then L is still a “negative” operator and

max U+ = max u+ .
Q oN

Q
(If u(zp) = maxgu™ with zg € int(), then Lu(zg) < 0, using u(z¢) > 0 and ¢ < 0.)
o If ¢ < M, require u < 0. Then
(L—M)u = a;jDijju+b;Diu+ (c — M)u=Lu—Mu>—-Mu>0
(since Lu > 0, u < 0,and ¢ — M <0). If u <0 then u=0 or u <0.

Theorem 18.1 (Narrow domain maximum principle). Assume Q C {0 < z1 < d} for d < 1, and

(34)

Au+c(z)u>0 inQ,
u<0 on 0f),

where |c(x)| < M. Thenu <0 oru=0 in Q.
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Idea. In this domain, consider w = sin(nxy/d). Then

Aw + (r/d)*>w =0 in Q,
w >0 on ,

and we only need Aw + c(x)w < 0, which holds since (7/d)? > 1. O

Lemma 18.2. (Q2 need not be narrow.) Suppose Lu > 0 in 2 and

Lw <0 in
w >0 on Q,

where L := A + ¢ with |¢| < M. Then

ut u\+
max — = max(—) .
Qg w 29 \w

Proof. Write v = u/w so u = vw. Then

Au = Avw + vAw + 2Dv - Dw,

hence
Avw + vAw + 2Dv - Dw + cvow > 0,
ie. D
Av—l—g(Aw—f—cw)—i—Q—U-Dw > 0.
w w
Define D
Lv:=Av+2Dv - 22 4 éuv>0 inQ,
w
~ Aw + cw )
where ¢(z) ;= ———— < 0, and v* = ut/w. Assume v*(zg) = maxgv™ with 2o € Q and

w
v(zp) > 0. Then (after an “e-trick”)

D
Av+2DU-—w+6U§O at xg,
w

forcing zg € 012. O

Back to the narrow-domain case:

+
max(g) =0,
Q

and by Hopf’s lemma, v < 0 in  or u = 0.

18.3 Moving planes
Theorem 18.3. Suppose u € C(By) N C%(By) and u > 0 in By, with

(35)

Au+ f(u) =0 in By,
u=0 on 0B,

0
where f is locally Lipschitz. Then u is radially symmetric in B1 and %(w) <0 for all x #0.

Remark 18.4. In fact the symmetry claim only requires €2 bounded and convex in the zi-direction
and symmetric with respect to {1 = 0}. The proof uses the narrow-domain maximum principle
and the small-volume maximum principle.
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Exercise 18.5. Show that the conclusion that u is radially symmetric is false without the assump-
tion that u is positive.

Lemma 18.6. Let ) be a bounded domain that is convex in the x1-direction and symmetric with
respect to the plane {x1 = 0}. Let u € C(Q) N C%(Q) be a positive solution of

{Au + flu) =0 inQ, (36)

u=0 on 0f,

with f locally Lipschitz in R. Then u is symmetric with respect to r1 and

ou

—(x) <0 for any x € Q with 1 > 0.
8901

Proof of the ball theorem. The ball theorem follows immediately from the lemma: u is decreasing in
any given radial direction (the unit ball is symmetric with respect to any plane through the origin),
and w is invariant under reflection across any such hyperplane, hence radially symmetric. O

Proof of the lemma. Use coordinates x = (z1,y) € Q with y € R*~1. We prove
u(z1,y) < u(z],y) for all z; > 0 and — 21 < 2] < ;. (4.3)

This implies monotonicity in x; for x; > 0. Letting z] — —z1 gives u(z1,y) < u(—=z1,y) for 1 > 0;
reversing the direction yields reflection symmetry u(z1,y) = u(—z1,y).
To prove (4.3), given any A € (0,a) with a = supq 21, take the moving plane T\ = {z1 = A} and

Ya={x ez >}
Let ) = (2\ — x1,x2,...,xy,) be the reflection of x across Ty, and set
wy(z) = u(x) — u(xy) for z € Xy.
By the mean value theorem,
Awy = f(u(zy)) — f(u(z)) = —c(z,\)wy in Xy,

where |c¢(z, \)| < Lip(f) (a recurring trick: the difference of two solutions of a semilinear equation

satisfies a linear equation with bounded but unknown coefficient). The boundary 0¥ consists of a

piece of 9 (where wy = —u(zy) < 0) and a part of T (where x = ) and wy = 0). Thus
Awy + c(z,\wy =0 in Xy, (4.5)
wy <0 and wy Z0 on 0Xy. '

By the narrow-domain maximum principle, wy < 0 in X for XA close to a. Moreover, w) attains its
maximum 0 over X along T), so by Hopf’s lemma

Gw,\

ou
=2
8:61

~ 7 Oy

T1=M\ T1=M\

Hence Ou/0z1 < 0 for x1 > 0, once we know wy < 0 in ¥y for all A € (0,a). Equivalently,
u(ry,2’) < u(2\ — 21, 2") for all A € (0, 7).

Since ¢(x, A) has no fixed sign, the usual maximum principle fails. There exists d. > 0 (depending
only on |[¢||fe) such that the narrow-domain maximum principle holds for Lu = Au + ¢(x)u
whenever the width in the xq-direction is less than d.. Thus for a — §. < A < a, the domain X is
narrow enough that wy < 0 in Xy (using wy < 0 and wy #Z 0 on 93)).
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Now decrease A (move T) left). Let (Ao, a) be the largest interval such that wy < 0 in X for all
A € (Ao, a). If A\g = 0 we are done. Assume for contradiction that Ao > 0. By continuity, wy, < 0
in ¥),, and wy, # 0 on 9¥),. The strong maximum principle gives

wy, < 0 in Xy,. (4.7)
We claim that for sufficiently small € > 0,
Wxy—e <0 in Xy, g, (4.8)

contradicting maximality of Ay unless A\g = 0.
Choose a simply connected closed set K C X, with smooth boundary, nearly all of ¥, in the
sense that |Xy, \ K| < 0/2. From (4.7) there exists n > 0 with wy, < —n on K. By continuity,

Wryg—e < —g <0 on K. (4.9)

On the boundary of ¥,,_. \ K we have wy,— < 0 on 0%X),_. and wy,—. < 0 on 9K, hence
Wxg—e < 0on 9(Xy,—c \ K). For e small, |¥),_c\ K| < 0. Choosing § small enough (depending only
on [|c| zec(q)), the maximum principle for domains of small volume yields wy, . < 0 in X, ¢ \ K;
the strong maximum principle upgrades this to < 0. Combined with (4.9) we obtain (4.8), a
contradiction. Thus Ag = 0, completing the proof. O

19 Galerkin finite elements for elliptic problems

Finite differences replace derivatives by stencils on a Cartesian grid. Once the Poisson problem
is recast in weak form (Dirichlet principle; Lax—Milgram), a different discretization is available:
restrict the variational equation to a finite-dimensional subspace of H&. This is the Galerkin method;
piecewise polynomial subspaces on a mesh yield the finite element method (FEM). The construction
works on general polygonal domains, treats Neumann data as a boundary integral, and inherits
stability from the continuous bilinear form rather than from a discrete maximum principle.

19.1 Galerkin orthogonality and Céa’s lemma

Let V = H}(Q) and let a: V x V — R be a bounded, coercive bilinear form,
a(w, o)l < Mllulvilolly,  a(w,0) > alol, o, M >0,
Given f € V', Lax-Milgram yields a unique u € V' with
a(u,v) = (f,v) Yv e V. (37)

For the Dirichlet Laplacian one has a(u,v) = [, Vu - Vudz and (f,v) = [, fvdz, so (37) is the
Euler-Lagrange equation of the Dirichlet energy.

Definition 19.1 (Galerkin method). Let V}, C V' be a finite-dimensional subspace. The Galerkin
approximation up € V}, is defined by

a(up,vp) = (f,on) Yo € V. (38)

Existence and uniqueness of uy, follow by applying Lax—Milgram on V}, (the same «, M work).
Subtracting (38) from (37) with v = vy, gives Galerkin orthogonality

a(u — up,vp) =0 Yoy, € V.

Theorem 19.2 (Céa).

M .
lu —uplly < — inf [lu—vp|[v.
o €eVp
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Proof. For any vy, € V},, coercivity and orthogonality yield
allu —upl|F < alu—up,u —up) = alu —up,u —vp) < M|lu—up|lv]v— vy
Cancel ||lu — up|ly and take the infimum over vy, O

Thus the Galerkin error is controlled by the best-approximation error in V. Choosing V} is a
question of approximation theory; assembling (38) is a question of local bases.

19.2 Piecewise-linear elements in one dimension

Take Q = (0,1), V = H}(0,1), and a(u,v) = fol wv'dx. Let h =1/N, x; = jh for j =0,...,N,
and let ¢; be the hat function supported on [z;_1,xj41] already used as a nodal interpolant in the
finite-difference chapter:

(—zj1)/h x € [zj1, 2],
pj(r) = { (xj41 —2)/h x € [r),2511],
0 otherwise.

Set
Vi, = span{p1,...,on_1} = {vh € C([0,1)) : vh|[mj,z].+1] is affine, v (0) = vp(1) = 0}.

Write uy, = Zj\;l Ujpj. Then (38) becomes the linear system AU = F with

1 1
0 0
A direct computation on the two elements meeting at x; yields the tridiagonal stiffness matrix
2 -1
a-ll-1 2 =1 c RIV-1Dx(N-1).
h S

Thus A is a positive multiple of the finite-difference matrix B from the Poisson stencil. If the load
is replaced by the lumped values F; ~ hf(x;), the two schemes coincide. Consistent assembly of F;
(exact integration against ¢;, or a quadrature of sufficient order) keeps the Galerkin structure and
the Céa bound.

Remark 19.3 (Neumann data). If the boundary condition is u/(1) = g rather than u(1) = 0, the
space becomes {v € H'(0,1) : v(0) = 0} and the load gains the boundary term gv(1). No stencil
modification at x = N is required: the essential condition is built into V},, the natural condition
appears on the right-hand side.

19.3 Interpolation and a priori rates

Let Ipu = Z;V:? u(zj)p; be the nodal interpolant (for v € H? N HE). On each element, Taylor
expansion with integral remainder gives

|u = Thullp2(0,) < Ch?|ul g2, [(u = Inu)||2(0,1) < Chlul 2.
Céa’s lemma with v, = I u therefore yields
|w = upll 0,1y < Chlulp2(0,1)- (40)

The L? rate is one order higher. Let w € H} solve the dual problem a(v,w) = (u — uy,v)2 for
all v € V. Elliptic regularity gives |w|gz < C|lu — up||r2. Galerkin orthogonality and (40) for w
then yield the Aubin—Nitsche estimate
w—up|2s = alu —up,w) = alu — up, w — [w)

< Cllu = unll g1 hlw| gz < Chllu = upl|gr{lu = unl| 2,
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hence
lu = unll 20,1y < Ch*ulg2(0,1)- (41)

Example 19.4 (1D Poisson, P; elements). For —u” = sin(rz) on (0,1) with «(0) = u(1) = 0, one
has u = 7~ ?sin(rz). Figure 7 shows the P; solution at N = 8 and the H' / L? errors against h.
The observed slopes match (40)—(41).

—u” = sin(nx), Galerkin P; Py FEM: H' and L? rates
0.10 1
-2
0.08 10
0.06 10-3
S g
()
0.04 1
10—4 .
0.02 1 —o— u—uplin
&= |u—upli:
1075 ~=- o(h)
0001 = —ePFEMN=8 % 1y O(h?)
00 02 04 06 08 10 1072 1071
x h=1/N

Figure 7: P; Galerkin for —u” = sin(wz). Left: piecewise-linear solution versus the exact sine mode. Right:
H' error O(h) and L? error O(h?).

Exercise 19.5. Assemble A and F for —u” = 1 on (0,1) with u(0) = u(1) = 0 and N = 4.
Compare the nodal values of u; with the finite-difference solution for the same h (lumped load
versus consistent load).

19.4 Triangular P, elements in two dimensions

Let ©Q C R? be a polygon and 7;, a triangulation into triangles K of diameter at most h, with no
hanging nodes. The space

Vi, = {Uh S C(Q) : vh]K S Pl(K) VK € Tp, ’Uh|8Q = 0}

is a subspace of H&(Q) Degrees of freedom are the values at interior vertices. On each triangle the
three barycentric coordinates are the local hats; the element stiffness

Afjfz/ Vi - VA dz
K

is computed from the vertex coordinates, then scattered into the global sparse matrix. Shape-
regularity (a uniform bound on hg/pk, with px the inradius) yields the same rates as in one
dimension:
lu = unlleny < Chlulgz,  lu—unllzzy < Ch2lule,
provided u € H2(Q) N HE(Q).
Higher-order elements P}, replace the h powers by k¥ in H' and h**+1 in L?, again by Céa plus

interpolation. Mixed or discontinuous spaces are used for saddle-point problems (Stokes) and for
H(div) fluxes; they lie outside the present notes.
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19.5 A remark on the heat equation

The same space V}, applies to dyu = Awu with Dirichlet data. Backward Euler in time and Galerkin

in space read
n+1

U —up
(hih,va + a(uﬁ“,vh) =0 Yo, € Vi,
-

ie. (M +7A)U™! = MU™ with mass matrix M;; = (¢j, ;) and stiffness A as above. The scheme
is unconditionally stable in L? because A is SPD. For smooth solutions the error is O(r + h?) in
L? and O(t + h) in H'. Forward Euler requires a CFL restriction of the form 7 < Ch?, as in the
finite-difference case, now coming from the generalized eigenvalue bound of M ~!A.

19.6 FD, FEM, and spectral methods

finite differences finite elements Fourier spectral
unknowns grid values coefficients in V}, Fourier modes
natural setting rectangles polygons / weak form periodic torus
stability discrete max. principle coercivity on V3 modal decay
smooth data algebraic O(h?) algebraic O(hF) spectral
Neumann data ghost points boundary integral cosine / even extension

Finite differences remain the most direct scheme on a box. Finite elements are the natural
discretization of the weak theory already used for existence. Fourier methods, developed in the
next part, exploit a global eigenbasis when the domain and the coefficients allow it.

Part V
Fourier spectral methods

20 Fourier spectral methods and foundations

20.1 Scope and a model problem

Finite-difference stencils from Parts I-II are local and typically of fixed algebraic order. Galerkin
finite elements (Part IV) discretize the same weak form on a mesh. Fourier spectral methods repre-
sent the unknown in a global trigonometric basis, convert constant-coefficient differential operators
into multiplication in frequency space, and, for smooth periodic data, converge faster than any
polynomial rate.

Model problem: convection—diffusion

Convection—diffusion equation
Ou+V-Vu=vAu+ f, v >0, (42)

where V = (03,0y,0,...), A = Opa+0yy + 0. +. .., u(t,x) € R. Typical applications include heat
conduction, pollutant diffusion, probability densities in statistical mechanics, and option pricing in
finance.

Remark 20.1 (Convergence needs analytical information). For the heat equation (parabolic)
Ou—Au =0 in Q,

ulon =0,
u(0,x) = up(x),
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time discretization (implicit Euler)
— Ay =0, T = time-step size.
On [tn, tnt1], tn = n7, if u(t,) = u”, integrating yields
tn+1
w(tpy1) — ulty) = / Au(s) ds.
tn
Hence
tn41 tn+1
u(tpe1) = u" + / Au" ds + / (Au(s) — Au™t) ds
tn tn
tn+1
="t +/ (Au(s) — Au™t1) ds,
tn

so the local error .
n+1
() —u™t = / (Au(s) — Au”“) ds
tn

depends on Awu of the analytic solution u (regularity).

20.2 Hilbert space setup for Fourier spectral methods
Definition 20.2 (Inner product / Hilbert space). A map (-, -): H x H — R is an inner product

if

(i) (u,v) = (v,u) for all u,v € H;

(ii) u ,v) is linear for each fixed v;
(iii) (u,u) >0 for all u € H;

(iv) (u,u) =0 iff u=0.

Define ||lu|| := y/(u,u). A complete inner-product space is a Hilbert space.
Lemma 20.3 (Cauchy-Schwarz). |(u,v)| < |lu||v]|-

Proof. For ¢ > 0,
0 < flu = evf” = [ful|* = 2e(u,v) + %o,

hence 1
+(u,v) < IIuII2 *HUIIQ-

Take € = |Jul|/||v]| (the case ||u|]| =0 or ||v|| = 0 is trivial). O
Example 20.4 (L*(Q2)). (u,v) := [, uvdz makes L*(2) a Hilbert space.

Definition 20.5 (Orthogonality / ONB). (i) uw,v € H are orthogonal if (u,v) = 0.

0 k#I

(ii) {wr}32, C H is orthonormal if (wy,w;) = o = {1 P

(iii) If {wg} is an orthonormal basis (ONB) and u € H, then

o

0o
Z u wk Wk, HUH2 = Z(uvwk)z‘
k=1

k=1
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ONB for L?([-m,n])
Exercise 20.6. Find an ONB for L*([—m,7]). (The answer is not unique!)
e Sol 1. {1,z,22,...} is a basis but not orthonormal = use Gram-Schmidst.

e Sol 2. The trigonometric system

sinx  sin2x cosx  cos2x }

[:{\/%, S SR s SO SRR

is orthonormal. For n # 0,

T i T
1 1-— 2
/ sin“ nx dx:/ cos 2nx dr =1,
T T J)_n 2

and for n # m,
/ sinnx sinmx dr = / (cos((n — m)z) — cos((n+ m)z)) dz = 0.

Similarly for cosines, so I is orthonormal.

Remark 20.7. dim L?(—n,7) = co. Completeness of I as an ONB is the classical Fourier com-
pleteness theorem.

ONB for L?(R)?

Polynomials 1,z,... and sinnz,cosnz are not in L?(R), so the previous constructions fail. One
idea is to localize Fourier modes, e.g. X{n n41)(7) e?mk(z=n) (and analogues).

Linear operators and matrices
Definition 20.8. A map A: X — Y between Banach spaces is a linear operator if
Al u + pv] = NAu + pAv Yu,v € X, A\ u € R.
Range R(A) := {Au:u € X}, null space N(A) := {u: Au = 0}. A is bounded if
[[Aull

|A]| := sup —— = sup ||Aul| < oo.
wzo llull =

Remark 20.9. If XY are finite-dimensional, X ~ R" Y ~ R, then A € M,,«»(R): discretization
turns PDE operators into matrices.

Definition 20.10 (Adjoint / symmetric). If A: H — H is bounded linear, its adjoint A* satisfies
(Au,v) = (u, A*v) for all u,v € H. A is symmetric if A* = A.

d 00 .. Cd . d .
Example 20.11. & on C*([a,b]) is linear but not bounded: Z- sinnx = n cosnx, so || 5 sinnz||, =
n — 00 as n — oo.

20.3 Fourier series on the torus

On T = [0, 27| (periodic identification of the endpoints) write

1 21

u(x) = Zak etk U = o ), u(z) e * da., (43)

The complex basis {e?**}cz is orthogonal in L?(T) and equivalent to the real trigonometric ONB
of the previous subsection. Parseval’s identity reads

1 2 .
— | lu@)Pde =Y

2T
0 keZ
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Proposition 20.12 (Differentiation and convolution). If u is 2w-periodic and C*, then 17’(/{:) =
ik ;. More generally, Omu(k) = (ik)™ . If u,v € L'(T) and (uxv)(z) = 5 0277 u(z —y)v(y) dy,
then zﬂ\v(k) = akﬁk-

Thus —0,, becomes multiplication by k2 on each mode: the heat equation d;u = O,,u on the
circle reduces to the ODE 0,4y, = — k2.

Theorem 20.13 (Decay of coefficients). If u € CP(T), then ux = o(|k|™P) as |k| — oo (integrate by
parts p times). If u is analytic, the coefficients decay exponentially: |ty| < Ce=* for some a > 0.

Truncating (43) at |k| < N therefore yields spectral accuracy for smooth periodic data: the
error is smaller than any negative power of IV, and exponentially small if u is analytic.

20.4 The Fourier transform on R"

On the whole space the analogous tool is the Fourier transform

ae) = / Cu(w)e " dr, ) = (2m) " / a(e) v de, (44)

initially for u € S(R™) (Schwartz class) and then by density on L', L2, and tempered distributions.

Theorem 20.14 (Basic calculus of the Fourier transform). (i) Inversion. If u,4 € L'(R"),
then the inversion formula in (44) holds pointwise after a continuous representative is chosen.

(ii) Plancherel. The map u — @ extends to a scaled isometry of L*:
[ @ de=@m [ Ja©P de

(iii) Derivatives. d,,u(€) = i&;a(€) and Au(€) = —[¢[2a(€).
(iv) Convolution. wxv =100, where (uxv)(z) = [, u(z — y)v(y) dy.
(v) Riemann—Lebesgue. If u € L'(R™), then a(¢) — 0 as [£] — .

Example 20.15 (Heat kernel). The Gaussian Gy(z) = (4mt)~"/2e~ 127/ (¢t > 0) has Fourier
transform G¢(§) = et Consequently the whole-space heat equation 0;u = Aw is solved by

a(t, &) = e Fag(€),  ult) = Gexu,
recovering the same kernel already used in Part II.

Example 20.16 (Poisson equation on R"). For —Au = f with u, f decaying at infinity, u(§) =
|E|72f(€) for € # 0. The multiplier |¢|~2 is locally integrable if n > 3, consistent with the Newtonian
potential of Part I.

Remark 20.17 (Sobolev norms via Fourier). For s € R,

Jallqay o= (200" [ (1 I de

makes the Fourier transform a convenient definition of fractional Sobolev spaces, to be compared
with the weak-derivative approach of Part III.
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20.5 Discrete Fourier transform and spectral collocation

On the uniform grid z; = 27j/N, j =0,..., N — 1, the discrete Fourier transform (DFT)

| Nl
N —ik N N
Up = — u(xy)e ", k=—-5,...,5 -1
N 4
Jj=0
is inverted by
N/2—-1
uw(zj) = Z Gy, €%
k=—N/2

The FFT evaluates both maps in O(N log N) operations. Spectral collocation replaces 9, by mul-
tiplication by ik in this basis (and A by —|k|?), then returns to physical space by the inverse FFT.
For a linear constant-coefficient PDE on the torus the resulting ODE system in the coefficients (%)
is diagonal.

Exercise 20.18. Using (44), solve O;u = Au on R with u(0,x) = e’ by transforming, multiplying
by e‘t52, and inverting.

20.6 Weak convergence (Fourier-relevant examples)

Definition 20.19 (Weak convergence). A sequence {u;} C X converges weakly to w, written
up, — u, if
(W ug) — (u*,u) Yu* e X*.

Example 20.20. In LP(Q), fr — f means

/gfkdw%/gfd:n VgGLp,(Q),
Q Q

where % + 1% = 1. (LP is reflexive for 1 < p < 00.)

Example 20.21 (sinkz — 0). Let f = sinkx in L?([—m,7]). Then sinkz — 0 as k — oo. Indeed,
for all f € L*([—m,x]) one needs [" sinkx - fdx — 0. By density assume f € C([—m,7]);
integration by parts gives

T 1 T s
/ sinkm-fd:v:—g(fcosk:x —/ cosk:acf’(x)dx)

—7 -7

1 ™
= k/ coskz f'(z) dx,

-7
and | [ coska f'| < 27| f||c1, so the integral tends to 0 as k — co.

Remark 20.22 (Weak # strong). (i) Weak but not strong. Let fi = X 4+1] in L*([0,00)).

For any g € C2°([0,00)) with supp g C [0, M], if k > M then [} frg = kng =0,s0 fr — 0.
But

k+1
ka”%%[o ) = ldr=1+#0,
’ k
so {fx} does not converge strongly to 0.

(ii) Strong = weak. If ||fx — f|| = 0, then by Cauchy-Schwarz

(", fie = D < I fie = f1 = 0.
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21 Fourier expansions for IBVP and spectral time stepping

21.1 Fourier sine / cosine expansions for IBVP
21.1.1 Separation of variables (Dirichlet)

For
O = Ogpt, x € (0,L),

u(0,z) = f(x),
u(t,0) = u(t,L) =0,

set u = X (2)T(t). Then X”/X =T/T = C. Only C = —A? < 0 yields physically decaying modes:
u = (Acos Az + Bsin \z) eVt

Dirichlet forces A = 0 and A = nw/L, hence
u(t,x) = i bn, Sin(ml/‘) e~ (nm/L)%t by, = 2 /L f(zx) sin(@x) dx.
T L ’ L J, L

21.1.2 Non-homogeneous Neumann: particular solution 4 cosine series

Example 21.1.

Oru = O, O<ax<l1,t>0,
Uug(t,0) =0, wuy(t,1) =1,
2 T
0,2) = —= cos(Zx).
u(0, ) 7Tcos(2ar;)

Try w(t, x) = az®+ bz + Ct. Matching the PDE gives C = 2a; matching Neumann data gives a = 1,
b=0, sow:%x2—|—t. Set u = w + v:

OV = Opa ¥,
0,v(t,0) = dyv(t, 1) =0,
2 U 2
v(0,z) = - cos(Ex) -5 = f(x).

Separation with homogeneous Neumann yields the cosine expansion
it nmx
- 2
v =by+ Z:l bn, COS(T)G (nm/L) t
n=

with (L = 1)
1 1
by = /0 f(x)dx, by, = 2/0 f(x)cos(nmx)de (n>1).

Remark 21.2 (Summary: BC < series). o Dirichlet = 0: sine series; # 0: particular solution +
sine.

e Neumann = 0: cosine series; # 0: particular solution + cosine.

e Odd extension of a Dirichlet datum on [0, L] produces a 2L-periodic function; even extension
does the same for Neumann (even symmetry).
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21.2 Fourier spectral method on a periodic domain
21.2.1 Periodic heat equation

O = Oppul in [0, 27],
u(0) = u(2r), u™(0) =u™(271) (periodic BC),
u(0,z) = up(x).

Separation with periodic BC forces eigenvalues A\, =n € Z,
—n2t .
up(t,x) =€ (An cosnx + B, sin nac)
Matching ug gives

27 1 2T
/ ug cos nx dx, B, = — / up sinnx dx.
0 ™ Jo

1
T
21.2.2 Time stepping on the Fourier side

On modes 4(k), Oz becomes multiplication by —|k|?.

e Backward Euler: (k)

~m—+1 k) = u

k) = A
Since 1 + |k|?At > 1, the scheme is unconditionally stable; easy to compute; best suited to
periodic (or simple Dirichlet/Neumann) BC.

e Forward Euler:
A"t (k) = (1= Atlk[) @™ (),

requiring At < 2/]k|2,. (stability bad). Spatial truncation in N modes is spectrally accurate.

max

¢ Crank—Nicolson: 1 9
B 1-— 5At|k| o

~m—+1 ]{7 _
@ k) 1+ 1ALk

(k),
with amplification factor magnitude < 1 (unconditional stability).

Remark 21.3 (Accuracy checks / spectral BC). Practical accuracy checks: (i) compare against a
reference with very small At; (ii) method of manufactured (“forced”) solutions. Spectral methods
extend to simple Dirichlet / Neumann conditions via odd/even extensions or particular solutions as
above.

Example 21.4 (Spectral solution of a periodic heat equation). Take ug(z) = cosx on [0, 27]. Then
@41(0) = % and all other coefficients vanish, so

u(t,z) = e 'cosx
is both the exact solution and the one-mode spectral approximation: there is no spatial truncation
error. Forward Euler on this mode is 4™ = (1 — At)a™, which is stable for At < 2. Backward
Euler, a™*! = 4™ /(1 + At), is stable for every At > 0 and reproduces the exact damping e~** up
to O((At)?) per step.

Exercise 21.5. For ug(z) = cos(8z) on [0, 27|, write the forward Euler restriction on At coming
from this single mode, and compare it with the restriction coming from a truncation |k| < N = 64.
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Spectral heat: u=e~!cosx (one mode, exact in space) Periodic heat, up = exp(sinx)
1.01 1072 K
107 - —e
0.5 S
I 107
~
s 0.0 ® 1078 - perin?dic FD, order 2
. 8 —#— Fourier spectral
5 10710
—0.54 ; 10—12
— t=1.0 10714
—t=20 _—
~1.04 -—
101 T T T T T T 10716 T T T T T T
0 1 2 3 4 5 6 20 40 60 80 100 120
X N (modes / grid points)
Figure 8: Left: one-mode spectral solution u = e ?cosz. Right: periodic heat equation with ug =

exp(sin x); Fourier collocation reaches roundoff by N = 32, while second-order finite differences decay only
algebraically.

Part V1
Phase-field models and fluids

22 Phase-field models, exponential integrators, and fluids
22.1 Phase-field models

Classical phase-field models:

o Allen—Cahn (1979): Fe-Mn mixing / interface motion;

o Cahn-Hilliard (1958): solid-liquid interfaces;

o MBE: molecular beam epitaxy (thin-film growth).

Applications: dendritic growth, lithium batteries, crystal precipitation.
On the periodic domain T¢ (repeating microstructure; convenient for spectral methods), follow-
ing the Li-Tang—Qiao (SINUM 2016) framework, the model equations are

Ou = vAu +u — u? (AC), (45)
du=—-A(vAu+u— u3) (CH). (46)

Three leading journals in numerical analysis: SINUM, Math. Comp., Numer. Math.
Remark 22.1 (AC maximum principle). For smooth solutions,
lu(®)|loo < max{||u0\|oo, 1} VO<t<T.

The standard proof takes g = u?, ¢° = g — et, and at a maximum point uses the AC equation
together with uAu < 0 to reach a contradiction if ||u|loc > 1; then let e — 0.

The 1D stationary equation d;,u + u — u® = 0 has the solution u = tanh(x/+/2); the interface-
type approximation @ = tanh(x/¢) has transition-layer width e.

22.2 Gradient flow and energy dissipation
Define the energy

E(u) := /Td(;Vu\Q + W) dx
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(kinetic / potential). For AC,

dE

P vV - Vg + (u® — w)ug do = /ut(—VAu +u® —u)de = —|lug|3 < 0.

For CH (mass conservation % = 0 is needed to define (—A)~1),

dE _
= VIl <0

Gradient flow = H' a-priori control.

Scaling-critical space (AC)
For dyu = Au + u — u?, the scaling \*u()\?t, \z) yields the critical index s = 1, hence

(A2, ) g ety = A

and the critical index satisfies k + 1 = d/2 (e.g. d = 2: L? d =3: H'/?). Thus H' a-priori control
= GWP.
Interface motion

o AC: {u =0} moves by mean curvature; in 2D this is curve shortening V' = —K; in 3D it is mean
curvature flow (non-conservative). References: Alikakos-Bates—Chen (ABC), Pego (89), Chen
(94), Fei Lin, Wang-Zhang (23), etc.

o CH: Mullins—Sekerka flow (mass-conserving).

22.3 Numerical illustrations

A Fourier IMEX discretization of (45)-(46) on T and T? produces the dynamics below.

1D Allen--Cahn, v=10.02

Allen--Cahn energy dissipation
1.01

0.60
0.5 0.55 A
0.50 A
S 0.45 A
w
0.40
—0.51 0.35 A

0.30

_10 4
0.25

Figure 9: 1D Allen—Cahn from ug = sinz. The solution relaxes toward a heteroclinic profile connecting
+1, and the Ginzburg-Landau energy decreases.

Further seven-bubble, LEI, sine—~Gordon, MBE, SQG and FBSDE experiments are collected in
Section 24.
22.4 Energy-stable spectral schemes for CH
For the evolution equation dyu = Gu + f(u), the naive semi-implicit scheme
un—l—l —um

=Gu"t + f(u"),  Ge{A, —AY —(=A)*T) (a € (0,1)),

T
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2D Allen--Cahn: curvature-driven shrinking droplet
t=0.0 t=2.0

1.00

0.75

- 0.50

- 0.25

t=5.0 t=9.0 - 0.00

- —0.25
- —0.50
-0.75
—1.00

Figure 10: 2D Allen—Cahn: a circular droplet shrinks by mean curvature.
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2D Cahn--Hilliard: spinodal decomposition
t=0.00 t=0.15

1.00

L i 0.75
Al 0.50

- 0.25

t=0.60 t=2.00 - 0.00

-0.25

-0.50

-0.75

—-1.00

Figure 11: 2D Cahn-Hilliard spinodal decomposition from small random data, computed with the stabilized
spectral scheme (47).

CH energy decay le—15 CH mass conservation
30 4 1.4 1
1.2 1
25 1
1.0 1
S 20 = 0.8
S T c V.o 1
o @
€ 061
15 A
0.4 4
1 \ -
5 0.0 1
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
t t

Figure 12: Cahn-Hilliard energy decay and mass conservation (the mean is at roundoff).
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ie. u" = (u" +7f(u"))/(I — G7). Below we mainly discuss —A?-type CH (Li-Qiao-Tang 2016):

the goal is energy stability F(u"*!) < E(u"), unconditionally for any 7 > 0, which requires a

stabilization term; f(u) = u® — u.

Spectral method (frequency truncation Py = P<y) with stabilization (%):

= —vAZ T AA W — u™) + APy f(u), u® = Pyug. (47)
.

Theorem 22.2 (Li-Qiao-Tang; energy decay). If A > v~1|logv|? (note: not sharp), then E(u"!) <

Sketch. Take the inner product of (x) against (-, (—A)~}(u"*! — y")), yielding

1 _ 2 UV
191 @ = )y = 2 (19 = [V = [V @ —u)3)

— At — |} - (Pay f(a"), w0 — )

Rearranging and using the integral remainder for F'(u) = %u‘l — %u2 (F "= f ),
un+1
F(unJrl) _ F(un) _ f(un)(unJrl _ un) +/ (382 . 1)(un+l — 3) dS,
un

one obtains
1
B(u") = E@") + — |97 @ — a3 + S IV @ — )3
T
(A )t = w3

< = w3 (e + 3l )

By interpolation HHV|_15UH§ + ¥|IVoull3 > /2v/7 ||6ul3, so whenever

2v 9 1o
A+;+\ﬁ > % + Sl (48)
one gets energy dissipation. After the inductive hypothesis E" < ... < Fp, one must control
14|00, |4 |0o (below we take T?). -

The Fourier form is convenient for computation:

nal I—-ATA n TAPN
= U +
I +vTA%2 — ATA I +vrA2 — ATA

u

fu”).
22.5 L™ bounds via log-Sobolev / Littlewood—Paley
Lemma 22.3 (Brezis-Gallouét type on T?). If f =0, then for s > 1,

1flloo S I fllgra log (L + (1 o) + 1.

Sketch. Littlewood-Paley: [|flloc <3 ;5 11| fllco- Splitting at J and using Bernstein,

1flloe < TN + 201 £ 1 gy

Optimizing H(J) = J||fll 1 + 20| f|| 7. yields J ~ log(1 + [[f 7.)- =
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In the spectral scheme take s = 3/2. Fourier-multiplier estimates give

1
[l < ™l + 11 =) [,

and
0 e S (5 5 )l VY2 (@) — )
< (? + %)(E” +1).
Hence

2F A+1 1
[u™]|co < 1+C’1\/T010g(1+02< ” —i—E)(Eo—i-l)) SE V*1/2(1+logA+|logVH-\logT\)—i-l.

Let mg denote this logarithmic bound; then choosing
A>p omd  (or A+ 2\/2E0 /v >p, md)
closes (48).
22.6 L? error estimates for the CH scheme
Theorem 22.4 (L? error).
|u(mr) — u™||s < Ae™ Cy (N"*+ 7).

Tool: discrete Gronwall. If (y"t' — y™) /7 < @ny" + By, then

m—1 m—1 m—1
y™ < exp(T Z dn)yo +7 Z exp(T Z dj>ﬁk;
n=0 k=0 j=k+1

in particular
Yy < eXp<TZdn> (yo + TZ/Bk>~
Continuous counterpart: oy < a(t)y + B(t) yields y(t) < elo “yo + fg els *B(s) ds.

Proposition 22.5 (Auxiliary system). Consider

un+1 —un
— AA (U™ — ") = —v A2 4 APoy f(u™),
,UnJrlT_ g
— AA (" — ") = —v A% L AP f(07) + AG™.
- <

If [v"||oo + [| VU™ |2 + [[Vu™||2 < C, then

C
™ =3 < exp(— mr) <Huo — w3 + A7 Vo — Vo3

- m—1
2
+23 1)
n=0
Sketch. Set €™ = u™ — v™. Subtract and take the inner product with e"*!, yielding

1
o (e M1z = lle™ 13 + fle™ ™ = €|2)

A
+ E(HVen—I—lH% - ||Ve”||% + ||V(en+1 _ en)H%) + yHAen—HH%
= (Pex(F(a") = £(0™), A1), = (6", Ae™),,
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For f(u) = u® — u,
1
fu") = f") = / F'" + s ds - e = are” + az(v")?e" + azv"(e")? + ag(e")’
0
(write Iy, I2, I3 for the last three terms). Young / Sobolev:
L < g Ve iz + Slleml3,
I < [[0" solle™ 1ZlIVe" 2 < S lle™lI3 + §1IVe™ 3,
Is < [le"[§Ive™ 2 < Slle™[3 + 5l Ve S,

and 11 < Z[Ae™ 13 + CGMB. Set g i= [le"]3 + Ar|[Ver|3; then ("1 — y) /7 < (C/w)y" +
(C/v)||G™||3, and discrete Grénwall concludes the proof. O
Real case / truncation

Substitute the exact solution into the scheme:

o D7) Zw7) A2y ((n + 1)7) + AA (ul(n + 1)7) — u(nr)

-
+ AP<y f(u(nt)) + APy f(u(nt)) + AG",
where (schematically)
v [t 1 [in+1
G”——/ BtAu-(tn—t)dt—i—/ O f(u) - (tne1 —t)dt
T Jtn T Jt,
tn+1
— A 8tu dt.
tn

Estimate 737 | G™ 3 € 72(1+A)* ;™ 0 Aul|3 dt, and (assuming || f (u(t)) s S 1) 7 31 Pon f (u(ta)) I3 S
m7N~25, Initial projection: |lup — Pyuglla < N~%, |[Vug — VPyugll2 < N~V Altogether,

[u™ —u(ty,)|l2 S (14 A) eCtm (t+ N9, ty <T.

Remark 22.6. The exponential contains e“/; usable for fixed v, but the estimate fails as v — 0.

Smoothing for fourth-order heat kernel
t t
[l g, ass [ e 9@ e as,
0 0
since on the Fourier side e~ (t=9)7I€I" [¢|2=5|¢|5 f | and the scaling A2 ~ (¢t — s)™1 = [£] ~ (t — 5)"V/4.

22.7 Exponential integrators: motivation, IMEX, and BDF2

Exponential integrator methods. For dyu = Lu + f(u):
1st-order semi-implicit
= Lu"T + f(u™), u" = u(ty), tn, =nrt.

Taylor: u(ty41) — u(ty,) = 70wu(t,) + g@ttu(g), truncation error O(7); the RHS cancels Oyu(ty).
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2nd-order BDF?2

1 1
5 = Ly 4 f(u™Th).
Expanding at ¢,,1: the constant and 72 terms cancel, leaving %T Osu, so after dividing by %7‘ the
truncation error is O(72) (remainder ~ 720yu).

Remark 22.7 (Truncation vs. regularity). Higher-order truncation < higher regularity of the
exact solution: O(7) & Oyu ~ A%u; O(1?) < Oyyu ~ Adu. Question: can one lower the regularity
requirement on the exact solution?

22.8 First-order exponential integrator (Allen—Cahn)
Model dyu = Au+ f(u) (WLOG e = 1). Duhamel / heat kernel:

u(t) = ufto) + [ I8 fu(s)) s

to

where e = I +tA + £(tA)? + -+, and ejA\g(k) ()
On [ty, tht1] take f(u(s)) = f(u(ty)) (independent of s), yielding

1— e‘rA
un+1 — eTAun + — f(un)’
or equivalently
un+1 — eTA -1 N eTA -1 N
= . 49
T T ut TA F ) (49)

Expansion: (e™ —1)/7 = A + ZA? +.... LHS/RHS Taylor expansions match exactly on linear
terms: time differentiation produces no truncation error; but in general this alone is still not enough
for an L? error estimate.

TA
eTA _

Theorem 22.8 (Stability; unconditional needs stabilizer). For (49), multiply by (u"tt—u™)

A
and integrate. Set A = A1 then the LHS is ||V A" —u™)||3, and

eTA
— ‘k|2 .
VAVE) =\ e 08

2
A > 1, one has [VAv[3 > o3,

SZnC@ m
Two RHS terms:

RHS; = (u", A(u"*! —u™) = 3(IVu” |5 — Va3 + [V (T = u™)|]3),
RHSy; = (f(u”),u"'H —u"), flu)=u— u? (AC).

Using F(u"™) — F(u®) = f(u")du + [(1 — 3s?)(u"! — s)ds and combining yields the energy
difference and ||v/Adul||3. Stability requires 7 < 1 so that

1
—llgullz > 3[IVéuls + 3 max{lu™ IS, w5 }oull3

(e.g. 1/7>> N2 +...), or adding stabilization terms Sy (u"*! — u") + SoA(u™tt — u™).



CSSE60003.01 — #UF 4B 572 111

22.9 Stabilized ETD: L? error
Consider (one may add Sy(—A)(u™t —u"))

n+l _ . n TA_l TA_I
e Sy (utt — ) = ¢ un 4 & Iy f(u™),
T T TA
n+l _ . n TA_l TA_l
%—FS&(U"H—U”):F) - Un—f—e A HNf(Un)+Gn

|I — x| only produces an N~° error tied to regularity s; we do not expand this further here.

Define the Fourier multiplier
—~ 7—|k|2 R
Lu(k) = 1 — e—TIkP a(k),

satisfying [[ull2 < [[Lullz < [[ull2 + /7| Dullz.
Proposition 22.9 (L?-error). If |[Du™||2 + || Dv"™||2 + [[v"]|eo < M, then

m—1
[u™ — 0™ < exp(CuT) (HUO —vollp +47 ) IILG”I@)

n=0
(the norm || - || is compatible with L; T = m).

TQ
e™@ — 1

Sketch. £ = u' — v™. Take the inner product with L (Q = A):

]‘ n n n n
LHS = — ([|L&" M3 — L€ 13 + I L™ = €M),
stabilization contributions
LHSy = 3 (||L&" |13 — | Le™(I3 + || La¢€]]3),
LHS3 = 2 (|ILVE" 3 — |ILVE™ 3 + | LV5E|3)
(one may omit S; first in the analysis). Split the RHS as (i) + (ii) + (iii):
(i) = (€7, A"y = —L(| Ve 3 + | ven|3) + L |vee3,
(i) = (f(u™) = F™), ), fu) — f(v) = (a1 + az(v™)})E + azv(€)? + as(€)?

a; can be computed exactly). Young estimates absorb into 1 ||¢"*1(2, etc.; (iii) contains (LG, £"11).
8 2
After combining,

s (ILE™HZ — IILE3) + (S1 — ) AnllLE]3
+ (82 — 3) Al LVE| < CIIL*Gnll3 + C| LEM 5.
Discrete Gronwall applies; Sy > % suffices.

0
Truncation: @, = —% Li"“ AU (tpp1—t) dt+- -, ||Qnll2 S TH@tAuHL?oL%, hence ZTHQn”% <
T - tm, and thus [|Ju"™ — u(t,y1)|2 < 7 (first-order scheme).

22.10 Stabilized exponential integrator for CH

(See slides on CH.) Exponential scheme

1— —VvA%r
T eTHNf(Un) — STA? (W — ), (50)
v

where the last term is the stabilizer. Pros: regularity, accuracy, easy to compute; cons: stability
depends on S.
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22.11 Incompressible NS / Euler on T?

Incompressible Navier-Stokes / Euler:

. =vA
Ou + (u V)U + Vp = vAu, (NS; v: ViSCOSity), (51)
u(0,z) = up(x), divu =0,
Opu+ (u-V)u+ Vp =0, (Euler). (52)
u(0,2) = up(x), divu =0,

Reynolds number Re = LU /v (dimensionless): Re > 4000 turbulent, Re < 2000 laminar. Ques-
tions: vanishing viscosity? stability?

Divergence form and vorticity

If divu = 0, then div(u ® u) = (u- V)u. Vorticity: in 3D, w = V x u; in 2D, the scalar w = V* - u,
V-t = (09, —01). Applying V+- to 2D NS, since V4 - Vp = 0 and V* - ((u- V)u) = (u - V)w, one
gets
Ow + (u- V)w = vAw.
Example 22.10 (Taylor-Green vortex). On T? the field
w(t,z,y) = 2coszcosye 2Vt

is an exact Navier-Stokes solution (the nonlinear term vanishes). A spectral backward Euler step
on the vorticity equation tracks the decay; the spatial error is spectral, so the observed rate is
first-order in At.

Viscosity approximation / semi-implicit scheme

Viscous approximation (T? periodic; see slides): large viscosity is smooth and stable; small viscosity
produces vortices; focus on the vanishing-viscosity rate. Semi-implicit scheme

n+1 n
+ . VunJrl + Vpn+1 — I/AunJrl7

divunt! = 0.

An L? error needs dyu € L? (truncation), corresponding to A?u € L2, i.e. u € H*; the nonlinearity
further requires 0[(u - V)u] € L?, heuristically needing ||Aul|2||Vu| s, etc., still pointing to u € H*.

22.12 Leray projection and exponential NS schemes

Definition 22.11 (Leray projection). Pf = f — Vg, where Aq = div f (¢ = (div f)/A). Then
div(Pf) = 0 (removing the div # 0 part). Properties: Pu = u, PVp = 0, Poyu = du.

Projected NS: dyu + P(u - Vu) = vAu. Duhamel (normal exponential method):

tn+1
u(tnir) = e Pu(ty,) — / eltnt1=SWAP(y . V) (s) ds.
tn

Naive freezing u(s) =~ u(t,)

From NS, u(s) = u(t,) + v [} Au— [ P(u- Vu), one gets

tn+1
Wtpi1) = eTVAu(tn) _ / e(tnﬂfs)'jA]P’(u(tn) . Vu(tn)) ds + R,
tn

Ry = [ et =B u(s) - Vu(s) ~ u(ts) - Vu(t)] ds.

Substituting u(s) — u(t,) requires at least u € H3.
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Taylor--Green vorticity, v=0.05
t=0.5

2.0

1.5

1.0

- 0.5

- 0.0

-1.0

-1.5

-2.0

Figure 13: Taylor—Green vorticity at v = 0.05.

Taylor--Green: first-order time convergence

—e— BEspectral ==
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10—3 4

lw—wploatT

10—4 4

102 2x1072 3x10724x1072 6x107?
At

Figure 14: Max-norm error at 7' = 0.5 versus At for spectral backward Euler.
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New idea: freeze along heat flow

Approximate u(s) by ety (t,,):

tn+1
/ el 1=VAP(y(s) - Vu(s)) ds
tn

tn+1
= / e(tnﬂ—S)Vﬁp(e(s—tn)VAU(tn) . Ve(s_t")VAu(tn)) ds — Rp1.
tn

The two terms Iy, I in Ry give |[Rn1ll2 S 72(|ull, (at most needing u € H?).
Write V(s) = el =8u(t,), g(s) = elins1=WSB(V(5)- TV (5)). Use g(s) = gltns1)— [ ¢'(0) do.
Since AP = PA, the Fourier definition (2D)

5 ki ftkod
P <f> I Eia
g— 7“{,;7529/432

verifies divIP = 0. Computation yields
nt+1—8)VA
g'(s) = veltn+179) IP’(— Zajv : OjVV),
J

hence ”9/(3)“2 N V”V||12/V2,2+aa S0 HRm?’ 2 S ’/7'2HUH12/V2,2+57 and

tn+1
/ g(tnt1) ds = T]P)(BVTAU(tn) : Ve”TAu(tn)).
tn

Implicit gradient for stability

The scheme u" ! = e™u" — TP(e™u™ - Ve™ ™) loses stability as 7 — 0 (accuracy disappears).
Switch to Vut1:
u"tl = Ay — T]P’(eTAu” VU, (53)

The exact solution satisfies u(t,+1) = eTAu(tn) - TIP’(eTAu(tn) -Vu(tnt1)) — Rn1 — Rn2 — PRy 3,
where
Rz =71 u(tn) - V(™ u(tn) — ultni1))

(written via Duhamel as an integral), [|Rn3llz < 72||u|?2. Summary: local truncation ||Rp[|2 +

~

|Rn2ll2 + || Rnsll2 S 72, with regularity needs H?, W2T¢ H? respectively.
Theorem 22.12 (Energy stability). For (53), if divu™! =0, then [|[u" Y2 < ||u™|2.

Proof. Take the inner product with u"*1. Since (Pf,u"*!) = (f,u"!) and div(e™u") = 0,
/ eTAY" - V%|u”+1\2 dzx = 0.
T2
Hence "3 = (e7%u™, u" 1) < [Ju”||a[lu™*"|2. O

L? error
Set " = u"™ — u(ty). Error equation (x):
e 4 rP(e™Au - Ve tl) = e — rP(eTRe™ - Vu(tn 1))
+Ry1+ Ry + PR, 3.
Test with e"*1: LHS = |le"*1]|3,
RHS < 5le™ 3 + 5lle" 3 + CTl|Vultnss)llsolle™ [2lle" 2 + C72[le™ |2
< gllell3 + 5lle" 3 + Crlle|3 + Orlle" |3 + O

(needs u € W), Rearranging (1 — C7)[[e"||3 < (1 + C7)|le"||3 + C73, discrete Grénwall

= |le™]|3 < 72. Overall one still needs u € W22*¢ (from Ry, ).
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23 Further remarks on phase-field schemes and fluids

(Source: course slides together with the Miinchen and Feishu talks. Phase-field definitions, sharp-
interface limits, Fourier spectral basics, and exponential-integrator Duhamel derivations appear in
earlier sections of this part; here we keep only non-overlapping scheme formulas, comparison tables,

and fluid/SQG highlights.)

23.1 Energy stability as a design criterion

Gradient-flow structure of Allen—Cahn / Cahn-Hilliard implies continuous energy dissipation, but
discretization need not inherit it. The slides treat energy-dissipative time schemes as the main figure
of merit, and organize methods as: convex splitting; stabilized semi-implicit (IMEX / BDF2); oper-
ator splitting; (low-regularity) exponential integrators; fully implicit / backward Euler for interface
tracking.

23.2 Stabilized semi-implicit schemes

With time step 7 > 0, stabilization A > 0, and Fourier truncation IIy:

u . U A At — ™) — Ty f(u™), (54
3u 2u T At Ar(u"™ — ") =y (2f (u") = f(u"71)). (55)
T

Unconditional energy dissipation holds if A > C'- h(v), with h(v) as in Table 1 (BDF2 dissipates a
modified energy).

Table 1: Stabilization A > C' - h(v) for unconditional energy dissipation.

h(v) 1st-order IMEX 2nd-order BDF2
2D v~ logv| v~ 19 logv|*
3D v3 v8

Remark 23.1 (Typical numerics on the slides). 2D AC with BDF2: v = 0.01, A = 1, 7 = 0.01,
N = 256, seven-ball ug (coarsening of small droplets). 2D CH: v = 0.009, A = 10, same grid/time
step.

23.3 Fully implicit radial Allen—Cahn and interface iteration
Radial fully implicit backward Euler:

Up41 — Up 1 1

- = OppUn+1 + ;arun—i-l - ?f(un—i—l)

Theorem 23.2 (C-Li-Promislow-Wetton 2021). Fiz 1 < s < 2 and the distinguished limit T = &°.
For suitable small perturbations of a radial interface of radius Ry > 1, there is an interface sequence
{Ry,} obeying

1 — R, 1 b 1 — R, 3 1|12
Rot1 — Ry _ L 0B = Bn) +o(f), b — Hnggz 7
T Ry i1 TE 6llg"l[7

until the interface crosses the threshold R = 1.
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23.4 Strang operator splitting
For AC, split linear diffusion and the ODE u; = u — u?:

Sc(1)a = exp(e?7A)a, Sn(m)b = ((e* — 1)b* + 1)71/26713.

Strang composition:
u"t = 8 (7/2) Sn(7) Se(r/2) ",

2ZA. n
un+l _ 652%A e’ e 27 )
(14 (27 — 1) (e 5 20m)?] /2

Energy decrease E(u"*!') < E(u™) is nontrivial (explicit energy map is complicated). For CH, the
naive nonlinear step dyu = —A(u — u?) has no usable explicit solver and is not even well-posed;
a modified splitting yields uniform Sobolev bounds sup,, ||u"|| g+ < C (rather than a direct energy
identity).

equivalently

23.5 SQG, Onsager, and convex integration

Dissipative SQG on T?:

O +u-VO=—-vA0,
uw=V=ItA10, A=(-A)"2 v>0,0<y<2, (56)

O]i—o = 6o, / 0 =0.
’]I‘Z

Onsager-type question: lowest regularity for which conservation persists. Convex integration
(Gromov; De Lellis-Székelyhidi; ...) constructs rough solutions; for time-dependent SQG the odd-
multiplier obstruction for plane-wave ansatz is removed by a momentum / potential-velocity re-
formulation v = Av (Buckmaster—Shkoller—Vicol; Resnick), yielding solutions with A=16 € C?,
B € (3, %) (Onsager range f € (3,1)).

Theorem 23.3 (C-Kwon-Li 2021, stationary SQG). For any v > 0, v € (0, %), and % <a< % +
min(%, % — 1), there exist infinitely many zero-mean stationary weak solutions with A=10 € C(T?).

Numerical tests of a low-regularity exponential integrator for (56) (convergence in 7, vanishing-
viscosity rate, vortex waltz, and a rough-data cascade) are given in Section 24.5.

23.6 Stabilized exponential integrator for CH

(The standard Allen-Cahn ETD from Duhamel appears earlier in this part.) For CH the slides
emphasize a stabilized scheme (analytic results previously scarce: no maximum principle):

1— —VvA%r
Wt = e ATy 4 e7AHN[f(u")] — STA*(u" T — ™), S > 0.
v
With seven-bubble data, v = 0.01, 7 = 0.001 and N = 128, the choice S = 0 blows up by time ¢t = 1;
a small S > 0 still oscillates at ¢ = 20; a sufficiently large S yields a clean evolution (Figure 18).
A manufactured solution u, = %e‘t sinz siny (with the corresponding forcing) confirms first-order

temporal rates in L? and L> (Table 2).
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23.7 Incompressible NS / Euler schemes

On T2, Euler and Navier-Stokes are the usual inviscid / viscous systems. The inviscid limit v — 0
holds in Sobolev spaces under suitable assumptions (e.g. Masmoudi: H*~2 convergence for H® data,
s > 2), but need not be mirrored by a given discretization.

Semi-implicit spectral scheme (C.—Luo—Wang 2024):

un—l—l n

% + Oy (u™ - Va1 + Vp = vAu™t,  divu™t =0, (57)

uo = HNUO.
Unconditional L? dissipation |[u™ Y| 2 < ||u"| 2 and sup,, ||[u™||gs < 4||uo| gs; errors of the form

sup HuWrl —V(tnt1)|| 2 < Ci(T + N‘SH),
n

and, for ug € H*13,
sup [|[u™ ™ — v(tp1) || g < Co (T + N2 4 NQI/).
n

An iterative Fourier realization with Leray projector P converges when 7 < C* max{v, N~'}.

Remark 23.4 (Experiments highlighted on the slides). Two Gaussian vortices at ' = 50 (7 = 0.001,
N = 128): small v yields filamentation / merger; large v yields a smooth blob. High-order errors
are subtle: the N2v term means refining N at fixed v can increase H® error even while lower norms
improve. Two-vortex dynamics and 7/v refinement plots appear in Section 24.4.

24 Further numerical examples

The computations below reuse the original figures from slides/file (WCCM-ECCOMAS 2026,
Miinchen) and slides/files (Feishu Institute, 2026).

24.1 Dendrites, seven-bubble AC / CH, and a CH exponential integrator

A classical motivation for phase-field models is dendritic solidification: a diffuse interface of width
e approximates a free boundary whose law is not elementary (Figure 15).

On T?, the IMEX / BDF2 schemes of Section 23.2 with seven-ball initial data produce curvature
coarsening for Allen—Cahn and mass-conserving Ostwald ripening for Cahn-Hilliard (Figures 16-17).

The stabilized exponential integrator (50) is more delicate. With seven-bubble data, v = 0.01,
7 = 0.001 and N = 128, the unstabilized scheme S = 0 blows up by time ¢t = 1; a small S
still oscillates at ¢ = 20; a sufficiently large S yields a clean evolution (Figure 18). A manufactured
solution ue = %e‘t sin z sin y (with the corresponding forcing) recovers a first-order rate in 7 (Table 2;
the column “ratio” is the successive error ratio, consistently = 2).

Table 2: Manufactured Cahn—Hilliard test u. = %e*t sinzsiny (so ug = %sinxsiny), v=1.5=01,

N = 256. Successive error ratios ~ 2 indicate first-order accuracy in 7.

T L? error ratio L°° error ratio

0.01 9.099 x10° — 1.156x1073 —

/2 4523 x107° 2.012 5.745 x 107*  2.012
/4 2255 x107° 2.006 2.864 x 10~* 2.006
/8 1126 x 107° 2.003 1.430 x 10~* 2.003
/16 5.624 x 1076 2.002 7.143 x 107°  2.002
/32 2811 x107% 2001 3.570 x 107° 2.001
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(b) With an applied temperature gradient of 400 K/m imposed at the boundarics.

Figure 15: Dendritic growth: a phase-field interface as a surrogate for a sharp free boundary.

Figure 16: 2D Allen—Cahn, BDF2, seven-ball data: v = 0.01, A = 1, 7 = 0.01, N = 256, times t =

0.1,1,5, 10.



CSSE60003.01 — #UF 4B 572 119

Figure 17: 2D Cahn—Hilliard, seven-ball data: v = 0.009, A = 10, 7 = 0.01, N = 256, times ¢t = 0.1, 5, 10, 20.

S =0 (blow-up) small S (oscillatory) large S (stable)

Figure 18: Stabilized LEI for Cahn—Hilliard, seven-bubble data, » = 0.01, 7 = 0.001, N = 128.
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24.2 Parabolic sine—-Gordon
The parabolic sine—Gordon equation

0w = vAu + sinu (58)

is an L? gradient flow of E(u) = [(%|Vu|? + cosu) dz. The nonlinearity sinu =u — fu®+--- isa
bounded analogue of the double well. First-order IMEX and BDF2,

n+1 3 n+1 _ 4™ n—1
= vAu"! 4 sin(u"), “ u
T 2T
inherit energy stability and a discrete maximum principle. Figures 19-21 compare BDF2 dynamics
and energy decay against Allen—Cahn with the same integrator.

U —u”

= vAu"! 4 2sin(u") — sin(u" 1),

t = 0.1, resid = 0.0073837 t =1, resid = 0.0072723

3 4 1 S 1
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Figure 19: Parabolic sine-Gordon, BDF2: v = 0.04, ug = wsinzsiny, 7 = 0.01, N = 256.

24.3 Molecular beam epitaxy
Epitaxial growth with slope selection is the L? gradient flow
Oh = —vA*h+V - f(Vh),  f(2)=z2(]z]>-1),
with energy Enxr(h) = [(5|AR[2 + $(|VR][? — 1)?) dz. A sinc-type variant
Oh = —vA*h — V - (sinc(|Vh|) Vh)

dissipates [ (37|Ah[* + cos(|Vh|)) dz. IMEX Euler and BDF2 with g(z) = —sinc(|z|)z remain
energy stable.

(59)
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t = 0.1, resid = 0.0034685 t =1, resid = 0.0034621
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Figure 20: Allen—Cahn with the same BDF2 integrator: v = 0.04, ug = sinz sin y.
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Figure 21: Energy histories: sine—-Gordon (left) and Allen—Cahn (right).
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Figure 22: Classical MBE (59), first-order IMEX: v = 0.01, 7 = 0.001, N = 256.
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Figure 23: Sinc-type MBE, same grid and time step.
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Figure 24: Energy decay for classical (left) and sinc-type (right) MBE.
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24.4 Two-vortex Navier—Stokes
Beyond the Taylor—Green eigenmode, a standard nonlinear test is a pair of Gaussian vortices
wo = exp(=5((z+§)* + 7)) +exp(=5((z = §)* +7)).

The semi-implicit spectral scheme of Section 23.7 at T'= 50, 7 = 0.001, N = 128 yields merger and
filamentation when v is small, and a single smooth blob when v is large (Figure 25). A manufactured
solution

ue(t, z,y) = e (—l sin x cos y, % coszsiny)

gives first-order errors in 7 at fixed v; refining v at fixed 7 is recorded in Figure 26.

t =50, v =0.001 t=50, v=0.1 x1074

3 0.45
0.9 Gid
08
2 035
07
03
0.6 1
05 0.25
04 =0 02
03 015
-1
0.2 A
0.1
-2 0.05
0
0
0.1 3
-3 -2 -1 0 1 2 3
T

Figure 25: Two-vortex Navier—Stokes at T' = 50 for v = 0, 0.001, and 0.1 (7 = 0.001, N = 128).

o
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L* and H® error for different 7 L* and H° error for different v
10° T 10°

[}
—@-— L™ error —@-— L™ error
—®— HCerror —®-— HSerror

@ L

Figure 26: Navier—Stokes errors: 7-refinement at fixed v (left) and v-refinement at fixed 7 (right).

24.5 SQG: convergence, vanishing viscosity, and vortex waltz
For dissipative SQG (56), the low-regularity exponential integrator
Hn—i-l + T(e—VTA'Yun . ven-i—l) — e—VTA'Yen u = VJ_A—len (60)

has an L? (and ngl) error O(7) independent of v and v under an H?%9 (respectively ngl)
assumption. Figure 27 records errors versus 7 for

m r\m Y m—1 Y
Oy = ——(cos—) (cosf) sin =,
2 2 2 2

with m = 1.8 and m = 2.8. Halving v at fixed 7' = 0.1 produces differences of size O(v) (Figure 28
and Table 3). A vortex-waltz pair at v = 10~% is robust from N = 128 to N = 1024 (Figure 29);
the same family with m = 0.8 (6y € H® only for s < 0.3, and 6y ¢ L>°) is resolution-dependent
(Figure 30).
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Figure 27: SQG scheme (60): errors versus 7. Top: m = 1.8. Bottom: m = 2.8.
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Figure 28: SQG vanishing-viscosity differences at T' = 0.1, scaling as O(v).

Table 3: SQG differences at T = 0.1 after successive halvings of v (m =

with an O(v) rate.

1.8).
L? L>® BY )
v 3.58x107* 591 x107* 1.43x1073
/2 1.82x107% 3.03x107* 7.29 x 1074
/4 916 x 1075 1.54 x 107* 3.69 x 10~*
/8  4.60x 1075 7.73x107° 1.85x 1074
/16 231 x107° 3.88x107° 9.30 x 107°
/32 115 x 1075 1.94x107° 4.66 x 107°

Ratios ~ 2 are consistent
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Figure 29: SQG vortex waltz, v = 104, times ¢t = 0, 10, 25, 50.
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Figure 30: SQG with rough data m = 0.8, v = 0.1 (g € H® for s < 0.3, 6y ¢ L°°). The two resolutions
differ, consistent with a cascade to unresolved scales.
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24.6 Deep truncated FBSDE solvers

Semilinear parabolic PDEs are linked to decoupled FBSDESs by the nonlinear Feynman—Kac formula;
quasilinear equations require a fully coupled FBSDE, in which the forward process X depends on
(Y,Z). A naive deep BSDE solver then trains on parameter-dependent trajectories and can miss
shocks in the vanishing-viscosity limit.

The truncated fictitious-play scheme (C.-Li-Xiong—Zuazua) freezes a reference path, cuts the
gradient of X with respect to the network parameters, and minimizes a terminal loss plus a pathwise
consistency loss. Figures 31-38 show 1D Burgers through the shock, a 100-dimensional Burgers-type
equation, 2D and 100D Allen—Cahn (double-well and logarithmic potentials), and a 2D gene-flow
model.

Deep BSDE (t=0.5, £ =1072) Coupled Deep BSDE (t=0.5, £ =10"2) DBDP1 (t=0.5, £=10"2) DBDP2 (t=0.5, £=10"2)

-~ Numerical Solution
=

DBDP1 (t=1, £=10"2)

Deep BSDE (t=1.5, £=10"?)

|

Figure 31: 1D Burgers, € = 10~2: deep BSDE, coupled deep BSDE, DBDP1 and DBDP2 against the true
shock (rows t = 0.5,1.0, 1.5).

Table 4: Deep truncated FBSDE errors for 1D Burgers. Time levels t = 0.5,1.0, 1.5 use N = 10, 20, 30 time
steps respectively. Errors remain small down to e = 1078, including after the shock.

L? error L°° error
e t=0.5 t=1.0 t=1.5 t=0.5 t=1.0 t=1.5

1071 1.06 x 1071 3.63x 107! 4.62x10"! 807x1072 4.99x10-1 9.56 x 10~
1072 1.12x 1072 9.64x1072 1.30x1072 887x10"3% 3.05x 107! 1.94x 102
1073  1.26x 1073 4.01x1073 148 x1073 237x1073 133x1072 1.72x10°3
1074 433x107% 589x107% 295x10~*% 896x10~% 213x1073 4.92x10"%
107°  7.97x1075 1.52x107% 7.05x107° 1.25x107% 6.18x107%* 1.24x 107
1076 266 x 1075 748 x107° 1.87x107% 522x107° 3.25x10"% 2.56x 1075
1077 2.02x107° 204x107%° 7.58x1076 215x107° 7.96x 107° 827 x 106
1078 1.90x107° 1.14x1075 5.85x107% 1.52x107% 921x10"% 6.80x 10~6
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Deep Truncated FBSDE (t=0.5, £ =10-2)

Deep Truncated FBSDE (t=0.5, £ =1075)

Deep Truncated FBSDE (t=0.5, £ =1078)

Deep Truncated FBSDE (t=1, £=10-2) Deep Truncated FBSDE (t=1, £=105) Deep Truncated FBSDE (t=1, £=10-8)
Deep Truncated FBSDE (t=1.5, & = 10-2) Deep Truncated FBSDE (t=1.5, £ = 10-%) Deep Truncated FBSDE (t=1.5, £ = 10-%)
. . —10-2 10-5 10-8
Figure 32: Deep truncated FBSDE for 1D Burgers at ¢ = 107, 1072, 10~°.
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Figure 33: 100-dimensional heterogeneous Burgers-type equation: relative error (left) and the value at a
monitor point (right).

Deep BSDE (ring)

Algorithm 1 (ring)

Figure 34:
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2D Allen—Cahn, ring and seven-disk data: existing deep BSDE / DBDP solvers.
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Figure 36: 100-dimensional Allen—Cahn with a double-well potential.
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Table 5: Relative errors for the 2D gene-flow model. The truncated solver degrades more slowly as T
increases.

=

Figure 37: 100-dimensional Allen-Cahn with a logarithmic potential (6. =1, § =

Rel. L? Rel. L™
Method T=1 T=3 T=5 T="17 T=1 T=3 T=5 T="17
Deep BSDE 456 x 1072 259 x 1071 521 x107' 6.62x 107! 444 x 1072 2.09x 107! 3.50x 107!  4.36 x 107!
Alg. 1 881 x 1071 893x107! 9.21x1071 9.28x 107! 998x10~! 9.98x 1071 9.99 x 10~! 1.00
Alg. 2 507 x 1072 3.31x10"1 6.78x1071 7.90x10"! 6.14x1072 250x10"1 4.95x 101 6.87 x 10~
Alg. 3 5.04 x 1072 253 x 107! 494 x 107! 6.35x 107! 574x 1072 1.94x10~! 3.35x107' 4.39x 107!

Trunc. FBSDE 844 x 1073 1.28 x 1072 1.83x1072 439x1072 2.02x1072 1.84x1072 244x1072 5.45x 1072
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