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Abstract

It is well known that Allen-Cahn equation and Cahn-Hilliard equation
are essential to study the phase separation phenomenon of a two-phase or
a multiple-phase mixture. An important property of the solutions to those
two equations is that the energy functional, which is defined in this thesis,
decreases in time. To study these solutions, researchers developed different
numerical schemes to give accurate approximations, since analytic solutions
are only available in a very few simple cases. However, not all schemes sat-
isfy the energy-decay property, which is an important standard to determine
whether the scheme is stable. In recent work, Li, Qiao and Tang developed a
semi-implicit scheme for the Cahn-Hilliard equation and proved the energy-
decay property. In this thesis, we extend the semi-implicit scheme to the
Allen-Cahn equation and fractional Cahn-Hilliard equation with a proof of
the energy-decay property. Moreover, this semi-implicit scheme is practical
and could be applied to more general diffusion equations while preserving the

energy-decay stability.
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Lay Summary

This thesis extends a numerical scheme from previous literature for the
Cahn-Hilliard equation to the Allen-Cahn equation and fractional Cahn-Hilliard
equation, which are more general partial differential equations. These equa-
tions describe physical phenomena of interest in material science. We proved
the stability of such scheme by showing the energy is decreasing. Based on
our result, schemes with similar stability properties can be analyzed for more

general equations.
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Preface

The topic of this thesis is based on the previous work of the author’s su-
pervisor, Dr. Dong Li in [11], [10] and [9].

The content of Chapter 3 and 4 is based on [11]. However, the author pro-
vides unique variations of original ideas. Therefore, the content of Chapter 3
and 4 is independent of [11] and hence original work by the author.

The content of Chapter 5 is original work by the author with help of un-
published ideas by the author’s supervisors, Dr. Dong Li and Dr. Brian Wet-
ton.

The content of Chapter 6 is based on [10] and the content of Chapter 7 is
based on [9] but the author provides original variations of these ideas. There-
fore, the content of Chapter 6 and 7 is produced by the author independently

and originally.
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Chapter 1

Introduction

Partial differential equations (PDE) often describe mathematical models
of physical phenomena. For example, wave equations describe the properties
of waves including sound waves, light waves and other waves, which help us
to study sound including noise and music, electromagnetics and fluid dynam-

ics.

Figure 1.1: Computational Simulation of 2D Waves [20]

To study PDE, we are interested in the solutions to a certain equation
in some domain under specific initial conditions and boundary conditions.

More information about the solution can help the physical model to be better



Chapter 1. Introduction

understood. In mathematics, usually these studies focus on the existence,
uniqueness, regularity and some long-time behaviors of the solution.

Although sometimes it is possible to find explicit solutions of certain sim-
ple PDE, usually there are no explicit solutions. Thus, it is necessary to
compute approximate solutions using computer simulations. As a result,
throughout the area of partial differential equations, it is necessary to de-
velop well behaved numerical schemes that are guaranteed to approximate
PDE to an expected accuracy.

In this thesis, we consider modified versions of the Cahn-Hilliard equa-
tion. These equations were developed in [2] to describe the separation of
different metals in a binary alloy. They have been recognized as a generic
model that arises in many applications. Hence they have been well studied
by mathematicians, physicists and other scientists. The Cahn-Hilliard equa-

tion for u(x,?) is:

osu = A(—vAu + f(u)), (x,t) € Q x(0,00)
) (1.1)

u(x,0)=ugp

where the vector position x is in the spatial domain Q, which is taken to be
two dimensional periodic domain in this work, and ¢ is time. The values of u
generally lie in the range [—1,1], with —1 representing the pure state of one
phase and +1 representing the pure state of the other phase. Values of u in
(—1,1) represent a mixture of the two phases. Here v is a small parameter,

V/v represents an average distance over which phases mix. The energy term
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f(u) is defined by

W) =F' W) =1u®-u, Flu) = iuﬂ 12,

The Cahn-Hilliard equation (1.1) describes the evolution of the phase frac-
tions under a competition between diffusion (which tends to mix phases) and
the preference of the phases to separate.

In this thesis, we consider the spatial domain Q to be the 27-periodic torus
T? =R/27Z x R/21Z. Often, the Cahn-Hilliard equation and related equations
we consider in this thesis, describe the micro structure of macroscopic ma-
terial. Thus, considering a periodic domain is not a serious simplification:
we are modelling a representative piece of the micro structure. Considering
the periodic domain allows the use of efficient and accurate Fourier-spectral
numerical methods, which will be introduced later in the thesis.

It is not possible to find analytic solutions to the Cahn-Hilliard equation.
As a result, it is necessary to develop numerical methods to approximate the
solutions. Many approaches have been developed, [4] as an example. An-
other example computational result is shown in Figure 1.2 [19]. Such numer-
ical approximations should give accurate results to the values and qualita-
tive features of the solution. In the literature, a key feature is energy decay,
discussed in detail below. In [11], Li, Qiao and Tang propose a numerical
scheme for Cahn-Hilliard equation and hence prove that it preserves energy
decay with no a-priori assumptions. In this thesis, we extend their result to
other related models.

By standard arguments, the mass of the smooth solution of Cahn-Hilliard
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equation is conserved, i.e. %M(t) =0, M(t) = [qu(x,t) dx. This represents
the conservation of the two phases in the mixture. In particular, M(¢) = 0 if
M(0) = 0 and hence oftentimes zero-mean initial data would be considered as
a simpler but representative case. The associated energy functional is given
by
1 2
E(u)= —v|Vul*+F(u)| dx.
aol\2

Assuming u(x,t) is a smooth solution with zero mean, one can deduce

iE(u(t)) + f IV(=vAu + f(w))? dx =0,
dt Q

which implies energy decay: %E(u(t)) < 0, and hence contributes to the ex-
istence of global solutions to Cahn-Hilliard equation as it provides a priori

H'-norm bound. On the other hand, the energy decay property is an impor-

Figure 1.2: Spectral Simulation of the Cahn Hilliard Equation in a 2D Do-
main [19]
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tant index for whether a numerical scheme is “stable” or not.

Previous works by others [8, 14, 17, 18] give different semi-implicit Fourier-
spectral schemes, which involved different stabilizing terms of different “size”,
that preserve the energy decay property (we say these schemes are “energy
stable”). However, those works either require a strong Lipschitz condition on
the nonlinear source term, or require certain L* bounds on the numerical so-
lutions. To improve that, Li, Qiao and Tang proved an unconditional stability
theory on a large time-stepping semi-implicit Fourier-spectral scheme.

The scheme has the form:

= —vAZu" T L AN U+ A FW) , 120
T 1.2)

As usual 7 is the time step, A is a large coefficient for the O(7) stabilizing
term. Here O(7) is defined as the well-known “big O” notation, i.e. |O(7)| < |c7|
for a non-zero constant ¢, or in other words at most linear function of 7. As
a result of their work, the energy decay could still be satisfied with a well-
chosen large number A, with at least a size of O(l/vllog(v)lz), or c/vllog(v)l2
for some positive constant ¢ that depends on the initial conditions.

Our work extends their semi-implicit scheme to the related Allen-Cahn
equation and fractional Cahn-Hilliard equation. The Allen-Cahn equation is

defined as:

oru =vAu— f(u)
(1.3)

u(x,0)=ug ;
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while the zero-mass projected Allen-Cahn equation is defined as:

0:u =TIy (vAu — f(u))
(1.4)

u(x,0)=ug,

where Ilj is the zero mass projector, i.e. Ily(f) = ﬁ&kel ]?(k)eik'x. The
difference between the Allen-Cahn equation and zero-mass projected Allen-
Cahn equation results from the fact that the mass functional is not preserved
in Allen-Cahn equation.

The fractional Cahn-Hilliard equation is defined as the following:

0w =vA((=A)%u+(-A)*"1f(@w)), 0<a<1
: (1.5)

u(x,0)=ug
As a — 0, (1.3) becomes the zero-mass projected Allen-Cahn equation and
for a =1, it coincides the original Cahn-Hilliard equation. Roughly speaking,

the fractional Cahn-Hilliard equation is an interpolation of the Allen-Cahn

and Cahn-Hilliard equations.

Remark 1. More general cases could be discussed. Roughly speaking we
could define a general “gradient” operator ¢4 and rewrite the equation as :

0;u =9 (vAu —f(u))
. (1.6)

u(x,0)=ug

When % = id, the identity map, (1.4) becomes the Allen-Cahn equation; when

4 = (—A)%, (1.4) becomes the fractional Cahn-Hilliard equation as discussed
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above. And the corresponding semi-implicit scheme is

=4 (vAu" - fF(u™) - AG@W" ! -u"), n=0
T . 1.7)

The main result of this thesis states that for any fixed time step 7, we
can always define a large constant A independent of 7 in (1.5), such that the
numerical solution would be stable in the sense of satisfying the energy-decay
condition for “gradient” cases of A-C and fractional C-H. The analysis of other
gradients is left to future work.

For completeness, preliminaries would be given and the main lemma
would be proved in chapter 2; stability of first order semi-implicit schemes for
Allen-Cahn equation and fractional Cahn-Hilliard would be proved in chap-
ter 3 and 5 respectively. Moreover, we extend the results to the 3D case in
chapter 6. On the other hand, main results of error estimate and convergence
are given in chapter 4. Finally, we introduce two second order semi-implicit

schemes in chapter 7 while proving stability results and error estimates.



Chapter 2

Preliminaries and the Main

Lemma

2.1 Definitions and Useful Theorems

2.1.1 LP Space

Throughout this paper we will denote the domain Q = T2. If 1 < p < oo, the

space LP (L) consists of all complex-valued measurable functions that satisfy

f |[f(x)P dx<oo.
Q

For f € LP(Q) we define the L? norm of f by

1/p
||f||Lp<Q>=( fQ F)P dx) .



2.1. Definitions and Useful Theorems

2.1.2 Weak Derivatives and Sobolev Space

We use the notation below:

x =(x1,%9,...,x,) € R"

a=(aj,ag,...a,) €2y 2.1)

aaf B aa1+...+anf

T A1 A2 [
0710%2 0%

We define the weak derivative in the following sense: For u, v € L}oc

(),
(i.e they are locally integrable); V¢ € C3°(Q), i.e ¢ is infinitely differentiable

(smooth) and compactly supported; and

f u(x) 0%p(x) dx = (—1)““"'*“"[ v(x) P(x) dx,
Q Q

then v is defined to be the weak partial derivative of u, denoted by 6%u. If u
is “smooth” enough, its weak derivative coincides with its derivative and the
equation above is basically integration by parts.

Suppose u € LP(Q) and all weak derivatives 0%u exist for |a| = a1 +...+
a, <k, such that 0% € LP(Q) for |a| <k, then we say u € Wk’p(Q), and such

space is called Sobolev space. The norm in W*?(Q) is defined as :

1
p
||u||Wk,p(Q):( Z |6au|p dx) .

lal<k Y

Throughout this paper, for p = 2 case, we use the convention H*(Q) denote

the space W*2(Q). For more details, we refer to chapter 5, [6].



2.1. Definitions and Useful Theorems

2.1.3 Fourier Transform

In this paper we use the following convention for Fourier expansion on
Té:
1 Yy ikx 7 —ikx
f)=—= > fR)e"™™, f(k)= A f(x)e ** dx .

(@m) kezd
By taking advantage of Fourier expansion, we use the equivalent H*-norm

and H*-norm of function f by

DO

fllzs = Y |k|2$|f(k)|2) :

28\ £(b)12 s = — 775
Y Ak )|f(k)|) s N s (2m)d/2 (kezd

(2n)d/2 o

The equivalence of two norms are well known, we refer to Appendix A in [16].

2.1.4 Convergence of Fourier Series in Periodic Domains

Given f being a LP(T?) periodic function for p > 1, and denote the Dirich-

let partial sum Dyf = ﬁ YIkI=N f(k)e** then
IDNf = fllLpcrey — 0, and Dnyf — f pointwise almost everywhere . (2.2)

This was originally proved by Carleson in [3].

2.1.5 Uniform Boundedness Principle

Let X be a Banach space and Y be a normed vector space. Suppose that
F is a collection of continuous linear operator from X to Y. If for all x in X
one has
sup||T(x)|ly <oo,

TeF

10



2.1. Definitions and Useful Theorems

Then

sup||T|| < oo where ||T'|| is the operator norm.
TeF

We refer to a simple proof in [15].

2.1.6 Fixed-point Theorem

Given a Banach space (X, ||.||]) and a contraction map 7 : X — X s.t ||T'(x)—
Tl < Bllx — yll with 0 < § < 1, then there exists a fix-point «x, s.t T'(x) = x.

We refer to [1] for details.

2.1.7 Duhamel’s Formula

Consider a linear inhomogeneous evolution equation for a function u(x,?):

Q x (0,00) — R, with a spatial domain Q c R?, of the form

ut(x, t)_Lu(x’ t) = f(x7 t) 1) (x, t) € Q X (0,00)
uloa =0 (2.3)

u(x,0)=uo(x), x€Q,

where L is a linear differential operator that involves no time derivatives
and the boundary condition could be replaced by periodic boundary condition.

Then formally, the solution to this equation system is:

¢
u(x,t):eLtqurf el=9)r g (2.4)
0

Lt L

where e"! is the homogeneous solution operator, or e“‘u( solves the homoge-

neous equation with initial data u¢. In fact eL*u is often given as a convolu-

11



2.2. Several Important Inequalities

tion between a well-defined kernel and the initial data uy. For more details,

we refer to [6].

2.2 Several Important Inequalities

2.2.1 Holder’s Inequality

Given f € LP(Q) and g € LY(), such that 1—1) + % =1 then

1f gl = IfliLrllgllLa)-

2.2.2 Young’s Inequality

Given a, b, p, q positive real numbers, such that 1—17 + % =1, then

aP? b4
abs —+—.
P q

2.2.3 Sobolev Inequality on T¢

Note that the this Sobolev inequality is slightly different from the stan-

dard version. Let 0 <s <d and f € LY(T%) for any dde < p < oo, then

+

SRR
Ul »

_ 1
1<V Fllpecray Ss,p,d 1 lpacray » where " =

Here (V)~* denotes (1—A)~3, or on the Fourier side (1+|k?)"2 and A <, , 4 B
is defined as A < C; , 4 B where C; ;, 4 is a constant dependent on s,p and d.

See [11] for the detalils.

12



2.2. Several Important Inequalities

2.2.4 Morrey’s Inequality on H2(T%)

Assume d <3 and f € H%(T%) then

1 ooty S F N m2eray -

In fact stronger argument could be made with the help of Holder space ar-
guments, but in this paper only the infinity norm is needed. More detailed

information is in chapter 5, [6].

2.2.5 Gagliardo-Nirenberg Interpolation Inequality

For functions u : Q — R defined on a bounded Lipschitz domain Q c R?,
fix 1 <gq, r <oo and a natural number m. Suppose also that a real number «a

and a natural number j are such that

1 (1 m) l1-«
—==+4|-——=|a+—
p d \r d q
and
isasl
m
Then

ID7ullLs < CLDID™ull¢, lullf;® + Co()lullLs

where s > 0 is arbitrary.

13



2.3. the Main Lemma

2.2.6 Gronwall’s Inequality

On the interval I = [a,b] where a < b and b could be co. Let § and u be
real-valued continuous functions defined on I. If u is differentiable in (a,b)

and satisfies

u'(t) < Bu(t), te(a,b),

then

¢
u(t) < u(a)exp (f B(s) ds) , t€la,b].

We refer to [7] for details.

2.2.7 Discrete Gronwall’s Inequality

Lett>0and y, =20, a,=0, 8,=0forn=1,2,3---. Suppose

%Jrlr—_y”sanyn+ﬁn,v;zzo.

Then for any m =1, we have

m-1

m-1
Ym SeXP(T an) (yo+ > ﬁk) :
n=0 k=0

The proof is given in [11].

2.3 the Main Lemma

For all f € H5(T?) , s>1, then

1£1lo = Cs - (IF 11722/ 10801112 +3) +1F(OI + 1) . (2.5)

14



2.3. the Main Lemma

Here C; is a constant which only depends on s.

Proof. To prove the lemma, we write f(x) = #Zkezz f(k) e** ie. the

Fourier series of f, which is convergent pointwisely to f. So,

1f lloo < 17 (&)
@n >2 kZZ
< I£(0)] + \F (k)| + |f(k)|)
(2m)? ( O<%§N |k|gN

SIFOI+ Y (f®INIEI 1R+ Y AFERIEE -1k
0<|k|=N |k|>N

§|f(0)|+( Y |f(k)|2|k|2) ( Y |k|—2) (Z IF () |k|28) (Y IRz

0<|k|=N 0<|k|=sN |k|>N |k|>N

1 1
~ 1 ~ 2 =R 2
SIFO)+ 3_1(2 |f(k)|2|k|23) +( Y If(k)|2|k|2) -V/1og(N +3)
N |k|>N 0<|k|<N
——If llgs + /TogN +3If Il -

SIFOI+ 5 v

In the previous step, we use Hélder’s inequality for counting measure and
integral approximation of } o<z <y k|72 and YkI>N |k|72% in Z2. To be more

clear,

N1
Z k|72 < — 2nrdr

0<|k|=N
N
< / L @2.7)
1 r

~

<log(N +3),

Z |k|—23 < — 2nrdr
|k|>N r

= 1 (2.8)
S’ N r23—1 dT‘ ’

<1
~ N2572

15



2.3. the Main Lemma

If ||fllgs < 3, we could simply take N = 1; otherwise take N s=1 close to

[If1lgs . For a similar lemma and proof, we refer to [12] and [11]. O

16



Chapter 3

Stability of a First Order
Semi-implicit Scheme on 2D

Allen-Cahn Equation

Allen—Cahn equation is a Al version of Cahn—Hilliard equation with
bilaplacian:
osu =vAu —f(u)

u(x,0)=ug

Here f(u) = u® —u, and the spatial domain Q is often taken to be the
2n—periodic torus T2. Also we sometimes use €2 instead of v as v is a small
parameter. The corresponding energy is defined by E(u) = [o(3 IVu|?+F(w)) dx

, where F(u) = %(u2 —1)2, the anti-derivative of f(u).
As is well known, the energy satisfies E(u(¢)) < E(u(s)) ,V t = s, which

gives a priori bound. Now we consider a stabilized semi-implicit scheme in-

troduced in [11]. The form is the following:

17



3.1. Stability Theorem for Allen-Cahn Equation

=vAu"T - AWM W) - TN (W)
T . (3.1)

uOZHNuo

where 7 is the time step and A > 0 is the coefficient for the O(t) regularization

term. For N =2, define
Xy =span{cos(k-x) ,sin(k-x): k=(k1,kg)€ 72 | |kl = max{|kil, kal} <N} .

So define the L? projection operator Iy : L2(Q) — Xy by (IIyu —u,¢) =
0 V¢ € Xy, where (-,-) denotes the L? inner product on Q. In other words,
the projection operator Iy is just the truncation of Fourier modes |k|oo < N.

IIyug € Xy and by induction, we have u” € Xy ,Vn =0.

3.1 Stability Theorem for Allen-Cahn Equation

Theorem 3.1.1. (unconditional energy stability for AC). Consider (3.1) with
v> 0 and assume uy € H*(T?). Then there exists a constant By depending only

on the initial energy E¢ = E(ug) such that if

Az B (lluolZ, +v 1 logvi+1), B=Po (3.2)

then E@w"*1) < E(w™), Yn =0, where E is defined above.

Remark 2. Similar to [11], the stability result is valid for any time step T.
Our choice of A is independent of T as long as it has size of O (1/v|log(v)|) at
least. Note that the choice of A may not be optimal and further work could be

done.

18



3.2. Proof of the Stability Theorem

Remark 3. The condition ug € H*(T?) results from the classic Sobolev embed-

ding supy [IIInuolloo S llwollg2(r2). No mean zero assumption is needed for uy .

To prove this we need a log-type interpolation inequality, which is the

main lemma.

3.2 Proof of the Stability Theorem

The proof uses an induction argument. To start with, let’s recall the nu-

merical scheme (3.1)
=vAL"T - AW - u?) - TIn f (™).

Here Iy is truncation of Fourier modes of L? functions to |k|e < N. Mul-

n+1

tiply the equation by (""" —u™) and integrate over , one has

1
- |un+1_un|2 — Vf Aun+l(un+1_un)_Af |un+1_un|2_(HNf(un),un+1 _ un) )
T J72 LE T2
Because 1" is periodic, (as u” € X ), hence by integration by parts, we have
1
(_ +A)f2 |un+1 _ un|2 + sz Vun+1v(un+1 _ un) - _ (HNf(un),un+1 _ un) )
T T T

Note Vu*1V(u"*1 —u") = 1(\Vu" 12 = |Vu" 2 + V("1 - u")%), we have

1 v
(;+A)f2 |un+1_un|2+§f2 |Vun+1|2—|Vun|2+|V(un+l—un)|2 - _ (HNf(un), un+1 _ un) .
T T
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3.2. Proof of the Stability Theorem

Moreover, every u” € X, we have

1 v
(;+A)[ﬂ_2 |un+1_un|2_i_§/:H—2 Ivun+1|2_|vun|2+|v(un+l_un)|2 - _ (f(un)’un+1 _ un) .

3.3)
Now, by fundamental theorem of calculus and integration by parts,
un+1
F(un+1)_F(un) — f(un)(un+1 _ un) +f f/(s)(un+l —3) dS
uun+1
=f(u”)(u”+1—u”)+f (B2 - 1w -s) ds
1
— f(un)(un+l _ un) + Z(url.+]. _ un)2 (3(un)2 + (un+1)2 + 2unun+l _2) .
(3.4)

Combine previous two equations, and denote E(u") by E™ we have

1 v v v
(= + AW w2, + §||V(u"+1 —uM)IZ, + §||Vu"+1||22 - §||Vu”||§2
1
+[ F(un+1)_F(un) — Z ((un+1 _ un)Z,S(un)Q + (un+1)2 + 2unun+1 _2)
T2
Note X||Vun+l||%2 +f F(un+l) :E(un+1) :En+1
2 T2

1 1 v
= A+ D" —ulig + S IV —uIg, + B - E”

1
— Z ((un+l _ un)2,3(un)2 + (un+l)2 + 2unun+l)
1
<[l - w2, (||u”||§o+§||u'“1||§‘;o :
(3.5)
To show E**1 < E", clearly it suffices to show
1 1 3
—+A+§2§max{llu”||go, ™12} 3.6)
T
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3.2. Proof of the Stability Theorem

Note that E® = E(IIyuo) while Eg = E(ug). In general E( # E°. In effect, we

claim that

Proposition 1.

sup E(Nyuo) <1+Eg,where uge HY(T?). (3.7
N

Proof. First, we write IIyug as ﬁzwg\; wo(k)e'**  namely the Dirichlet

partial sum of uy.

1 __ 1 _
Y. IkPloR) < > kPIEa®) = 1V @o) 1257 .

IV (v uo) 12212 = =5
O @m? 2y 27)? iz

(3.8)
The first equality above is because the operator Iy is just a truncation of
Fourier modes.

On the potential energy part, by standard Sobolev inequality, ||wollp4r2) S
llwollgi(r2), this shows ug € L*(T?) and hence the Dirichlet partial sum Iyug
converges to ug in L4(T?). Then, [IInwollzacrzy — llwollpscre), which leads
to supy [[IIxuollps(r2) < co. By Uniform Boundedness Principle, we derive
supy [Tyl < oo, i.e. supy IIyuollzerz) < clluollpsrey for an absolute con-
stant ¢. Combine two estimates above we conclude the proof for the claim.

For an alternate proof, see [10], and this claim holds for 3D case as well

with a similar proof. O

We rewrite the numerical scheme (3.1) as following:

1+A7 T

n+1 n n

= - B5Y; . (3.9)
“ 1+Ar—v7:Au 1+A7-vIA @Dl
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3.2. Proof of the Stability Theorem

By the lemma, to control ||u"*!||s and ||u"||c, We may consider H'-norm
and H'-norm together with 0th-mode |7 1(0)|.
To start with,

T
1+A7

< |a™0)| + %If(u”)(O)I

1Z"*1(0)] < 12™(0)| + IF@™)0)|

< If u” dx|+|f u” = W™)? dx| (3.10)
T2 T2
§1+|f w™)? dx|%+|f (1—@™?)? dx|?
'I]'Z '|]'2

<1+VE",

where the last 2 inequalities are by Cauchy-Schwarz inequalities and Hélder’s

inequalities.
Lemma 3.2.1. There is an absolute constant c1 > 0 such that for any n =0

n+1||

IIu 3

(A+1 1
.3 <c1-
H2(T?)

+ —) (E™+1)
vt (3.11)

1 3
||un+1||H1('ﬂ'2) < (1+ Z + leunllgo) . ||un||H1(-[|'2) .

Proof. As 0th-mode will not contribute to H! norm and H 5 norm, we could
just consider Fourier modes |k| = 1 from the Fourier side. Use the symbol

f < g to denote f < c¢-g with ¢ being a constant.

(1+A7)k|2 _1+A7
1+AT+vTlR2 ™ vt

: (3.12)
LI O e D
1+AT+vT|R|2 ™~ TV v
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3.2. Proof of the Stability Theorem

Hence

1+A7
e s <

1 _1
)||un||L2(W2)+;||<V> 2f(u”)||quz). (313)

Here the notaion (V)S =(1-A)3 , corresponds to the Fourier side (1 + |k|2)52,
Note [lu"ll 22y S Jr2 %(u4 -2u?+1) dx+1 < E™ + 1 by Cauchy-Schwarz in-

1
equality. By Sobolev inequality [[{(V) 2 f(u™)l|z2cy2) S I1F @) =|[(u™)3 -

\ L
= 3
ull s, = (fwrz((u”)?’ —um)3 dac)4 < (frz(@™?* dx)* <E™+1. Hence (3.13) be-

L3(T2)
comes
1+A7r 1
n+1 < - n
llu IIHQ(TZ)N( St (E™+1). (3.14)
Similarly,
1+A7D)k
1(A 7)| ]Lz§|k|
+AT+vT|k| (3.15)
T|R| < T Bl = llkl
1+At+vrlk2 Y 1A A
This implies

1
12" ey S g+ 5 1@
1
S gz + ZHV(f(un))HLZ(]rZ)

1
S + Z||(3(u")2 —1)-(Vu")lI L2 (3.16)

1 3lul?
,<V||u”||H1qz)+(Z+ Am)"”n”HW)

2
< (1+ 1 3llulls

A A )”un”Hl(ﬂ'Z) .
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3.2. Proof of the Stability Theorem

Now we prove by induction.

Step 1: The induction n = n+1 step. Assume E" <E" 1 <...<E°

and E" < supy E(Ilyug), we would show E"*! < E". This implies ||u"||12LI1 =

2 2E" _ 2E°
IVu™|I7, = ===~

v

So by the main lemma, use the notation f <go g to denote there exists a

constant C(E°) depends only on E° such that f < C(E®)- g, we have

A+1

2
1
™12, < IIu”IIfql (\/log(3+C1(v—T+ )(E”+1))) +E"+1

0

S g (1 +1log(A) +10g(%) + (log(1+ 1))) +E%41 (3.17)
T

1
<govl (1 +log(A) + log(—)) +v Hlog(T) +1.
v

Define mg:=v1(1 +log(A) + |log(v)|), and note that E%< supy E(TIyug) <

E(+1, the inequality above is

™2 <g, mo+v tlog(t)| + 1. (3.18)

[ee] NEO
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3.2. Proof of the Stability Theorem

On the other hand,

2
12 S (111" g logB+ 1w i1y )

L+[u"ll%, oy —\
S|+ Dl llg log@ + 1w 11| s )
-1 2
mo+ v~ |log(t)| 1
SEo (1+(1+ 1 X ;\/log(3+||u"+1||H%)
(3.19)
~!log(r)| 2

+
1+(14 20"V

S;Eo

)(\/mo +v log(r)l))

A
2
+v-11 3
SEq (1+ \/mo +v1log(r)| + (Vmo VA |log(7)]) )
m3
oo L g +mo+ v logl

Hence sufficient condition (3.6) becomes

1 1 3
A+ Sto= C(Eo) (mo +1+ % + v‘3|log(r)|3)
T (3.20)
mo=v_1(1+1og(A)+|log(v)]) .

We discuss two cases.

Case 1:% = C(E)v~3|log(r)|3. In this case, we need to choose A such that
A>g mo=v1(1+1log(A)+|log(v)]) .

In fact, for v 2 1, we could take A >, 1; if 0 < v < 1, we would choose
A = Cg, -v1|logv| , where CEg, is a large constant depending only on Ej.

Therefore in both cases it suffices to choose

A =Cg, -max{v!|logv)|, 1}. (3.21)
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3.2. Proof of the Stability Theorem

Case 2:% < C(Eo)v3|log(7)|2. This implies |log(7)| <k, 1+|log(v)|. Now

we go back to equations (3.17), we have

™12 <g, mo, (3.22)

o0 NEO

as v‘lllog(r)l would be absorbed by mg, recall mg = vl +1log(A) + |log(v)|).

Hence substitute this new bound to (3.19), we would get

T PIE S 741 SO v serrrs raom §
1" 12 S {1+ (===l g flog(B+ llum*11l 5
T 2
mo
<g 1+(1+—)\/j 10g(3+||u”+1||.3))
°( A V\/ H: (3.23)
m 2
S;Eo (1+(1+ KO)\/mO)
mg
5E01+E+m0.
This shows it suffices to take
A= CEOm(), (3.24)

for a large enough constant Cg, depending only on E¢. The same choice

of A in Case 1( with a larger Cg, if necessary) would still work.
Step 2: check the induction base step n = 1. It’s clear that we only need

to check

11 2 112
A+§+;Z||HNUO||OO+§||U lloo-
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3.2. Proof of the Stability Theorem

By the lemma 3.2.1,

1 3
||u1||H1s(1+Z+Z||HNuo||§o)-||uo||Hl
(3.25)
< 1.,.1.,.3“1'[ IENE EO
SPTA T AT T T

As a result,

2
12 S (1+12" )+ 1 151 logB -+ 11l )

1 3 2E0 A+l 1
< 1+\/E0+(1+—+—||HNu0||§o) = 10g(3+cl( " +—)(E0+1)
A A v v vT

1 2
<go (1+ (1 + 1 + %IIHNuollgo) VB v/1+1og(A) + [log(v)| + |log(T)I)

1 3 2
1+—+Z||HNu0||§o) v (1 +1og(A) + [log(W)| + [log(7)]) .

SEO A
(3.26)
Thus we need to choose A such that
A+1+1>||H 12 +C (1+ L 3||H 112 C
— - = . — — -"/
27 NUOIlloo E, ATA NUOIlloo (3‘27)

-(1+1og(A) + |log(v)| + |log(D)]) ,

where Cg, is a large constant depending only on Ey. Note that by Morrey’s

inequality for 2D domains,
||HNu0||Loo(1r2) ,S ||HNu0||H2(1r2) ,S ||u0||H2(T2)-
Then it suffices to take A s.t.

A lluollZz +v ' logw) +1. (3.28)
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3.2. Proof of the Stability Theorem

This completes the induction and hence the theorem.
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Chapter 4

L? Error Estimate of the First
Order Scheme on 2D

Allen-Cahn Equation

In this chapter, we would like to study the L? error between the semi-
implicit numerical solution and the exact PDE solution in the domain T2. To
start with, we consider the auxiliary L? error estimate for near solutions.

4.1 Auxiliary L? Error Estimate for Near Solutions

Consider the following system:

un+1 _,n
—— = VA" Ty ") - AW -+ G
n+l _ ..n
J [% - — ’VAUn+1 _HNf(vn)_A(Un+1 _ Un)+G%L 4.1)
uW=uy, v° =0

where we would denote G, = G1 - G2.

We state the proposition here.

29



4.1. Auxiliary L? Error Estimate for Near Solutions

Proposition 2. For solutions of (4.1), assume for some N1 >0,

sup ||u"|loo +sup||v"|loo < N7 . (4.2)

n=0 n=0

Then for any m = 1,

2 2
lu™ — ™2, = le™]12,

(1+N?)N, B

m—1
-((1+Ar)||uo—vo||iZ+Bw ) ||Gn||,%2)
n=0

where B , C > 0 are two absolute constants.

Proof. Write e” =u”" —v". Then

=vAe" !~ A(e" —e™) ~TIy (F™) - fF0™) + G . (4.4)

n+1

Take the L? inner product with e on both sides and recall similar compu-

tations in chapter 3, one has

1 A
+1,2 2 +1 2 +1,2 +1(,2 2
o (1™ I = lle™ 17, + lle™™ = e™I7z) + vIIVe™ iz, + (11" iz, = [l 7.+

||en+1 _en“iZ) — (Gn, en+1) + (f(un)_f(vn), HNen+1)
(4.5)

where (., .) denotes the L? inner product and the last term is because Iy is
a self-adjoint operator (Ily f, g) = (f, [Ixyg), since it is just an N-th Fourier

mode truncation.
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4.1. Auxiliary L? Error Estimate for Near Solutions

Now by Holder’s inequality

1,2
le™ ]|
+1 +1 +1 2 L2
|(Gr, €""1) 1< lle"  IL2lIGrllp < Blle™ Ip2l|Grllze < 2B V”Gn”Lz"'—v

(4.6)
Next, by fundamental theorem of calculus, we compute
1
f@W®-fe" :f f'@" +se™)ds e"
0 4.7
= (a1 +az™)?)e"™ +azv™(e™)? +aye™)?,

where a; are constants could be computed. Now we shall denote by C an

absolute constant whose value may vary in different lines. Now,

| (a1 +as@™®e™ , ") | < CA+Ilv™1Z)1e™ Ip2lle™ |2
||en+1 22
< CA+ NN (—— +vllel[Z.)

C(1+N?)N;
s —————lle" L. +v-CA+NDNille"lI7, .

(4.8)
also,
|(asv™E™)?, ") < Clv"llsolle™ M loolle™ |12
(4.9)
<CNille"|3,,
[(aale™?, ") = Clle" M lsolle” lloolle” 1172
(4.10)

2 2
<CNZ|le"|, .

To simplify the formula, we would use the notation ||u||2 to denote the L?

norm. Collecting all estimates, we get
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4.1. Auxiliary L? Error Estimate for Near Solutions

llem 212~ |len |12

B

+A(lle" M2~ 1le™12) < BVIIG, |12+ —1le™ |12
v

9 (4.11)

C(1+N?)N;

C (v(1+NHN1+N?)|le™I2+ ntl)2

lle

where B and C are two absolute constants that could be computed exactly.

Hence for v small, recall A is chosen large than O(v~1|logv|), we derive

lle™ 112~ []e™][2 +(A_ CA+NHN: B
T

+1;2 2 2
;)(Ile" I3 = lle"113) < BvIIGplly+

(1+N?)N B
(4.12)
Define )
CA1+N7)N1 B

yn=(1+(A——11—— T|lle” I3,

(1+N?N B
a=C(—11+Nf+v(1+Nf)N1)+_, (4.13)

v

Brn=BvIIGyll2 .

This shows for v small,
Yn+1—Yn
T

<ay,+Pn .

Applying discrete Gronwall’s inequality, we have
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4.2. L? Error Estimate of 2D Allen-Cahn Equation

(1+N?)Ny

™ = o™ 15 = lle™ 113 < ym sexp(mr-{C( "

C(1+N?)N
((]_.F(A_&_B

B
+N2+v(1 +N%)N1) + —})
v

v

m-1
2 2
T)Iluo—U0||2+BTV > ||Gn||2)
n=0

(1+N?)N B
cosprr-{o[ X e, 2 )

m—1
-((1+Ar>||uo—vo||§+Bw Y ||Gn||§) :
n=0
4.14)

4.2 L? Error Estimate of 2D Allen-Cahn Equation

In this section, to simplify the notation, we would write x < y if x <
C(v, ug) y for a constant C depending on v and ug. We consider the sys-
tem

=vAU" T -TIN ™) - A@™ ! - u")
T

O0ru=vAu—f(u) (4.15)
ul = Myug, u(0)=ug .
Theorem 4.2.1. Let v > 0. Let ug € H?, s =4 and u(t) be the solution to
Allen-Cahn equation with initial data wg. Let u" be the numerical solution
with initial data lyug. Assume A satisfies the same condition in the stability

theorem. Define t,, = mt, m = 1. Then

™ —u(ty)llg < A-eC1im.Co- (N~ +1) ,
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4.2. L? Error Estimate of 2D Allen-Cahn Equation

where C1 > 0 depends only on (ug,v) and Cy depends on (ug,v,s).

In order to prove this theorem, it is clear that we shall estimate G, in
previous proposition. Note that for a one-variable function A(¢), one has the

formula:

1 th+l ]_ th+1
1 f h(®) = h(tn)+ = f R@O)-(ts1 — 1) dt
T Jt, T Jt,

1 th+1 1 tn+1 (4'16)
1 f h(t) = h(tpsn) + = f R6)-(tn— ) dt .
T Jt, T

n

Using the formula above and integrating Allen-Cahn equation on the time

interval [¢, , t,+1], we get

ultn+1)—ulty) _
7 4.17)
VAu(tp+1) —Au(t,1) —u(ty) —Onf(w(,) -y f(u(t,) + G,

where I1. = id — Iy, the large mode truncation and

v tn+1

th+l 1 th+l
Go=Y f O (b~ 1) it~ f O f@tns1 - dt+A | o dt.
tn tn

T th
(4.18)

To bound ||G,|l2, we introduce some useful lemmas.

4.2.1 Bounds on Allen-Cahn Exact Solution and Numerical

Solution

Lemma 4.2.2. (maximum principle for smooth solutions to Allen-Cahn equa-

tion) Let T > 0 and assume u € C%C}(Td x[0,T]) is a classical solution to
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4.2. L? Error Estimate of 2D Allen-Cahn Equation

Allen-Cahn equation with initial data wy. Then

lu(. , Dlloo <max{l|luglleo , 1}, VO<t=<T. (4.19)

Remark 4. As proved in [5], there exists a global H ;‘gCtl solution to Allen-Cahn
equation. In fact as pointed out by Li, Qiao and Tang in [12], the regularity
would be even higher due to the smoothing effect of heat kernel and the non-

linear term. So we would assume a smooth solution here.

Proof. We define f(x,t) = u(x,t)? and f€(x,t) = f(x,t)—et. Since f€ is a con-
tinuous function on the compact domain T¢ x [0, T], it achieves maximum at
some point (x.,%.), i.e.

max  [f(x,t) = f(x4,t) =M, .
0<¢<T , xeTd

We discuss several cases.
Casel. 0<t, =T and Me > 1. This shows V/€(x,,t.) =0, Af€(x4,t.) <0.
Note that

Vf€=2uVu , Af€ =2\Vul|? + 2ulu , (4.20)

this shows Vu(x,,t.) =0, ulAu(x.,t.) <O.
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4.2. L? Error Estimate of 2D Allen-Cahn Equation

However,

0t (x4, t4) = 2u(xs,t)0:u(xs,t) —€
= QU ) VAU, E4) — UB (X, )+ U(n, 1)) —€
<—2u4(x*,t*)+2u2(x*,t*)—€ (4.21)

1 1
< -2 (xs,te)— =)+ = —

<-e<0

as u?(x,t.) > 1 by assumption. This contradicts the hypothesis that f¢
achieves its maximum at (x.,¢.) and hence Case 1 is impossible.

Case 2. 0<t, <T and Me < 1. In this case we obtain

max f(x,f)<1+¢€T,
0<t<T , xeTd

letting € — 0, we obtain f(x,t) < 1.

Case 3. t,. =0, then

max  f(x,f) <maxf(x,0)+€T ,
0<t<T , x€T¢ xeTd

sending € to 0, we obtain f(x,#) < f(x,0).

This concludes ||u]|oo < max{||uglloo, 1}. O

Lemma 4.2.3. (H* boundedness of exact solution) Assume u(x,t) is a smooth
solution to Allen-Cahn equation in T with d < 3 and the initial data ug €
H*(T?) for k = 2. Then,

Sup”u(t)”Hk('n'd) Sk 1 (422)
t=0
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4.2. L? Error Estimate of 2D Allen-Cahn Equation

where we omits the dependence on v and uy.

Proof. By the Duhamel formula, we write
¢
u®) =e""?u, +f "Iy —ud) ds . (4.23)
0

We would prove this argument inductively. By previous lemma, we have
llullz <1 as ||lulloo < 1 and we would show ||u|lz1 < 1 for any ¢ = 1. Then by

taking spatial derivative and L2 norm in the formula above, we derive
¢
IDully < [IDe" uollz + f IDe* "% w -l ds (4.24)
0

where Du denotes any differential operator D%u for any |a| = 1, for example
D? denotes a,%ixju forl<i,j=<d.

First, we consider the nonlinear part.

IDe" 9w — 1)1y < 1IDe” 2w - 1u?)lloo S IKy * (w—u®)] (4.25)

where K is the kernel corresponding to De" =92,

1K1 * (u—u®) < [|IK1llg - llu —u?|l2
(4.26)

SIK - llulle
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4.2. L? Error Estimate of 2D Allen-Cahn Equation

by the boundedness of ||u||o. Note that

1

2

_ _ 2
kezd

1

_ ( y |klze—zv(t—s)|k|2)2 (4.27)
k=1

o0 1
2
5([ e 2Vt=s)r® L d+1 dr) .
1

The estimate for even dimensional case and odd dimensional case is a bit

different. Now we would assume ¢ = 1, as the other case ¢ < 1 is much easier.

—-2v(t-s) v/ —
1. Casel,d=1. [{° e 2V(t=Ir?y2 gy < e | erfe(VAVE-5)

t—s (t—s)3/2

, where erfc(x) :=

\% s e’ d t, the complementary error function. Letting y =t —s,

t _ te™VY (erfc(,/vy)l/2
fo ”Dev(t s)Au||2 ds,i([o .z + S dy|-llulls . (4.28)

1/2
For y close to 0, (erfc;# will dominate the estimate and for y away

from 0, % shall dominate the estimate. Then we split the integral as
following (recall ¢t = 1):

fte_w+(erfc(‘/w)l/2d <flid +ft—e_w dy
0 ¥ 0y Y 1Y

Yl/2 Y3/4 ~

oy
§1+f°°e_ dy (4.29)
0

_ )2 —2v(t-s) —2v(t—s)
2. Case 2,d =2. [{CPe 2= 3 gr < e :

~ (t-s)? 5

. Similar to case 1,
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4.2. L? Error Estimate of 2D Allen-Cahn Equation

we would split the integral as well. Letting y =t —s, we have

t o~VY vy t o~ VY
e e e
v+ _ays| S dy
fl Y1/2 1/2

Y 1y
00 o= VY
< [ — dy (4.30)
Y
<1,

However, it does not work for y < 1. Now we use another estimate for

1K1 *(u— u3)IIL2(Td). We compute from Fourier side:

_ _ 2 — 5
||K1*(u_u3)||i2qd): Z |k|2e 2v(t—s)|k| |u—u3(k)|2
|k|=1
< max{lkl2e IR umwd@)P (43D
|k|=1 k=1

2
<max{ B|2e2V(E-s)lk| } uli2 _
N|k\21 | | || ||L2(-U—d)

Define g(x) = xze_2"7’x2, where x = 0. Then,

g'(x) = 2xe 27 (1-2vyx?) (4.32)
this shows the maximum achieves at x = \/QTY and hence
g(x) < g( 1 )<1 (4.33)
)<g(——=) S - .
V2vy Y
and hence
_ 1
IDe* 94w - u®)l|ocray S NS E (4.34)
-8
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4.2. L? Error Estimate of 2D Allen-Cahn Equation

note that this proof works for any dimension.

As a result,
f IDe""2ully dny —dY lullg <1 (4.35)

This shows [; [[De" 92 u|lg ds < 1.

3. Case 3, d = 3. As proved in previous case, we would only need to check

the case y=1. [{e —2vyr® 4 dr<e il for y > 1. Hence,

00 —vy
j; 1/2 ~ f 1/2

(4.36)

For ¢ <1 case, it is easier because we do not need to split the integral and all
integrals from O to ¢ could be bounded by the integral from 0 to 1.
Now for the linear part, by Duhamel’s Principle, e"*2u( denotes the solu-

tion to the system:

ou=vAu
(4.37)
u(x,0)=ug .
As is well known, every spatial derivative of the solution e"**u( solves

Vi uollgm < lluollgm

same PDE, hence by the energy decay property, we have ||e
for any 1 <m < k. Combine the nonlinear part and linear part, we derive

llullgr < 1independent of ¢ = 0 and hence sup,-g llullg S 1.
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4.2. L? Error Estimate of 2D Allen-Cahn Equation

Now if we already obtain sup,s ||lul|g=-1 < 1, we just need to consider

t
ID(D™ Lw)|lg < [IDe** D™ Luglly + fo IDe" = 92Dm=1y 1, ds

1 ¢
Apym—1 Apym—1
§I|uo|IHm+f [1De*"2 D™ ully d)”ff [1De"">D™ ulls
0 1
00 ,=VY

VY

11
51+f — dy-|ID™ Yully + dy-ID™ 1u||
o U7 Y 2% | Y 2

<1

K

(4.38)

by repeating the process above. In the end we would achieve
sup|lullgray Se 1. (4.39)
=0

O

Lemma 4.2.4. (Discrete version H* boundedness) Suppose ug € H*(T?) with

d <3 and k =2. Then, suppose u" is the numerical solution that satisfies

un+l _,n
=vAu T - A@"T —u) - TN f (™)
T (4.40)
u® =Tyuo,
then
Sup”un“Hk(-ﬂ-d) S,A,k 1. (4.41)
n=0

Remark 5. The bound on u” is independent of time step T and truncation

number N.

Remark 6. The proof is involved with energy decay property of the numerical

scheme, so we would assume this property for now, as the proof for energy
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4.2. L? Error Estimate of 2D Allen-Cahn Equation

decay in 3D case would be given in chapter 6.

Proof. To simplify the notation, we would use “<” instead of “<y ,, 42" only

in this lemma. We would like to use a similar method provided in [10].

Write 1eA -
n+1 +AT n —TlN n
= +
¥1+AT—VTAJu 1 +AT—VTAJf(u )
I:Il 2222

4.42
—Ly(L1u" 4 Lof @) + Lof(u™) (4.42)

mo
mo+1l n— 1 -1
=LT" w0+ LiLof ™),
=0

where m would be chosen later.

Similar to continuous version, we prove inductively. First, we show

sup [[u” gy S 1. (4.43)

n=0

Recall sup,-ollu"ll2 < 1 and sup,=ollf(@™ll2 < 1 by energy decay property,
then we just need to consider H? semi norm.

We discuss 3 cases:

1. Case 1: 7 = . Then for each 0 # k € 79,

> 5.
— 1+AT
Lik))=—F"
[L1®) 1+ A7 +vlk|2
1 A
< ¥ 4.44
AT+vT|k|2  A+v|k|? ( )
L1
~ 1+ k2
— T 1
|Lo(R)| < < (4.45)

TAT+VTIRZ 1+ k12
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4.2. L? Error Estimate of 2D Allen-Cahn Equation

As a result,

™ g2 < 1L 1wl g + 11 Lo f @)l g
Sl +11F @™l (4.46)

<1.

2. Case 2: r<1—10andArzl Then for 0 Zk € 7¢:

10
— 1+Art
LikR)|=—F——
Lk 1+ AT +vrlk?
11A
<——r (4.47)
AT+ vT|k|2
1
~M1+4k12°
and
|Da(k)| = : < (4.48)
1+AT+vT|R|2 ™ 1+ k|2
Then similar to Case 1,
||un+1||H2 < [IL1u"llge + ILof ™)l g2
SHu"llg + 1 @™z (4.49)
<1.
3. Case 3: 7 < 1—10 but At < 1—10. Take mg to be one integer such that % <
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4.2. L? Error Estimate of 2D Allen-Cahn Equation

mo7 < 1 and thus my = 5.

— 1+AT mo+1
LWLQ+1 k < —)
’ 1 )’ 1+At+vTlk|?
m
< 1+—AT) ' (4.50)
1+AT+v7|k|2
vr|k|? )_mo
=1+
1+A7
Recall AT<%<1, then
2\~ 2\ ~Mo
e
T
define to := mo7 and we derive
=l 1 otg |70
‘L'ln‘)+1(k)‘s(1+§v|k|2m—0) . (4.52)
0

For any a > 0, we consider the function A(x) = —xlog (1 + %), x> 0. Then

B (x) = —1og(1 + g) + aaTx

B (x) = — (1— ! )>0.

x+al\x x+a

(4.53)

By direct computation, A(x) decreases on (0,00). Therefore, recalling
mo =5,
— 1 to |0 1 to)
L7 )| < (1+—v|k|2—0) < (1+—v|k|2~—0) . 459
2 mo 2 5

Now,
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4.2. L? Error Estimate of 2D Allen-Cahn Equation

L)Y L] < |Latk)|-
=0

1-|Lik)|
T 1+Ar+vrlR2 1- aion
1
TR
<L
N|k|2

Therefore for n = my,

- -1
™ i ST ™2+ sup [IF @™ Dz <1

0<l<m,

For 1<n <mg+1, then we apply

n-1
u"=Liu’+ Y LLof@" '),
1=0
Hence

0 -1-1
N lge SHutllgz+ sup [If@™ "l S1.
O<i<n-1

This concludes

Sl.lp”un“HZ(-U'd) 5 1.
n=0

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)
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4.2. L? Error Estimate of 2D Allen-Cahn Equation

Inductively,

1
1
e Ml ggm SN gz + 1f @ gz, T2 —

10
L g < s + 1@ s 7 < =, AT2 =
H™ e ar H™2> 0710777710
) n+l n-m n-1 1 1
Ne™  gm SHu" " ™lgm2+ sup If@" Ngme, T<—,AT<-—,n=myg
0<l<my 10 10
n 0 n-1-1 1 1
Hu™llgm SlHu“llgm + sup  [If(u Mgm—2,T<—,AT<—,n<mo+1
0O<l=<n-1 10 10
(4.60)
thus prove
sup |lu” | gicray S 1. (4.61)
n=0
O

Remark 7. The proof for exact solution and numerical solution is similar in

the sense that we develop bootstrap process and split the time interval.

4.2.2 Proof of L? Error Estimate of 2D Allen-Cahn Equation

Proof. By the previous high Sobolev bound lemma, sup,»¢|lu"|lco < 1 using
Morrey’s inequality. Thus the assumptions of proposition 2 (auxiliary L? er-

ror estimate proposition) are satisfied.

Recall that
v tn+l 1 tn+1 tn+1
G, = —f 0;Au-(t,—t) dt— —f 0 (f(Wtns1—t) dt+A Oiu dt .
T th T tn tn

(4.62)
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4.2. L? Error Estimate of 2D Allen-Cahn Equation

Then

tn+1 th+l tn+1
1Gllz < f 19, Aullz di+ f 19 F Iz dt + A f 19.ulle i
tn tn

tn

th+1 th+1 4.63
< [ ottty dex [ 0wl de- (A if @lipry) . 4
tn

tn
“ RN )
~ ~~

11 IZ

Note that d;u = vAu — u + u® and hence by high Sobolev bound lemma,

osullz S1, I @l ST (4.64)

Recall the energy decay property,

4B _d [ vt
dt dt 2

:vau-Vatu+f(u)-0tu dx

+F(u) dx

(4.65)
:f(—vAu+f(u))0tu dx
= —[0sullj .
This shows
(e,0)
f l0.ulls dt <1 (4.66)
0
Note that by Gagliardo—Nirenberg interpolation inequality,
3 2 1 1
10 Aullz S (V) 0l - [10:ully S N10pull] - (4.67)

Here the notaion (V)s =(1-A)2 , corresponds to the Fourier side (1 + |k[2)s/2,
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4.2. L? Error Estimate of 2D Allen-Cahn Equation

This implies

o0
f N0:Aull§ dt <1,
0

1 2 (4.68)
T T 3 T 3 9
:>f ||6tAu||§dt§(f ||6tAu||gdt) (f 1dt) <1475 .
0 0 0
Moreover,
the1 th+l %
1= [ ol dts( [ noaui dt) N3 (4.69)
tn tn
Similarly,
tn+l tn+1 %
I, S(1+A)- ||atu||2dt,§(1+A)-(f ||0tu||§dt) VT, (470)
tn n
Hence for ¢,, = 1,
Z IGll5 < Z ((I1)? +UT2)?)
=0
1 th+l
gz([ ||6tAu||§dt+(1+A)27f ||6tu||§dt)
=0 tn
2. tm ) (4.71)
f 10;Aull? dt +(1+A) fo 10;ull3 dt
<Tt(1+tp)+(1+A)1T

SA+APT-(1+ty,).

On the other hand, by the high Sobolev bound lemma sup;q l[lw()llgs Ss

1, we have sup,,~ [If (@t Dllgs Ss 1.
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4.2. L? Error Estimate of 2D Allen-Cahn Equation

2
LN f )= Y ‘f(u(tn))(k)‘

|k|>N
[ 2
< ¥ IR | PG| - kI
|k|>N
e 2
SNE YR | )|

|k|>N
SN2 f @t )2y
< N—2S

thus
-2
95 o tmIN s

m—1
Y N f@)Ia Ssm-N .
n=0

Therefore,

m-1

7Y (IGall5+ sy f@Eall3) Ss L+ Em)(@? + N72)(1+A)

n=0

Also for the same reason

u® — w(O)I|2 = |[TTyuo —uollz SN2,

(4.72)

(4.73)

(4.74)

(4.75)

Applying the auxiliary solutions proposition and note that ¢,, = mrt,

™ = ut )2 <o (1+ A)2eCin (N"2 4 1. N2 4 (1 +,)a2 + N72)) . (4.76)

Note that
TN 2<2 AN < 24 N2

!
1+tm§eCt”L,

(4.77)
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this leads to

™ — ut )l Ss (1+A)2eCln (N2 +12) (4.78)

Thus
™ —ultm)llg < (1+A)-Cg-eC1in (N~ +1) , (4.79)

where C1 > 0 is a constant depending on v ,u(; Co > 0 is a constant depending
on s ,v and uyg.

This completes the proof of L? error estimate.
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Chapter 5

Stability of a First Order
Semi-implicit Scheme on 2D
Fractional Cahn-Hilliard

Equation

As mentioned in the introduction, the fractional Cahn-Hilliard equation
are “interpolation” between Allen-Cahn equation and original Cahn-Hilliard
equation.

0iu =vA((-A)%u+(-A)*"1f@w) ,0<a<1

u(x,0)=ug

As before, we consider the region as 27-periodic torus T? = R%/2772. f(u) =
u®—u and hence the energy E(u) = [12 (5|Vul? + F(w)) dx , with F(u) = %(u2 -

1)2. Similarly, the semi-implicit scheme is given by the following:

u — _V(_A)a+lun+1 _ (_A)aA(un+1 _ un) _ (—A)aHNf(un)
T . (6.1)
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Chapter 5. Stability of a First Order Semi-implicit Scheme on 2D Fractional Cahn-Hilliard Equation

Theorem 5.0.1. (unconditional energy stability for fractional CH). Consider
(5.1) with v > 0 and assume ug € H2(T?) and has zero-mean condition. Then
there exists a constant Bg depending only on the initial energy E¢ = E(ug) such

that if

A =B (lluoll?: +v 'logvl+1) , B=Po (5.2)
then E@w"*1) < E(w™), Yn =0, where E is defined above.

Remark 8. Here we require zero-mean assumption on wg hence that implies
u” all have mean zero because zero-mean assumption would guarantee that
negative fractional Laplacian is well defined. Here we use the notation |V|™% =

(=A)"% to denote the fractional Laplacian.
Proof. The proofis involved with similar computation given in previous chap-
ter. We recall the scheme (5.1):

— _V(_A)(X+1un+1 _(_A)ltA(un+1 _ un)_(_A)aHNf(un) .

Now we multiply the equation by (—A)"%(”*! —4") and apply Funda-
mental Theorem of Calculus and integration by parts as in Chapter 3, we

obtain

1
V@t |+ § (119Gt = un|o + [|va™ |72 = || vu"|[72)

+A||un+1 _unHi2 - _ (f(un)’un+1 _un) )
(5.3)

52



Chapter 5. Stability of a First Order Semi-implicit Scheme on 2D Fractional Cahn-Hilliard Equation

This thus implies:

% 1917 @ =)o+ 5 || VG -] 2 + (A " % ||t —ut |2, + E" - E"

1
< ||t —un|[7 ||u"||§o+§||u”+1||§0) :
(5.4)

It is clear that the first two norms 2 |||V|~(z"*1 - u")| |i2 and ¥ ||V —u™)| |i2

would be problematic as we would expect more help from "t — | I%Q.

Lemma 5.0.2.

1
(V@ —um) [Facre) + g |IV@™ = ™) |7 22y 2 Cavel 0™ =112, )
(5.5)

with C gy is determined by a, v and T.

Proof. It is natural to examine the above norms %HIVI_“(u”Jrl —u")Hiz(TZ)
and

% ||V(u”+1 - u”)| |i2(-[|—2) on the Fourier side. Then we obtain that

1
2 Y R ) - B 4 = Y 1@ R - a7 () 2
T {70 270

(5.6)

k —2a k 2

= Y 12" k) - @™ k)12 (' L ) :
k#0 T

Note we expect Y 1,2 |@" L (k)—a™(k)|?, it is clear we could apply standard

Young’s inequality for product : ab < “—Yy + %ﬁ , with Jl/ + % =1.

As expected, ab = k19, hence we could take a = |k|P , b = |k|?, thus p+q=0.

This implies

L
(5.7)
bP =1k|9P = |k|?
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As a result,
_ —2a
p= a+1
9 2a
—-2a :pY q = —
={ atl (5.8)
2=¢qp y=a+1
a+1
p="r.
a
So,
k —2a k 2
Y 1@ (k) — ™ (k)2 - (L + MJ
20 T 2
=¥ 2"t - a2 | 221 ('k'_za) pretl), (ﬁ” (5.9
1 .
20 T a+1 2a %
a1 a+l
22|ﬁ”+1(k)_ﬁ”(k)|2 a+1)a+l(v(a+1)) a .
£ 70 T 2a
e a+l
So it is plain to take Cyyy = (“TH) atl (%) ‘. O

Remark 9. In the proof above, C 4y — 00 as a@ — 0. Hence it would not work

for a =0 case, but we could refer to chapter 3.

Back to the proof of Theorem 5.0.1, (5.4) leads to

1 1
(A+§+Cmv)||u”+1—u”||iz+E”+1—E”s ||u”+1—u”||iz ||u”||§o+§||u”“||§o :
(5.10)

1 : 1 3 1,2 2
To prove E"*! < E", it suffices to show A+35+Cqary = 3 max {|[u" 13, , lu"IZ.}.

As in chapter 3, we rewrite the scheme (5.1) as

nil 1+At(-A)* n 7(—A)%

ST AT ATAE Y T Troven s Ar—aye V@Ol

(5.11)

54
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Similarly, we could still apply the main lemma under the assumption ©g

satisfies zero-mean condition. Recall that

12" Moo S 1™ i\ log(llu™ Ll 3 +3). (5.12)
We would like to estimate ||u”+1||H1 and IIu’”lIIH%. As we did in chapter
3,
1+At1|k|?®

3 ool NILT

1+AT|k|*® +vT|k|5T2e

b [20 1 (5.13)

T T
B oI kIS — |kl = —Ik|

1+AT|k|*® +vT|k|5T2e TA A

Hence we derive
1 3ul?
||un+1||H1(12),§(1+Z+Too)||un||31(12) ) (5.14)
which is the same argument as in chapter 3.
Similarly, we could derive
1+A7 1
n+1 < - n
llu “Hg(TZ)N( s +v)(E +1), (5.15)
So prove by induction again,
Step 1: The induction n = n+1 step. Assume E? <E" 1 <...<E°

and E” < supy E(Ilyug), we would show E"1l < E™ This implies ||u”||12LI1 =

[IVu™| I%2 < @ < # By applying the main lemma carefully and E® < E¢+1,

w112, <g, v (1 +1og(A) + [log(V)) + v log(r)| + 1 (5.16)
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Define mg = v~ (1 +1og(A) + |log(v)|) again, then the inequality above is

w12, <g, mo+v tlog(x) +1. (5.17)
Similarly,
3
n+1)2 Mo -3 3 (5.18)
a5 <g, 1+—= +mo+v °|log(1)|° .

o0 ~vL0 A2

So we need the following condition holds:

1 +1 +1) e+ m3
A+ -+ a a+ 1 (V(a )) al =>C(Ey) m0+1+—+V 3|10g(T)|3
2 T 2a A2

mo = vl (1 +1og(A)+|log(v))) .
(5.19)

Now we discuss 2 cases again:

a+l

Case 1: (‘”1) (V(“”))* > C(E¢)v~3|1log(7)?. In this case, it suffices to

choose A such that
A>g mo=v"1(1+1log(A)+|logv)]) .

In fact, for v 2 1, we could take A >, 1; if 0 < v < 1, we would choose
A = Cg, -v1|logv| , where CEg, is a large constant depending only on Ej.

Therefore in both cases it suffices to choose

A =Cg, -max{v|logv)|, 1}. (5.20)

a+l

Case 2:(%1)w1 . (ML) < C(Eo)v3|log(r)®. This still implies (1)1 <

56
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(142 , hence |log(7)| <

v ~

E, 1+ [log(v)| for fixed 0 < @ < 1. Now we go back to
equations (4.17), we have

w12 <g, mo (5.21)

[ee] NEO
as v‘lllog(r)l would be absorbed by mg, recall mg = vl +1log(A) + |log(v)|).
Hence substitute this new bound to (4.18), we would derive

2
)||un||H1\/10g(3+||u”+1||Hg))

2
mo 1
1+(1+—)4/ = log(3+||u”+1||.3))
A v\/ H> (5.22)

my 2
< _
SE, (1+(1+ 1 )\/mo)
m3
SEO 1+ E +myg .

2
[asTE <(1+<—1+“”n”°°
o0 ~v

SJEO

Thus it still suffices to take

A=Cgmy. (5.23)

For the induction base Step 2, the proof is exactly the same as in chapter 3
and this shows stability of the semi-implicit scheme in fractional Laplacian

case. O
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Chapter 6

Stability of a First Order
Semi-implicit Scheme on 3D

Allen-Cahn Equation

In this chapter, we would like to explore a bit more in three dimension
case. What makes the difference is that the main lemma proved in chapter
2 should not hold. To clarify, the H'-norm should be replaced by H 2-norm
in the log-type inequality proved in chapter 2, as a result of scaling invari-
ance. However, H 3 -norm would not help to prove 3D theorem as there is no
a-priori energy bound for H 2-norm. To solve this issue, we would try an al-
ternate interpolation inequality. For simplicity, we only consider Allen-Cahn
equation in 3D periodic domain T3 = (R/27Z)? in this chapter as other Cahn-
Hilliard type equations could be handled similarly. To begin with, we recall

the numerical scheme (3.1) for Allen-Cahn equation.

=vAu" T - AWM —uM) - TN (W)
T . (6.1)

uOZHNuo
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6.1. the Main Lemma

where 7 is the time step and A > 0 is the coefficient for the O(7) regularization

term. As usual, for N = 2, define
Xn =span{cos(k-x) ,sin(k-x): k=(k1,ks,k3)€ 7% | |kloo = max{|k1l,|kal, |3} <N}.

Theorem 6.0.1. (3D energy stability for AC) Consider (6.1) with v >0 and
assume ug € H2(T3). Then there exists a constant Bo depending only on the
initial energy Eo = E(uq) such that if

Az B (lluollFp+v2+1), B=Po (6.2)
then Ew"*t1) < E(w™), Vn =0, where E is defined before.

Remark 10. Unlike in chapter 3, our choice of A is independent of T as long
as it has size of O (V_S) at least, which is much larger than O (v_lllog(v)lz).

This results from the loss of log type control for the L*° bound.

Before proving Theorem 6.0.1, we would prove a new main lemma here.

6.1 the Main Lemma

For all f € H*(T3) , one has

1Flloo SFIZ NI, + 1O (6.3)

Proof. First we write f(x) = # Y rezd f(k) e’** the Fourier series of f in T5.
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6.2. Proof of 3D Stability Theorem

So,
1Flloo < — Y If ()
RNC kez3
<i|f(0)|+L Y eI+ Y IR
- @n)? @n) 0<|k|=N |k|>N
SIFOI+ Y (F@IE- R+ Y (FRIEE- k172
0<|k|=N |k|>N
! : !
5|f<0)|+( > |f(k)|2|k|2) ( 3 |k|‘2) +( > |f<k)|2|k|4) (Y IR
0<|k|=N 0<|k|=sN |k|I>N |k|>N
1 1 1 1
N . 2 o) 2 2 N 2 N 2 2
Slf(0)|+( 3 If(k)lzlkl4) ([ ar] +( ) If(k)l2lkl2) ([ 5 o]
|k|>N N T 0<|k|=N 1 r
SIFOI+1fllge N2 +If g1 N2 .
(6.4)
We optimize N and hence derive
1 lloo SIFOI+IFIZ NI, - (6.5)
O
6.2 Proof of 3D Stability Theorem
By the same argument in chapter 3 with notation E” = E(u™),
(1+A+1)||u”+1—u”||§2+3||v<u"+1—u”)||iz+E"+1—E”
T 2 2
1 (6.6)
< ™t = u g |15+ S 11w IS ) -
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6.2. Proof of 3D Stability Theorem

Clearly, in order to show E"*1 < E™, it suffices to show

1 1_3 9 12
;+A+§2§max{llu”||oo u IS (6.7)

Now we rewrite the scheme (5.1) as the following:

1+A7 T

n+1 n n

_ _ [y ) (6.8)
u 1+Ar—vrAu 1+ATt-vTIA Lf ()]

Recall that

1 1 1 1
™ oo S 12" THO) + [T I|2 17 ||2 : (6.9)

Clearly, we need to estimate [@""1(0)], ||u" ||z and |[u"!||z2. By the

same argument in chapter 3,

|ﬁn+1(0)| SJ 1+VE™" . (610)
Note that
(1+A7)E|
1+At+v1|k|2 < Ikl
vkl _ Tkl 1 ©1D
1+At+vtlk2 ™ 27VAVIE| ™ VAV
Hence 1
™ g Sl + ——=I1f @™l
va (6.12)
32 +1).
VAv L
Similarly,
(1+A7)k? |
1+ At +vr|k|? S ‘[\/AV (6.13)
7|k |2

/\

1+AT+vT|R|2 " v
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This implies

™| g2 ™| +—I|f(u”)|| 2
VA ! g
(6.14)
A 1
< = g+ = (1™ +1) .
N(T\/E v)nu g+ = (11" Iz + 1)
Note that by standard Sobolev inequality,
1@™Plzz = le13e S N2 SHTU 2, + 1112, S e l1%, +1+E™):? .
(6.15)
As a result,
" g S (||(u")||H1+1+(E")2)
(6.16)
3
™ — "l + Il(u”)ll L +1+(E")?
N— = )

We would prove the 3D stability theorem inductively as in chapter 3.
Step 1: The induction n = n +1 step. Assume E" <E" !<...<E°
and E" < supy E(IIyug), we would show E**! < E™. This implies ||un||12L.I1 =

IIVu”II%2 < @ < @ Recall supy E(IIyug) S Eo+1 as well. Hence we would

derive,

1
sl m SE v “3 4+ A 3y 2(1/ 2+1) SE, V. T4 ATIy 2
(6.17)
n+1 1

R S R B
" e Sp, AZv i+vz 477 1A T2y
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Applying the new main lemma,

11 1 5 1.1 _
||u"+1||§o§E0 (v‘? +A 2y 2)-(A2v Liyv 2477 1A 2y 1)+1

\ . \ (6.18)
1 1 1
SE, Azv2 +v 2+ AT v v AT v e+ ATV B 1
To satisfy the sufficient condition (6.7)
Aty i 4y 3y ATay i o ARy 2 4 1Ay 3§E0A+—,
it suffices to take
A=Cgyv?, (6.19)

for a large enough constant Cg, depending only on Ey.
Step 2: check the induction base step n = 1. It’s clear that we only need
to check

1 1 3 3
A+=+==|Iyuoll® +=llutl2.
5T 7 2|| Nuolls 2|| 5o
By standard Sobolev inequality in T2,
Ty uoll%, SIIMnuoll?s < lluoll? (6.20)
Mol < MyvuolZp < lluoll?s - .
On the other hand, by the main lemma it suffices to take
1
A+—201||u0||12L12+aE0 (A%V_%+V_3+A_%V_g+T_1A_%V_%+T_1A_1V_3) ,
T

(6.21)

where c1 is an absolute constant and ag, is a constant only depending on Ej.
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6.3. L? Error Estimate of 3D Allen-Cahn Equation

Hence it suffices to take
A=Cg, (luollZp +v2+1), (6.22)

for a large constant Cg, only depending on Eg. This completes the proof.
By using this new main lemma, the 3D fractional Cahn-Hilliard could be

handled similarly.

6.3 L2 Error Estimate of 3D Allen-Cahn Equation

Theorem 6.3.1. Let v > 0. Let ug € H%, s = 4 and u(t) be the solution to
Allen-Cahn equation with initial data wg. Let u™ be the numerical solution
with initial data lyug. Assume A satisfies the same condition in the stability

theorem. Define t,, = mt, m = 1. Then
™ —ultm)llg<A-e%m-Cy- (NS +7)

where C1 > 0 depends only on (ug,v) and Cq depends on (ug,v,s).

Proof. Recall

. :VAun+1_HNf(un)_A(un+1_un)
O0iu =vAu—f(u) (6.23)

u’ = Myuo, u(@)=ugp .

As we proved in chapter 4, the auxiliary L? estimate lemma and all bounded-

ness lemma work for 3D case. The only difference is the estimate for ||0;Au||2
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6.3. L? Error Estimate of 3D Allen-Cahn Equation

using Gagliardo—Nirenberg interpolation inequality,
3 2 1 1
10:Aullz S1IV) Orully -110sully Slosully (6.24)

which works as well for the same power. This leads to the conclusion of The-

orem 6.3.1 by exactly same argument in chapter 4.
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Chapter 7

Second Order Semi-Implicit

Schemes

In previous chapters we introduce first order semi-implicit schemes for
Allen-Cahn equation and fractional Cahn-Hilliard equation in both two di-
mensional periodic domain and three dimensional periodic domain. For the
completeness, we would like to study some second order schemes. As a repre-
sentative case, we only consider 2D Allen-Cahn equation here. The analysis
of other cases would be similar. We introduce two second order schemes and
prove the unconditional stability for Scheme I and conditional stability for

Scheme I1.

7.1 Introduction of Scheme I:

As introduced in [9], the second order semi-implicit Fourier spectral scheme

Iis given by:

3un+1 —4u" + un—l
2t

=vAu" 1 - At - u™) - Ty (2f @) - f@™™) ,n=1,
(7.1)
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7.2. Estimate of the First Order Scheme (7.2)

where 7 > 0 is the time step and this scheme applies second order backward

derivative in time with a second order extrapolation for the nonlinear term.

1

To start the iteration, we need to derive u* according to the following first

order scheme:

ul—uo

=vAu'- HNf(uO) ,
B! (7.2)

u® =Tyuo ,

4
3

where 71 = min{r3 , 1}. The choice of 7 is because of the error analysis

which will be proved later. Roughly speaking,
3
lu! —u()lls SN +77

where u(71) denotes the exact PDE solution at 7. As expected in L? error

3 4
analysis for the second order scheme, we require that 77 < 72 hence 71 <73.

7.2 Estimate of the First Order Scheme (7.2)

In this section we will estimate some bounds of u! which will be used to
prove the stability of the second order scheme and an error estimate of u!

which will be used to prove L? error estimate of the second order scheme.
Lemma 7.2.1. Consider the scheme (7.2). Assume uo € H%(T2), then

llul = w2 v
||u1||oo+r—1+§||Vu1||§§E<u0),”uou,,z 1. (7.3)
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7.2. Estimate of the First Order Scheme (7.2)

Proof. First we consider ||u!||oo. We write

0
- - . 74
L e v VAL (7.4)

Note that

1
<1, 7y<1, (7.5)
1+71v|E2 1

thus
1 1
e oo < etz S lllge + 1F @O g2

<1115z + 1@ g2 (7.6)

1,

Sliuollz2
as ||l < 1 by Morrey’s inequality.
Second, we take the L? inner product with u! — u? on both sides of (7.2).
llut - 402
T1

= —(f(uo) , ul—u%

v
*3 (Va3 = 11ve|13 + 11Vt - u®))13)

(7.7)
< IF@lallu’ ~u’lls
SEw 1,
by llzolloo » I21lleo S 1.
1 Il —uOl13 142
As aresult, ||} loo + 2 + 5IVEHIE Shwo) | luolly 1-
O
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7.2. Estimate of the First Order Scheme (7.2)

Lemma 7.2.2. (Error estimate for ul) Consider

ul_uO

=vAul - TN f(u?)
71

0ru=vAu—f(u) (7.8)
u’ = Iyug, u(0)=ug .

Let ug € H®, s = 6. There exists a constant D1 > 0 depending only on (ug,Vv,s),

3
such that ||lu(t1)—ulllo<D1-(N~S +77)

Proof. We start the proof in three steps:
Step 1: Time discretization of the PDE.

Write the PDE in time interval [0,71]. Note that for a one-variable func-

tion A(s),
0
h(O)Zh(T1)+f h'(s)ds
i " (7.9)
=h(t1)-h'(z1)11 +f h'(s)-sds.
0
By applying this formula, we have
—u(0 1
u(r1) —u(0) _ d,u(ty) - _f @) -s ds
T1 T1Jo
1
= VAu(r) - flu(ry) - — f (Oreu)-s ds

T1Jo (7.10)

=vAu(r1) —In f(w(0) - I n f(w(0) — [f (u(r1) — £ (w(0)]

1 rm
——f Opu)-s ds ,
T1J0O

where I[1. = id — Iy as in chapter 4.
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7.2. Estimate of the First Order Scheme (7.2)

Hence
u(r1)—u(0)
71

=vAu(ry) -y F@0)+G°, (7.11)

where

1 T
G =—TL.N f(u(0) - [f(u(r1) - f(w(0)] - T_1fo 1(Ottu)-s ds

1 [m
=-ILNf(w(0) - [f (u(r1) - f(w(0)] - T_lfo (vAdu — f'(w)du)-s ds

(7.12)
Step 2: Estimate of ||u(71) — ul||ly. We consider
—u(0
W) 7w _ ) n ) - Ty F (0 + GO
T1
ul—u®
3 =vAul Ty f @) (7.13)
T1
ul= Myug, u()=ugp .
Define el = u(ry)— ul and €% = u(0) - «°. Then we get
el—¢f
=vAe! — Ty (F@(0) - f@®) +G° . (7.14)
71
Take the L2 inner product with e! on both sides, we derive
1 1,2 0,2 102 1,2
-— (lle 15— lle"ll5+le” —e ||2) +v||Ve~l3
271
< IF @)= F@Oll2-lle*llz +11G°ll2 - lle Iz
(7.15)

< (1112 +11G°112) et 12
1
< (11012 +1G0112) + Zneln% :

As a result,
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7.2. Estimate of the First Order Scheme (7.2)

T
(1= 22 et 13 = 271 (1113 + 11GO11Z) + 11e%1 3 (7.16)

po| S

note that 71 <1,s0 1- 3 = %, and
lle 12 <@ +Tlle®12+7111G)13 . (7.17)

Step 3: Estimate of IIeollg and IIGollg.
02 — 02 — 2 _ 2 :
Note that ||e”||5 = [|u(0) — u”||5 = |luo — Tyuolls = [IIIsNuoll5. As proved in

chapter 4, section 4.2.2,
11e°]12 = 1IMsyugll2 SN2 (7.18)

For [|G°||2, note that ||TTsx f((0))|l2 < N~%, by the maximum principle proved
in chapter 4, Lemma 4.2.2.

On the other hand, by the mean value theorem,
fu(r1) = F@(0) = f'(Eu(r1) —u(0),

where ¢ is a number between u(r1) and u(0). Again by the maximum

principle,

I1f (1)) = f @Oz S Hw(rr) = wOlle S T1ll0:ullror2o , r1xr2) ST1, (7:19)

using the Sobolev bound of the exact solution proved in chapter 4, Lemma

4.2.3.
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7.3. Unconditional Stability of the Second Order Scheme I (7.1) & (7.2)

<

Finally,

1 o
—f (vAB;u — f'(w)osu)-s ds
T1J0

2

2
f vAd;u — f'(w)dsu ds
0

; . 2 (7.20)
1 1
< fo IvAGsulla ds + fo 1 @deulls ds

<711.

~

This implies IIGollg <N 24 T%. Hence

~

le'lI3 SA+TON #+ 1 (N #+1) SN +718. (7.21)
As a result,
3
lle'lls SN~ +72 . (7.22)
O

7.3 Unconditional Stability of the Second Order

Scheme I (7.1) & (7.2)

In this section we will prove a unconditional stability theorem for the sec-
ond order scheme (7.1) combining (7.2). To get started, we state the theorem

first.

Theorem 7.3.1. (Unconditional Stability) Consider the scheme (7.1)-(7.2) with
v>0,7>0and N =2. Assume ug € H*(T?). The initial energy is denoted by

Eo =E(ug). If there exists a constant B, > 0 depending only on Eg and ||uol|g2,
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7.3. Unconditional Stability of the Second Order Scheme I (7.1) & (7.2)

such that

A=B-(VE+v O0gvY, =B, ,

then

Ew""Y<Ew"),n=1,
where E(u") for n = 1 is a modified energy functional and is defined as
B = B+ Sl — a2+ =l — a1 2

Before proving this stability theorem, we begin with several lemmas.

Lemma 7.3.2. Consider (7.1) for n=1. Suppose E(u")<B and Ew" ')<B

for some B > 0. Then

A 1
||u”+1||oosa3-{(1+v‘1)«\/log(3+—r+—+v‘3 +v‘1)+r+1} ,
% TV

for some ap > 0 only depending on B.

Proof. For simplicity we write < instead of <g. Recall (7.1):

Su"tl 4y 441

= vAu" T - AT —u™) - Ty (2f W) - F@W" D)

2T
(7.23)
We rewrite as
nel__ AF24T* 1 i1
3-2viA+2A72 3-2viA+2A712
(7.24)
271N

 3-2vTA+2A72 2f@"~-f@"™h).
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7.3. Unconditional Stability of the Second Order Scheme I (7.1) & (7.2)

First, for £ =0,
4+2A72 <

3+2412 "7

1
L | (7.25)
3+2A712 "7

2

— <7,
3+2412 "7

Thus
i) <7+1. (7.26)

Note that for || =1,

4+2A7?
S1
3+2vr|k|2+ 24712
1 <1
3+2vr|k|2+2A72 ™
27|Rk| < T|R| 1

S SR
3+2vrlkI2+2A72 Y vT|R2 v

(7.27)

Thus

. 1o -
1" Hlggs S 1 g + 1" g+~ 107 (27 @™ = F@™ ™) 1l2
_1 — - -
SV v @ s + @3 ys + 1w lg + 1w Hlg)  (7-28)

+yv 1 s

v

NI

A

here we apply Sobolev’s inequality as introduced in chapter 2 and apply the
energy bound as proved in chapter 3.

Similarly,
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7.3. Unconditional Stability of the Second Order Scheme I (7.1) & (7.2)

|k12(4 +2A72) < |k|2(1+A12)< 1 +AT
3+2vrlkI2+2AT12 ™ wrlk2 vt v

2
il <1 (7.29)
3+2vr|k|2+ 24712 vt
2 2
27|k| < T|k| < 1

3+2vr|k|2+2A72 Y vr|RI2 Y v

This implies

1 Az 1 _ 1 _
||u"+1||Hz§(_+_)“u”||2+—||u" g+ 112f @™ = F@" Dl
vT v VT v
1 T 1 n3 n-1,3 n n-1
<= S S (M M+ g + L)
vlr AV 11/ (7.30)
T
S—+—+ = (113, + 13, +1
S+ (I Mg+ 1" + 1)
1 Ar 1
<=+ 2l Zwi e
vT v

Finally, by applying the main log-interpolation lemma proved in chapter

2, section 2.3, we can derive

1 oo S (L4 1™ 1) -/ log(B+ a1l ) + [+ 1(0)]

1 1 (7.31)
5(1+v‘1)-\/log(3+—T+—+v‘g +v D441,
v vT

where v~ is bounded by v 1+1.
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7.3. Unconditional Stability of the Second Order Scheme I (7.1) & (7.2)

7.3.1 Proof of Unconditional Stability (Theorem 7.3.1)

Before proving the theorem, we first introduce some notation. We denote

oumtl =y —u” and 6% =yt - 2u" +u" L. Clearly,

Sun+1 —4u" + un—l — 26un+1 +62un+1
52un+1 _5un+1 =_Su” (732)

Suu" =" —u" Hu" = = (ju" - w7 5u?)

1
2

As a result,

(3un+1 —4u" + un—l , un+1 _ un)
— (25un+1 +52un+1 §un+1)

(7.33)
— 2||6un+1||% + (5un+1 _6un , 6un+l)

1
=2||6u"+1||§+§(||6u”+1||§—||6u"||§+||62u”+1||§) .
Now recall the scheme (7.1)

3un+1 —4yu" + un—l

o =vAu" T - At —u™) - Ty (2f W) - f@™D) .

(7.34)

Take the L? inner product with du"*1 = w1 —u” on both sides of (7.1). We

have 1 1
16w g+ (110w 15 = 16w I + 116%u™ 1)
+§ IV 113 = IV (15 +116Va™113) (7.35)
+AT|ISu™M 2 = - (N F @™ - fW™™), 6u™*1) .

To analyze (Zf(u”) —f@" Y, 5u”+1), we consider 2f (u™)—f ("™ 1) = f(u")+
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7.3. Unconditional Stability of the Second Order Scheme I (7.1) & (7.2)

(f(un)_ f(un—l).
Note that F' = f, hence by fundamental theorem of calculus,
F(un+l)_F(un)
1
=f(W™)ou™! + f Flw" +s6u™ (1 -s) ds-(6u™1)? (7.36)
0
1

_(6un+1)2 ,

1
=f(Wmu"+t + f Fw" +s6u™NH(1-s)ds-(Gu"1)% - 5
0

where f(x) = 3x2, as f'(x) = 3x% — 1. And this implies

1 3
f(un)5un+1 ZF(un+1)_F(un)+ 5(5un+1)2 _ E (||un||§o + ||un+1||§o) '(6un+1)2 .

(7.37)
On the other hand,
F@W™) - F@™H=rFsu”, (7.38)
and hence
(@™ - f@"H)-6u™ = — (311w 12, + 31w 2 +1) - 16u" - 16u™*
(7.39)
1+31um2, + 3w "1)2)”
_ (481U + 811" IE) oun = Lleunr e
v 4

Hence the estimate of the nonlinear term is as following:
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7.3. Unconditional Stability of the Second Order Scheme I (7.1) & (7.2)

- (My@f @ - f@" ), su*")
=—(2f@™ - f@" ™), su™*)
n . 1o
S_AQF(” +1)dx+wa(” ) dx— 116w I3 (7.40)

3 2 +1,,2 +1,,2
+§(|Iunlloo+llu” l15) - 16w 115

N (1+311u™12, +3llum1)12.)?

v
612+~ 16u™ 2
v 4

Combine all estimates (7.35) and (7.40) we get

1 1
1,2 +12 2 2 n+1p2
;Il5u" |I2+E(|I5u” 13— 16u™ 15+ 116%u™"15)

v
5 (V& 12 = [IVu™ 13 + 116V 13)

+AT||Su" 2

1 (7.41)
s—f F@™?) dx+f F@")dx—=||6u"*|3
T2 T2 2
3
+§(||u"||§o+||u”+1||§o)-||6u"+1||§
1+3(u™|2 +3[ju""1)2.)?
B * S0 ) Y ey
v 4
After simplification,
1 1 _
(—+AT—X+—)~|I6u”+1||§+E(un+1)
T 4 2
_ 2
3 1+31u"12, + 31w 1|2 i
s{§<l|u"||?,o+||u"+1||?,o)+( °°V ) 6w 2+ E@w™) .
(7.42)
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7.3. Unconditional Stability of the Second Order Scheme I (7.1) & (7.2)

Clearly to show E(u"*!) < E(u"), it suffices to show

1
-+A71-
T

+= 2=

<
N | =

(7.43)

_ 2
3 9 Log o (L4312, +3lu™ 12,
Q(IIu”IIOOHIu”+ l150) + °°v =

We now prove this sufficient condition inductively. Set
B=max{Ew"), EW®)} .
By Lemma 7.2.1 in previous section, B < 1. We shall prove for every m =2,

Ew™<B,Euw™<E@W™",

(7.44)

A 1
™o < aB - (1+V—1)_\/10g(3+_7+_+v—§ +vhH+r+1] ,
v TV

where ap > 0 is the same constant in Lemma 7.3.2.
We first check the base case when m = 2.
Note that E(u') < E(u!) < B and E(u°) < B, then we can apply Lemma

7.3.2, and hence obtain

A 1
||u2||oosa3-{(1+v‘1)«\/log(3+—T+—+v‘§ +v—1)+r+1} . (7.45)
v TV

We only need to check E(u?) < E(u'). By the sufficient condition (7.41),

we only need to check the inequality
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7.3. Unconditional Stability of the Second Order Scheme I (7.1) & (7.2)

2
1 v 1 38 1+3|lutl2, +3]1u?)2
Loar-Yals Bgune 2z ~ o)

T 4 22 v

(7.46)

By Lemma 7.2.1, 120 loo , e oo < 1, it suffices to choose A such that

1 1 A 1
CrAT-Y s A+v D logB+ s v i v heovleC+ O,
T 4 2 v TV
(7.47)
We discuss two case and denote X = At + %
Case 1: 0 <v <1/2. In this case we need
1 )
X+ 3 >Cv *-(|logv|+|logX]) . (7.48)
Hence we need
X=C-v2logvl. (7.49)
Case 2: v>1/2. Then we need
X=C-(logX|+1+v), (7.50)
and hence
X=C-(1+v). (7.51)
In conclusion, as X = 2VA,
A=C-A+v2+v 4 logv®) = C-(v2 +v 4 logvI?) . (7.52)
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7.3. Unconditional Stability of the Second Order Scheme I (7.1) & (7.2)

Now we check the induction step. Assume the induction hypothesis hold

for2<m<n,thenform=n+1,

A 1
||u"+1||oosmg-{(1+v-1)~¢log(3+—f+—+v‘g +V‘1>+r} , (153
v v

by Lemma 7.3.2. It remains to show E(u"*1) < E(u"). It suffices to choose A

such that
1 1 A 1
AT+ 2 b0 v D) logBr el — v v D
T 2 4 v TV (7.54)
1+v4 At 1 '
+ ca+vy (log(3 + LSV +vh2eg
v v TV
In terms of X = A7 + % again, we need to discuss two cases as well.
Case 1: 0 <v <1/2. Then
X =C-v3(logv® +|logX|?). (7.55)
As a result,
X=C-v P logv?. (7.56)
Case 2: v > 1/2. Then we need
X=Cv+C-(logX +(logX)?v ), (7.57)

hence X =C-(v+1).

In conclusion of two cases,
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7.4. L? Error Estimate of Second Order Scheme I

A=C-(V+1+v %logviH=C-(v?+v P logvl?). (7.58)

This completes the induction. Combining the estimate, we need to take

A=C-(V2+v Vlogv), (7.59)

such that E(u"*Y) < E(u"), for n = 1.

7.4 L? Error Estimate of Second Order Scheme I

First we state the theorem.

Theorem 7.4.1. (L2 error estimate) Let v>0and uge HS, s=8. Let 0<t <M
for some M > 0. Let u(t) be the continuous solution to the 2D Allen-Cahn
equation with initial data ug. Let u' be defined according to (7.2) with initial
data u® =TIyug. Let u™, m = 2 be defined in (7.1) with initial data u® and u'.
Assume A satisfies the same condition in Theorem 7.3.1. Define ty =0, t1 =11

and ty,, =t1+(m—1)1 for m =2. Then forany m =1,

lw(tp) - w2 < Cq-eC2tm . (N5 +72) (7.60)
where C1, Co >0 are constants depending only on (ug, v, s, A, M).

Remark 11. Here we require that T is not arbitrarily large. This is a result of
loss of mass conservation as preserved by Cahn-Hilliard equation. However,
in practice it is not a big issue as we always use small time steps.

Similar to chapter 4, we will study the auxiliary error estimate behavior
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7.4. L? Error Estimate of Second Order Scheme I

and time discretization behavior of Allen-Cahn equation before proving the
theorem.
7.4.1 Auxiliary L2 Error Estimate for Near Solutions

Consider forn =1,

3un+1 Ay + un—l

=vAu" 1 - At - u™) - Ty (2f (™) - f(u”_l)) +G"

27
3 n+1 —4p" + n-1
v 2U v :VAUn+1—AT(Un+1—Un)—HN (2f(vn)_f(vn—1)) ,
T
(7.61)
where (1!, u°, v1, v°) are given.

Proposition 3. For solutions of (7.59), assume for some N1 > 0,
sup|lu"||+sup|lv"|| <Ny, (7.62)
n=0 n=0

Then for any m = 2,

5 C(1+N7)
[lu™ —v™||5<C-exp|(m - 1)1 ————
(7.63)

m-1
2y 1 12 0 02,7t 2
~((1+AT Mu™ =vrllg+lu” —v7|lg+ = Z IIGnllz) )

n=1
where C > 0 is a absolute constant that could be computed and 0 <n < ﬁ is

a constant depending only on M, the upper bound for t.

Proof. We still denote the constant by C whose value may vary in different

lines. Denote e” = u™ —v"”, then
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n+l _4g,n ,n-1
3e delte —vAe"  + A1(e"l —e™)
27 (7.64)
= Ty (2 @™ - 2f@™) + Iy (F@"™H - F@" D) +G"

Take the L? inner product with e”*! on both sides, we derive

1 _ At
_(Sen+1_4en+en l,en+l)+v||ven+1||g+_(||en+1||§_”en||§+||en+1_en||§)
27 2

— _2(f(un)_f(vn), en+1)+(f(un_1)—f(vn_1), en+1)+(Gn’ en+l) .

(7.65)
To estimate the RHS, first observe that
IIf @™ — fF™)I|2
I(F@™ — F@™,e™ DI < lIf @™ - FMllalle™ Iz < 2 tnlle™ 12,
(7.66)
where 1 < W is a small number only depending on M.
Moreover, use similar method in chapter 4,
fW@h)-f@MH=f@"-fw"-e"
=" - (" —e")3 -e" (7.67)
=—(e")3 —e™ - 3u™(e")? + 3(u")2e" .
So by assumption
IF @™ = FO™MII5 Slle™ 12 l1e™ 13 + 1e™ 115 + w12 lle™ 12 + "5 |le™ |13 )
<@+NDle™2 .
Similarly,
I @™ = F@™ DB SA+NDIe™ i3 . (7.69)
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As a result,

C(1+N%)

_ 1
RHS < Tl (le™ 112+ 1le™ 113) + EIIG”H% +nlle™ 2. (7.70)

On the other hand,

(3en+1 _4en +en—1’en+1 _en) — (26en+1 +62en+1, 6en+1)

(7.71)

1
:2||6e"+1||§+§(||6e”+1||§—||6e”||§+||62e”+1||§) .

Also,

(3e™ ! — 4e™ +e”_1, e) = 3(6en+1, e")—(6e™, e")

3 1
+112 2 +1 2 2 1,2 -1)2
§(|Ien Iz —1le™ 15— Ile™ _en||2)_§(||en||2_”en 5 +1le™ —e"MI3) .

(7.72)

These two equations give
(3en+1_4en+en—1 en+1)
3 1 _
=§(||e"+1||%—||e"||§)—§<||e"||§—||e" Y19 +118e™ 15 - l16e™5  (7.73)
1
4218262
2II e 5
Collecting all estimates (7.70) and (7.73), (7.63) becomes
1(3 12 1 2 1 9) , AT 12
E(Ellen+ ||2—§||en||2+||e'“r —e"||5 +?||en+ 15
1(3 2 1. a1.0 ~12) AT 2
Sg(iHen”g_EHen 115+ 1le™ —e™ 15 +?|Ien||2 (7.74)
C(1+N% ~ 1
+——2(lle™13 +Ile" 1||§)+E||G”||§+n||e”+1||§.

Now define X"*1:= 3|je"*1||2 - 1{|e"[|2 + ||e"*1 - e"||2. We observe that
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1 1
§||e"+1||§ + §||2en+1 —e"||2

X"+l = (7.75)
1 2 5 1 2 2
EII€”I|2+§IIe”+ —ge"|I2.
This shows
1
x> Emax{lle’”lllg, lle™ 112} . (7.76)
Making use of X1, (7.72) becomes
(Xn+1 +AT2||en+1||§)_(Xn +AT2||€n||g)
2T
(7.77)
C(1+N% - 1
<——— L (lle™1Z +]le" 1||§)+E||G”||§+n||e’”1||§.
This leads to
(X —2nr(le™* )2 + AT?(|e"12) — (X - 2n7le™ 12 + AT?|[e™]12)
2T
C(1+N% ~ 1
<——L(lle™1IZ +]le" 1II§)+EIIG”II§+nlle"II§ (7.78)
C(1+N% 1
s(—1+Cn)~(X”—2nr|le”|l§)+EI|G”I|§.
Define
yn=X"-2ntlle" |5+ ATl I3,
C(1+N7y)
a= T+Cn, (7.79)
|G nll2
Bn = -2 .
n

This shows for v small,

yn+1T_yn < ayn+ﬂn )
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Applying discrete Gronwall’s inequality, we have for m =2,

(1+N) m—l
lle™ 12 < C (X™ —2ntlle™12) < Ce™ V"o | X1 + Ar?|le! 12 + Z IIG™15|,
M n=1
(7.80)
which gives
™ —v™]13
C(1+N})
sC-exp((m—l)T —) ( lle 1||2——||e 115+ Ile* — 113
211,12 Zm_l ny(2
+ATlet|l5+ = Y. IIG™I5 (7.81)
N n=1 )
C1+N%
sC-exp((m—l)T-—1)-((1+Ar2)||u1—v1||g+IIuO—vollg

m; |G"||§) :

T
n

7.4.2 Time Discretization of Allen-Cahn Equation

In this section, we will rewrite the PDE in terms of the second order

scheme.

Lemma 7.4.2. (Time discrete Allen-Cahn equation) Let u(t) be the exact so-

lution to Allen-Cahn equation with initial data uog € H%, s = 8. Define tg =0,
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ti=11and t,, =11+(m—1)1 for m =2. Then for any n =1,

3u(tn+1) - 4u(tn) + u(tn—l)

2t (7.82)
=vAu(ty+1) — AT (W(tp1) —u(t,)) - TN [2f W(ty) — f(u(t,-1 )1+ G" .

Forany m =2,

m-1
T Y NGMBE S +ty)-H+ N72).
n=1

Proof. The proof will be proceeded in several steps and we write < instead of
SA, v, u, for simplicity.
Step 1: We write the PDE in the discrete form in time.
Recall
oru=vAu—f(u).

For a one variable function A(t), the following equation holds:

t
h(t)=h(te)+h' ko)t —to) + %h”(to)(t —t0)?+ % R"s)s-t)?%ds. (7.83)
to

We then apply this to AC,

1 1 [tn
u(ty) =u(tps1)—0rultpe1) -7+ §5ttu(tn+1)‘f2 + 3 Ospru(s)(s —tn)? ds
tn+1

1 th-1
w(tn—1) = ultns1) — 0sultns1) 27 + 204 ult, 4 1)T° + 5[ Osssuls)s —t,_1)? ds.
tn+
' (7.84)

As a result, we use second equation above-4 xfirst equation and hence get
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3u(tn+1) - 4u(tn) + u(tn—l)

27
1 tr .
=—|27-0sultp+1)—2 Osrru(s)s—t,)" ds
2T tn+1
1 th-1
+ —f Oyrsu(s)(s —ty_1)? ds)
2 thel
1 th+l 9 1 th+l 9
=0:u(tp+1)+ —f Otrru(s)(s —t,)" ds— — Osreu(s)(s —tp-1)" ds
T Jt, 4T tho1

=vAu(tn+1) —AT(u(tn+1) —ulty)) —Nn[2f (w(t,)) — f(u(t,-1)]
+AT(u(tn+1) —u(t,) - N [2f (u(ty) — f(u(t,—1))]

+2f (W(tn)) = f(W(tn-1)) - f (w(tn+1)

1 tht1 2 1 the1 2
+—f Osru(s)s—t,)" ds—— Osrru(s)s—t,-1)" ds .
T tn 4 th-1
Clearly,

G" = AT (ultn+1) = u(tn)) ~ Ty (2 (u(tn)) = Fu(tn_1))]

11 IZ
+2f w(tn)) - f(utn-1) - fWw(tni1)
Iy

1

J v
v~ v~

14 15

Step 2: We will estimate ||11]l2 ~ ||I5]]2.

the1 1 In+1
+ —f dsrsu(s)s —tp)? ds — —f dsssu(s)s —t,_1)% ds .
T In 4T tn-1

(7.85)

(7.86)
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Iq:
1112 =11AT (Wt y1) — ult))I2

<t |ultne1) — ulty)ll?

tn+1
§r2||f deuls) ds2
th

tn+1 2
512 f1]'2 (/t‘ 0su(s) ds) (7.87)

the1 2
< f (( f Oeu(s)I? ds)V2 \/?)
T2 tn
9 tn+1 2
<t 'T'f [10:u(s)l5 ds
In

tn+1
,sr?’f 10;u(s)I13 ds .
tn

Is: By the maximum principle Lemma 4.2.2 proved in chapter 4 and u €

L¥HY,
2llg SN7%-(If @) ms + 11 f @t -1l ms)
(7.88)
<N7°.
I3: To bound I3, we recall that for a one-variable function A(?),
¢
h(t)=h(tg)+h'(to)t—to)— | h"(s)-(s—t)ds. (7.89)

to

Then,

tn+1
Fultn)) = F@ltns1) = 3 F@NEnsa) T+ ft 0 F(w))-(s — tn) ds

n

tn+1
fw(tn-1)) = f(w(tn+1)) = 0:(f(W)tns1)-27 +ft O0u(f(w)-(s—tp-1) ds.
" (7.90)
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Then we use second equation above-2 xfirst equation and derive:

f@(tn+1))—2f (w(tn)) + f(u(tn-1))

tne1 tns1 (7.91)
:—2f att(f(u))‘(S—tn)dS+f 0 (F@w))-(s—tn_1) ds .
tn tn-1
As a result,
||13||§ =[f(w(tne1)) —2f (u(ty)) + f(u(tn_l))||§
In+1 tnetl
N Ay (f(W))-(s —t,) dsl|2+1| dse(Fw))-(s—tn_1) ds||?
tn b
’ . (7.92)
9 n+1l 2 2 n+1 9
,ST ” att(f(u)) d3||2+T || 6tt(f(u)) d8||2
tn tn
tn+1 '
<o [ 0wt ds,
tn-1
by a similar estimate in I;.
14&152
L4113+ 115113
1 tn+1 9 2 1 tnil ) 2
S “ —f Orru(s)(s—t,)" ds| + —f Oy 1(s)(s — tn_1) ds
T Jt, 2 T Jt, 1 9
1 th+1 9 2
S “ —f Orru(s)-1° ds (7.93)
tn-1 2
In+1 2
<t f Osu(s) ds
ln-1 2

3 tn+1 9
ST f [10s2eu(s)ll5 ds

th-1

Step 3: Estimate of 7- X' [|G||2.
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Collecting estimates above, we have

m-1 m-1
- Y NG™E =1 Y. (1115 +1I2115 + 13115 + 11415 +1I5113)

n=1 n=1
tm
Sme- N2 vt [ 10wl + 10 + 10l ds
(7.94)

Note that

O = vO;Au — 04(f ()

Osrsu = VO Au — 044 (f (1))

Y (7.95)
0:(f(w) = f'(w)d;u

Ay (f (W) = f1(w)dsu + f(w)su)? ,

hence together with maximum principle and higher Sobolev bounds proved

in chapter 4, one has

m-1 tm
r-ZnGﬂgsmrN*Mw4A 10,1113 + 104 (f @)I3 + 10411115 d3
n=1

Im
<t 'N_2S+T4'f ull%, ds
~m o el (7.96)
< AT 2s 4
St N7 4+15-(1+t,)

<(A+tm)-(tr+N72) .

92



7.4. L? Error Estimate of Second Order Scheme I

7.4.3 Proof of L2 Error Estimate of Second Order Scheme I
(7.1)

First, assumptions in Proposition 3 are satisfied by the unconditional
Theorem 7.3.1 and maximum principle of Allen-Cahn equation. Thus we ap-

ply the auxiliary estimate Proposition 3. Then

m—1
||u<tm>—um||§gec"”-((1+Ar2)||u1—v1||§+||u°—v°||§+r Y ||G”||§) .
n=1

(7.97)

By Lemma 7.2.2 and Lemma 7.4.2,

m-1
||u(tm)—u’”||§sec"”'((1+A12)||u1—v1||§+||u°—v°||§+r Y ||G"||§)
n=1
el (A+ AN + 1)+ N2+ (1+¢,) - (7* + N°%))

< eCtm (N725 4 17%) .
(7.98)

Thus for m =2,

w(tm) —u™lg S eCtm -(N~5 +7%) .

Remark 12. For the error estimate, we actually do not need that high regu-

larity of initial data because of a smoothing effect of Allen-Cahn equation.
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7.5 Introduction of Scheme II

In this section, we will introduce another second order scheme.

3un+1 —4u" + un—l

o =vAu" 1 - A@W T - 20" + Y - Ty (2f (™) - f(un_l)) ,

(7.99)

where 7 > 0 is the time step and n = 1.

1

To start the iteration, we again need to derive u~ according to the follow-

ing first order scheme:

ul—uo

=vAul -TINf@®) ,
71 (7.100)

ul = Myug,

. 4 1 . .
where 71 = min{r3 , 1, —m}. The choice of such 7 is to guarantee the error
estimate as proved in section 7.2, and to ensure that the new modified energy

function can be controlled by initial data.

7.6 Estimate of the First Order Scheme (7.100)

In this section we will still estimate some bounds of u! which will be used
to prove the stability of the second order scheme. It is slightly different from

scheme (7.2).

Lemma 7.6.1. Consider the scheme (7.100).

1_.0
L AW TN

71 (7.101)

u® =Tyuo ,
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4
3

where 71 =min{r3 , 1 ,\/ﬁ}. Assume ug € H2(T?), then

1y, et —uflg
E(")+ ——+ SEwo) , luoliy 1
T1 (7.102)

A+ Al = w115 Sjuoll,, T +V)

Proof. The first inequality shares the same proof as in section 7.2, as the
scheme (7.100) is a refined version of (7.2).

For the second inequality, recall that [l H2 5”1‘0”112’ hence by (7.101)

1
T—lnul—u(’nz < Vllu g2 + 11 @2 Sjiuolye 1+ - (7.103)

This implies

(A+1)||u1—u0||§ Siuollys 1+v)?. (7.104)

O

7.7 Conditional Stability of the Second Order
Scheme II (7.99) & (7.100)

In this section we will prove a conditional stability theorem for the second
order scheme (7.99) combining (7.100). To get started, we state the theorem

first.

Theorem 7.7.1. (Conditional Stability) Consider the scheme (7.99)-(7.100)
with v>0, 7>0and N = 2. Assume ug € HX(T?). The initial energy is denoted
by Eg = E(ug). There exist constants C; >0, i =1, 2, 3, 4 depending only on

Eq and ||luollg2, such that the following holds:
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Case 1: A=0. If

V4
1m, when O<v<l1;
= o8Y (7.105)
gv—, whenv=1.
1+|logv|?
then
E@""Y<EwW").
Case 2: A = constant-(v 4 +v2). If
V2
3m, when 0<v<1;
T o8y (7.106)
4V—, whenv=1.
1+ |logv|
then
Ew""YHY<EwW") .

Here E(u") for n =1 is a modified energy functional and is defined as

: A+l
E@") = E@u")+ 22 n_ynL 2

1
-1,2
Nu" —u" " 5+ —llu
27 41

Before proving this stability theorem, we begin with several lemmas.

Lemma 7.7.2. Consider (7.99) for n = 1. Suppose E(u™) <B-(1 +v)? and

Ew” Y <B-(1+v)? for some B>0. Then

" oo < aB-{(v% +v 1) /1+1log(A + 1) + [logv| + | log 7| + 1} ,

for some ap > 0 only depending on B.
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Proof. For simplicity we write < instead of <p.

First note by the energy estimate,

Ve g+ 1IVe Iy SV EA+v), I Mg+ 1lella SA+v)E . (7.107)

Now rewrite the scheme (7.99) as

n+l _ 4+4A7 W 1+2A71 1
3+2A71-2vTA 3+2A1-2vTA (7.108)
271N -1 ’
32Ar_2via 2I@H @)
For Fourier mode & =0,
4+4A7 <1
3+2A1T ™
1+247 (7.109)
3+2AT ™~
2t < 1 <1
3+2AT YA~
Thus
i) <1. (7.110)
For |k| =1,
4+4A7
3+2AT+2vTIRI2 ™
1+2A7 < (7.111)
3+2A7+2vT|k|2
2T < 1 -
3+2A7+2vT|R|2 ™ v|E|2

97



7.7. Conditional Stability of the Second Order Scheme II (7.99) & (7.100)

This implies,

- L -
™ g Sl g + 1" 1||H1+;||<V> 'efW™ - f@™ iz
_1 - - -
SV AV (1@ s + 11D s + w1z +1u™l2)

<yl +v)+vls ((1+v)3 +(1+v)%)

gv_1+v%.
(7.112)
Similarly,
4+4At <(1 A) 1
3+2A7+2vr|kIZ2 Y \vt v |k|2
1+2A 1 A 1
i 5(_ _)._ (7.113)
3+2A71+2vT|k|? vi v) |k?
27 < 1 .
3+2A1+2vT|k|Z ™ v|E|2
Thus,
1 A _ 1 _
e Mg S| =+ = |- (11" llz + 1w Hl2) + = 11F@™) - F@™ D)lla
Y %
1 A 1 _ _
S{=+= - @z v (111G + 1 HIG + 1wl + 1w o)
Y
1 A
<= +Z2 ] @+ +v I3+ (L +v)2)
Y
1 A 1 A+1 _5 1
S—+—+— —+Vv 2 +vE,
A G 2
(7.114)
by a standard Sobolev’s inequality.
As a result, by the log interpolation inequality again,
1" Moo S (VE +v71)- /T +log(A + 1) + [logvI + [log 7| + 1. (7.115)
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O

7.7.1 Proof of Conditional Stability (Theorem 7.7.1)

Recall that

Bul —du” +un! —vAUPT AWM 20 + Ut
2T (7.116)
=Ty (2f @™ - f@"™1)).

We apply L? inner product with §u"*1 = u”*! — 4" on both sides of (7.116).

Recall that

(3un+1 —4u" + un—l , un+1 _ un)

1 (7.117)
=2||6u"+1||§+5(||6u"+1||§—||6u"||§+||62u"+1||§) :
Estimate of the LHS:
1 1
LHS =;||6u”+1||§ L (18w )12 — 16" 13 + 11626 1(13)
%
+5 (V™ 2 - Ve + ||6Vu™1)12)
A
+5 (18w 1112 — 16" 113 + 11626 113)
(7.118)

=

v 1 A
§||Vu"+1||§ + Enau’”ln% + Enéu”“né]
v 9, 1 9 A 2
- [§||Vu"||2+ o 18" I3+ S 115w 113
1 A
+=lou" G+ S8 I

Now it remains to estimate the RHS:
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RHS = - (2f (™) - f(" 1), 6u™*?)

7.119
:(2un_un—1 , 6un+1)+((un—1)3_2(un)3 , 6u”+1) ) ( )
I I
Il :(_62un+1 , 5un+1)+(un+1 , 6un+1)
1
=— = (16w 15— 116u™13 + 116%u™*113) (7.120)

T2

+12 2 +1,2
+ = (™15 = w5 + 116w 15)

N

For I, we use the identity u" ! = 6241 + 2u” — u"*!, then

(un—1)3 _ 2(un)3 :(52un+1 + 2un _ un+1)3 _ 2(un)3

:(52un+1)3 + 3(62un+1)2(2un _ un+1) + 352un+1(2un _ un+1)2

+ (2un _ un+1)3 _ Z(un)3 .
(7.121)

Note that,

362un+1(2un _ un+l)2 - 362un+1(62un+1 _ un—1)2

— 3(52un+1)3 _ 6(52un+1)2un_1 + 362un+1(un—1)2 .
(7.122)
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As a result,

W™ 1) — 2(u")3

— 452 B + (624 Y2 (61" — 3um . — 6y
+3620" L 1)2 1 (2u” — ") — 93

=622 (4™ - 2u™ + u ) + 6u” - 3u™ ! - 6un ] (7.123)
+ 382 (12 1 g(w™)B — 12(u™)2u™ ! + 60 (w12 — ()3

—(52um 2 (L — oy — 9yl 4 852, nH (12

+ 6un(un+1 _ un)2 _ (un+1)3
Therefore we have,

2 n+l 2 n+l +1
2l <[16%%" " [loo - 1071 2 - [16" 7|2

+1 -1
(™ Hloo + 216" oo + 211" loo)

(7.124)
+116%u" g - 16w g - 31w HIZ,
+ ((6un+1)2 , 6un(un+1 _un)) _ ((un+1)3 , 6un+1) .
Now note that
(u™)*
4
1 n+l 1\4
="t -su"tt)
4
1
:Z [(un+1)4 _4(un+1)36un+1 +6(un+1)2(5un+1)2 —4un+1(5un+1)3 +(5un+l)4]
(un+1)4 1
— 4 _ (un+1)35un+l + Z(5un+1)2 [6(un+l)2 _4un+1(un+l _ un)+ (un+1 _ un)Z]
n+1y4 b n+1\2
:(u . ) _(un+1)35un+l+% [(un)2+2unun+l+3(un+1)2] .
(7.125)
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Applying this identity,

((5un+1)2 , 6un(un+1 _ un)) _ ((un+1)3 , 6un+1)

_ (un)4 ~ (un+1)4 ~ ((6u”+1)2 , ﬁ(un)z _ Eunun+1 T §(un+l)2)
T2 4 T2 4 4 2 4

_ (u™)* ~ (w4 B ((5un+1)2 §(un _ Eun+1)2)
'|]'2 4 '|]'2 4 ’ 4 25

+ § ((5un+1)2 , (un+1)2) .

50
(7.126)
Note that
1626 |oo < 4max {111 loo, 11" lloos 11" oo} s
RHS
1 1,4 1 1,2 1 1,2
s—znu”* ||4+§||u”+ ||2—§||5u”+ Ik
1 4 1 2 1 2
+Z||u”||4—§||u”||2+Elléunllz (7.127)
1 2 1,2 1,2 1 23 1,,2
-5l w2+ 15um 5 5+ 55! nHL iz

2 n+l +1 -1;2 2 +1(12
16" Iz - 116w Iz - 28 max {llw" IS, 1w 5, 1w 15} -

Recall that

v 9, 1 4 1 9, 1 2
E(u)=§||Vu||2+Z||u||4—§||u||2+z-m(1T ),

where m(T?) is the measure of T2. Hence by comparing the LHS and the
RHS of (7.126), we get
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1 A+1
1 12 12
E@w™" )+—4TII5u”+ |I2+—2 [l6u™* 15

A+1

1
<E(@u™)+ 4—||6u”||§ += 16u™(12
T (7.128)
11626 lg - 1166 1o - 28 max {|w 1%, [l 112,, llu™ 12}
A+1 1 1 23
—{ 5 162u"* )12 + (;— - 5||u"+1||§o)-||6un“||§} .
Clearly, to show the desired energy decay, it suffices to require
1 1 23
24+ 1| = -5 %Hu’”llli)
T (7.129)

~1)4 4 +1)4
> 529max {|[u" " lg, llu" M5, 1™ 15} -

As usual, we will prove inductively. Set
B= max{E’(ul) . E(uo)} ,
By Lemma 7.6.1 in previous section, B < 1. We shall prove for every m =2,

Ew™<B-1+v)?, Ew™<Ew™),

(7.130)
m 1 -1
™ loo < @B - [(vz +v )-\/1+log(A+1)+|logv|+|10grl+1] ,
where ap > 0 is the same constant in Lemma 7.7.2.
It suffices to verify the main inequality (7.129):
1 1 _9
2(A+1) ——§—C1—Cl-(v +v)-(1+1log(A +1)+|logv|+|logtl])
d (7.131)

> Co(v A +12)- (1+1log(A + 1% +|logv|? + |logrl2) +Cs .
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Case 1: A =0. Then we need
1
> (v74+v2)-(1+|logv|2+|10g1|2)+1. (7.132)
T

If 0 <v <1, then we need

VA
< ; 7.133
1+|logv|? ( )
If v=1, then we need
v2
(7.134)

T ——— .
1+ |logv|?

Case 2: A = const-(vZ+v™%). In this case,

1
-> (v_2 +v)-(1+|log(A + 1)| +|logv| + |logT|) + |logv|2 + |logr|2 +1.
T

(7.135)
If 0 <v <1, then we need
2
v
T ——— (7.136)
1+|logv|
If v =1, then we need
vl
<« — . (7.137)
1+|logv|

This completes the proof.
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Chapter 8

Conclusion & Future Work

Throughout this thesis, we discussed first order and second order semi-
implicit Fourier spectral methods on Allen-Cahn equation and fractional Cahn-
Hilliard equation in both two dimensional and three dimensional cases. We
proved the stability of the first order numerical scheme by adding a stabi-
lizing term A(u™*! —u") and A(-A)*(u™*! —u™) with a large constant A at
least of size O(v_lllog(v)l) for 2D case and O(v~3) for 3D case. Note that this
stability is preserved independent of time step 7. We also proved a L? er-
ror estimate between numerical solutions from the semi-implicit scheme and
exact solutions. We proved stability results and L? error estimates for two
second order schemes as well.

Future work could be done in other gradient cases such as ¢ = I, the
zero-mass projected Allen-Cahn equation and ¢ = —A(id — A)~!, the normal-

ized Cahn-Hilliard equation could be studied as well.
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