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Abstract

In this dissertation, we study analytical and numerical methods on three
topics in the area of partial differential equations (PDE). These topics are:
the Allen-Cahn dynamics (AC) in the study of phase field models for mate-
rials science problems, the Oxygen depletion model (OD) in the study of free
boundary problems, and the stationary surface quasi-geostrophic equation
(SQG) in the study of fluid dynamics. We first study the behaviour in the
meta-stable regime of AC and show by computation evidence and asymptotic
analysis that backward Euler method satisfies energy stability with large
time steps. We also give a rigorous proof for the two-dimensional radially
symmetric case. In the second project, we show several mathematical formu-
lations of OD from the literature and give a new formulation based on a gra-
dient flow with constraint. We prove the equivalence of all formulations and
study the numerical approximations of the problem that arise from the differ-
ent formulations. More general (vector, higher order) implicit free boundary
value problems are discussed. In the final project, we develop a new frame-
work of “convex integration scheme” and construct a non-trivial solution to
the stationary SQG. We thus prove the non-uniqueness of the solutions to

the stationary SQG.
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Lay Summary

This thesis studies the Allen-Cahn dynamics (AC), oxygen depletion prob-
lem (OD) and surface quasi-geostrophic equation (SQG), which are interest-
ing topics in the area of partial differential equations. These equations model
phenomena in material science, biology and fluid dynamics. We study AC and
OD dynamics by implementing backward Euler numerical schemes, while for
SQG we construct a non-trivial solution by applying a newly developed con-

vex integration scheme.
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This thesis is based on original research projects by the author and the
contents of research articles that are published or submitted for publication
to research journals from this thesis are presented below. Contributions of
collaborators in each research article will be clarified.

Chapter 3| is based on the paper “X. Cheng, D. Li, K. Promislow and B.
Wetton. Asymptotic behaviour of time stepping methods for phase field mod-
els. Journal of scientific computing, 86(3), 1-34, 2021” [19], which has been
published. The framework and methodology of this project was developed
by the author, D. Li, K. Promislow and B. Wetton. The author contributes
25% of the research framework, implementation of the new method and de-
tailed computations including 50% of the work in the asymptotic analysis and
rigorous radial analysis of AC with BE. The author was not involved in the
computational aspect of the work.

Chapter |4/ is based on the paper “X. Cheng, Z. Fu and B. Wetton. Equiv-
alent formulations of the oxygen depletion problem, other implicit free bound-
ary value problems, and implications for numerical approximation, arXiv:2105.
03538, 2021” [17], which has been submitted and put on arXiv. The research
and preparation of the manuscript were done by the author, Z. Fu and B. Wet-

ton in equal parts. The author contributes 50% to the research framework
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and methodology including the rigorous analysis of different formulations
and proof of the equivalence. The author was not involved in the computa-
tional aspect of this work.

Chapter [5| is based on the paper “X. Cheng, H. Kwon and D. Li. Non-
uniqueness of steady-state weak solutions to the surface quasi-geostrophic
equations. arXiv:2007.09591, 2020” [18], which has been submitted and un-
der review. The development of the new systematic method and the manuscript
composition were carried out together by the author, H. Kwon and D. Li. The
author contributes 33.3% to the work including developing original research

scheme, parameter computations and manuscript composition.
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Chapter 1

Introduction

Partial differential equations (PDE) often describe mathematical models
of physical, biological, or financial phenomena. For example, generalized
nonlinear wave equations describe the properties of waves including sound
waves, light waves, elastic waves and other waves, which help us to study
physical phenomena including noise and music [26], electromagnetics [32,61]
and fluid dynamics [71].

Equations that accurately describe these physical phenomena are the ba-
sis of simulation tools that allow inexpensive virtual experiments and design
optimization. It is important to understand the properties of the equations
well in order to design accurate and efficient computational approximation
methods. Analytic properties of the equations can themselves give insight
into the behavior of the systems.

To study PDE, we are interested in the solutions to a partial differential
equation in some domain under specific initial conditions and boundary con-
ditions. For example, in the study of Tsunamis, the domain is the ocean, the
boundary conditions describe how the waves interact with the shore and the
initial conditions could be an approximation of the ocean’s early response to

an earthquake. More information about the solutions can help the physical
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models to be better understood. In mathematics, usually the focus of study
is on the existence, uniqueness, regularity (“degree of smoothness”) and the
dynamical behavior of the solutions. Existence, uniqueness and regularity
are often investigated with analytic tools such as fixed point theorems, the
method of calculus of variation, and iteration methods, which will be intro-
duced in Chapter |2l Although sometimes it is possible to find explicit solu-
tions of certain simple PDEs such as Laplace’s equation and heat equation,
usually there are no explicit solutions. Thus, it is necessary to compute ap-
proximate solutions using computer simulations. Throughout the area of par-
tial differential equations, it is necessary to develop well behaved numerical
schemes that are guaranteed to approximate PDEs to an expected accuracy
and that preserve important solution properties.

In the spirit of these ideas (analytic properties of PDEs and their rela-

tionship to their numerical approximation), three main research topics will

Figure 1.1: Computational Simulation of 2D Waves [94]
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be presented in this dissertation. These topics are: the Allen-Cahn dynamics
(AC), the oxygen depletion problem (OD) and the surface quasi-geostrophic
equation (SQG). They correspond to the research areas of materials science,
free boundary problems and fluid dynamics respectively.

These topics are popular research areas in the study of partial differential
equations. The phase field models we consider are of nonlinear diffusion type;
the free boundary problem also has a diffusion term with nonlinearity intro-
duced by the location of the free boundary. In both cases we consider implicit
time stepping of the dynamics, motivated by the numerical approximations

of the problems. In general, we consider equations of the form
0w =Au+gu)

with some nonlinearity g(u). The left hand side (LHS) is the rate of change
of a quantity u with respect to time at a particular point. The second term
on the right hand side (RHS) is a local reaction term that is generated more
of the quantity u (if g(u) > 0) ir reduces u (if g(u) < 0). The first term on the
RHS is a term that represents diffusion, that is, there exists a flux of u from
regions with large values of u to regions of small values of u.

Fully-implicit schemes discretize time derivative and treat both diffusion

and nonlinearity as an implicit problem for the next time step:

Uptl1—U
% =Aupi1+8Uni1)

where £ is size of each time step, u,, is the solution from the previous step and
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U,+1 needs to be solved. This equation represents an approximation of the
solution which is discretized in time. Instead of w(¢) with time continuous,
we have u, = u(nk). The equation represents the map from u, to u,.1. It is
an implicit equation and a nonlinear, nonlocal problem and must be solved at
each time step to find u, .1 from u,. Under certain conditions, it can be shown
that the time discrete approximation is convergent (increasingly accurate as
k gets smaller). It is known that some form of implicit time stepping is needed
to allow reasonable time steps in numerical approximation of these problems.
In a subsequent step, the spatially continuous solution is approximated using
a finite number of values on a grid.

More specifically, in the first part of this dissertation we are interested in
the behaviour in the meta-stable regime of AC (solutions spend a long time
near a state that is not a stationary solution and eventually change rapidly)
as the small length scale € — 0, where ¢ parametrizes the width of the layer
where phase changes. Various time-stepping schemes have been applied in
the literature to study such behavior including energy stable schemes where
stability can be attained with help of large stabilizers but at the cost of the ac-
curacy. Fully-implicit backward Euler scheme, however, gives more accurate
approximation without a guarantee of energy stability. We will show by com-
putation evidence and asymptotic analysis that the backward Euler method
satisfies the energy stability in the meta-stable regime with large time steps.
We will also give a rigorous proof for the two-dimensional radially symmetric
case.

In the second part of this thesis we study the OD problem, which has a

moving boundary whose location in time is part of the problem to be solved.
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We show the equivalence of several different formulations of the problem in-
cluding an energy gradient flow, a variational inequality, and a fixed bound-
ary mapping method. The energy gradient flow formulation is new in the
literature and we show a convergence result for a numerical scheme based
on it.

In the third part of this dissertation, we are interested in the uniqueness
and regularity of solutions to a PDE, arising from the study of fluid dynamics.
Fluids usually follow certain energy (entropy, etc.) conservation laws, how-
ever poor regularity may cause the break down of such conservation. This
phenomenon is called energy cascade [41], which has been studied by experi-
mental physics. These phenomena indicate that lack of smoothness can lead
to a break down of conservation and therefore it is natural to investigate
what function spaces represent the minimal amount of smoothness required
for the conservation laws to hold, which is known as the Onsager conjectures
[67]. In this part of the thesis we focus on a stationary two-dimensional SQG
system. SQG has applications to both meteorological and oceanic flow [68]
and it is known to be a simplified model for incompressible Euler equations.
We then develop a new framework of the “convex integration scheme” and
implement it to construct a non-trivial solution to the stationary SQG. This
proof of non-uniqueness of the stationary SQG system may be relevant to the
long standing open problem of uniqueness of solutions to the Euler equations
as in [67] which are fundamental equations in the study of fluid mechanics.

The structure of this thesis is organized as follows. Notation and pre-
liminaries will be introduced in Chapter 2; we study the dynamics of AC in

Chapter |3| and the free boundary dynamics of OD can be seen in Chapter /4.
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Finally, we present the non-uniqueness of SQG in Chapter 5. Conclusions

and remarks for future work can be found in Chapter 6.



Chapter 2

Notation and preliminaries

2.1 Notation and definitions

2.1.1 O(h(x)) and o(h(x))

We say that a function f(x) is O(h(x)) if there exists a positive absolute
constant C such that |f(x)| < C|h(x)| for any x. We say that f(x) is o(h(x)) if
fx) f(x)

lim,_q o =0or limy— o o =0 depending on the context.

2.1.2 Sand <«

We say two positive quantities A < B if there exists a positive absolute
constant C such that A < C-B. Similarly, A = B means A >CB, and A ~B
when A <B and A 2 B.

We say two positive quantities A «< B if A/B is “small”, where “small

enough” is clear from the context.



2.1. Notation and definitions

2.1.3 LP? Space

Assume the domain Q is given. If 1 < p < oo, the space LP(Q2) consists of

all complex-valued measurable functions that satisfy

f |f ()P dx <oo.
Q

For f € LP(Q)) we define the L? norm of f by

1/p
||f||Lp(Q>=( fQ FGOP dx) .

2.1.4 Weak Derivatives and Sobolev Space

We use the notation below:

x =(x1,%9,...,x,) € R"

a=(ay,ag,....an) €2} (2.1.1)

aa'1+...+a'nf

a1 Ad2 dn
0gl0y2...0%"

0°f =

We define the weak derivative in the following sense: For u, v € Lzloc

(),
(i.e they are locally integrable); V¢ € C3°(Q2), i.e ¢ is infinitely differentiable

(smooth) and compactly supported; and
f u(x) 0%p(x) dx = (—1)“”"'”"[ v(x) P(x) dx,
Q Q

then v is defined to be the weak partial derivative of u, denoted by 6%u. If u

is “smooth” enough, its weak derivative coincides with its derivative and the
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equation above is basically integration by parts.
Suppose u € LP(Q) and all weak derivatives 0%u exist for |a| = a1 +...+
a, <k , such that 0%u € LP(Q) for |a| < k, then we say u € WkP(Q), and such

space is called Sobolev space. The norm in W*P(Q) is defined as :

1
P
||u||Wk,p(Q)=(Z IO“ulpdx) .

lal<k/Q
Throughout this dissertation, for p = 2 case, we use the convention H*(Q)
denote the space W*2(Q). For more details, we refer to chapter 5, [34].
2.1.5 Fourier Transform

In this thesis we use the following convention for Fourier expansion on

T4 := RA2m))%:

1 ~ . ~ .
flx)= Y Fee™ ™, f(k) = fg fx)e % dx

(2m)? kezd

Taking advantage of the Fourier expansion, we define the equivalent H®-

norm and H®-norm of function f by

1

R % 1 - 2
If gz = Z(1+Ik|23)|f(k)l2) ,||f||Hs=—(Z |k|28|f<k>|2) :

(2m)2\, S, @m)32 | 74

The equivalence of two norms are well known, we refer to Appendix A in [83].
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2.1.6 Convergence of Fourier Series in Periodic Domains

Given f being a L?(T%) periodic function for p > 1, and denote the Dirich-
let partial sum Dyf = ﬁ YikI=N f(k)e** then
IDNf = fllLpray — 0, and Dy f — f pointwise almost everywhere . (2.1.2)

This was originally proved by Carleson in [13].

2.1.7 Banach Fixed-point Theorem

Given a Banach space (X, |.||) and a contraction map 7': X — X s.t || T'(x)—
T < Bllx—yll with 0 < B < 1, then there exists a fix-point x, s.t T'(x) = x. We

refer to [34] for details.

2.1.8 Duhamel’s Formula
Consider a linear inhomogeneous evolution equation for a function u(x,t) :

Q x (0,00) — R, with a spatial domain Q c R?, of the form

us(x,t)— Lu(x,t) = f(x,t), (x,t) € Q x(0,00)
ulpa=0 (2.1.3)

u(x,0)=uplx) , x€Q,

where L is a linear differential operator that involves no time derivatives

and the boundary condition could be replaced by periodic boundary condition.

10



2.2. Several Important Inequalities

Then formally, the solution to this equation system is:

¢
u(x,t)=eLtu0+f eL(t_s)f ds (2.1.4)
0

Lt L

where e" is the homogeneous solution operator, or e“‘u( solves the homoge-

neous equation with initial data u¢. In fact e“*u is often given as a convolu-
tion between a well-defined kernel and the initial data ug. For more details,

we refer to [34].

2.2 Several Important Inequalities

2.2.1 Holder’s Inequality

Given f € LP(QQ) and g € LY(), such that 1—1) + % =1 then

I1fglziq) < 1flLrllgliLaq)-

2.2.2 Young’s Inequality
Given a, b, p,q positive real numbers, such that 1—17 + % =1, then

aP b4
ab<—+—.
P q

2.2.3 Morrey’s Inequality

Assume Q is a bounded Lipschitz domain in RY with d <3 and feH 2(Q)

then

1z S I Iz -

11



2.2. Several Important Inequalities

In fact a stronger statement can be made with the help of Holder space as in

[34].

2.2.4 Gagliardo-Nirenberg Interpolation Inequality

For functions u : Q — R defined on a bounded Lipschitz domain Q c RY,
fix 1 <gq, r <oo and a natural number m. Suppose also that a real number «

and a natural number j are such that

1 J (1 m l1-«a
—==t|--=|a+—
p d \r d q
and
iSasl
m
Then

ID7uliLe < CL@ID™ul§, lull;;®* + Ca(lullLs

where s > 0 is arbitrary. We refer to [34].

12



Chapter 3

Stability and accuracy of
time stepping schemes on

phase field models

In this chapter we will consider two phase field models: Allen-Cahn (AC)
and Cahn-Hilliard (CH) equations. The (AC) model was developed in [2]
by Allen and Cahn to study the competition of crystal grain orientations in
an annealing process; while the (CH) was introduced in [12] by Cahn and
Hilliard to describe the process of phase separation of different metals in a

binary alloy. These equations are presented as:

f(u)

ou=Au— —5 (x,t) € Q x(0,00)
€ , (AC)
u(x,0)=ugp
and A
0pu = —eAAu + f(u), (x,8) € Q x (0,00)
€ : (CH)

u(x,0)=ug

13



Chapter 3. Stability and accuracy of time stepping schemes on phase field models

where u(x,?) is a real valued function and values of u in (—1,1) represent a
mixture of the two phases, with —1 representing the pure state of one phase
and +1 representing the pure state of the other phase. Vector position x is in
the spatial domain 2, which is taken to be two or three dimensional periodic
domain in this work, and ¢ is time. Here € is a small parameter representing
an average distance over which phases mix. The energy term f(u) is often
chosen to be
1

fF@) =W =ud-u, W)= Z(U2 ~1)2.

It is well known that, as € — 0, the limiting problem of (AC) is given by
a mean curvature flow while the limiting problem of (CH) becomes Mullins-
Sekerka problem [66]; we refer to [46] for AC and [69], [1] for CH, where
asymptotic and rigorous analysis are provided. More detail can be found in
section 3.3l Although the limiting behavior of AC and CH are well known,
there are related materials science models that are studied only numerically
and this current chapter presents ideas about how to approach these models
in an appropriate way numerically.

Adaptive time stepping methods for metastable dynamics of the Allen-
Cahn and Cahn-Hilliard equations are investigated in the spatially continu-
ous, semi-discrete setting. In this chapter we analyse the performance of a
number of first and second order methods, formally predicting step sizes re-
quired to satisfy specified local truncation error ¢ in the limit of small length
scale parameter ¢ — 0 during meta-stable dynamics. The formal predictions
are made under stability assumptions that include the preservation of the

asymptotic structure of the diffuse interface, a concept we call profile fidelity.

14



3.1. Discussion

In this setting, definite statements about the relative behaviour of time step-
ping methods can be made. Some methods, including all so-called energy
stable methods but also some fully implicit methods, require asymptotically
more time steps than others. The formal analysis is confirmed in computa-
tional studies. We observe that some provably energy stable methods popular
in the literature perform worse than some more standard schemes. We show
further that when Backward Euler is applied to meta-stable Allen-Cahn dy-
namics, the energy decay and profile fidelity properties for these discretiza-
tions are preserved for much larger time steps than previous analysis would
suggest. The results are established asymptotically for general interfaces,
with a rigorous proof for radial interfaces. It is shown analytically and com-
putationally that for most reaction terms, Eyre type time stepping performs

asymptotically worse due to loss of profile fidelity.

3.1 Discussion

The mathematical literature for computational methods for AC dynam-
ics, and its higher order relative CH dynamics, is dominated by the proposal,
use, and analysis of so-called energy stable schemes [76, 85, 90]. AC and CH
dynamics are gradient flows on an energy functional, and the solution should
decrease that energy in time. Energy stable schemes guarantee that decrease
no matter what time step is chosen. This is a desirable property not shared
by standard fully implicit, semi-implicit (IMEX), or exponential integrator
time stepping methods. We will show in this work that some (but not all)

fully implicit methods can outperform energy stable schemes when subject to

15



3.1. Discussion

fixed accuracy requirements. The recent article [91] gives especially clear ev-
idence that when time steps are chosen appropriately, fully implicit methods
are conditionally energy stable, and further that the large time steps allowed
by energy stable schemes can come at the cost of significant loss of accuracy.
We show that in the meta-stable dynamic regime of AC and CH, some fully
implicit methods can take optimally sized time steps. By optimal, we mean
the asymptotically largest time steps as the order parameter € — 0 that sat-
isfy a given local error tolerance. Here, ¢ represents the width of interfacial
layers in metastable dynamics and, like the authors of [91], we use the form
of the equations scaled so that these dynamics transpire in an O(1) time scale.
When the dynamics are in this metastable regime, which dominates the time
of typical phenomena of interest, definite statements about the behaviour of
different time stepping methods can be made. This criteria does not take into
account solver efficiency. However, we can make definite statements on how
efficient solvers for nonlinear implicit time stepping need to be to outperform
other methods.

A combination of asymptotic analysis and careful computational work
backs up our claims. In addition, we present a rigorous result for implicit
time stepping for meta-stable AC dynamics in radial geometry that shows
that asymptotically larger time steps can be taken than previous analysis
would suggest. These time steps preserve the diffuse interface structure (a
property that we call proflie fidelity) and also the energy decay property of
the equations. This result is shown for a class of reaction terms. An interest-
ing result in Section [3.6.2 shows that Eyre-type time stepping can perform

asymptotically worse with most reaction terms, while implicit time stepping
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has uniform asymptotic behaviour over a class of reaction terms. This was
predicted by the analysis and confirmed computationally.

Our study focuses on pure materials science applications rather than the
use of Cahn-Hilliard equations to track interfaces in so-called diffuse inter-
face methods [93] in which the CH dynamics are coupled to other physics.
We consider the simplest form of AC and CH dynamics, whose Gamma limit
(as € — 0) is well understood and use that well known structure to gain in-
sight into the behaviour of the schemes. The authors believe that the insight
gained from these studies will also apply to schemes used for other materials
science models which are less well understood.

We consider a number of first and second order time stepping schemes:
the energy stable Eyre’s method [35]; Backward (Implicit) Euler (BE) [43];
Trapezoidal Rule (TR) [43]; Second order Backward Differentiation Formula
(BDF2) [43]; Secant [33]; standard semi-implicit (linear IMEX) methods of
first and second order [4]; first and second order Scalar Auxiliary Methods
(SAV) [76] for which a modified energy stability can be proved; and finally
a second order Singular Diagonally Implicit Runge Kutta method with good
stability properties (DIRK2) [43]. The resulting implicit systems are consid-
ered in the spatially continuous semi-discrete setting in a 2D periodic do-
main, with numerical validation done with a suitably refined Fourier spec-
tral approximation. Time step schemes that result in nonlinear systems are
solved with Newton’s iterations using the Preconditioned Conjugate Gradi-
ent Solver (PCG) developed in [21] at each iteration. Adaptive time stepping
is done based on a user-specified local error tolerance ¢. The variation of

the number of time steps with € for fixed o is predicted based on formal con-
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sideration of the local truncation error of the schemes in the metastable dy-
namics. The formal predictions are then validated in computational studies.
With this criteria, first order BE performs better (asymptotically fewer time
steps as € — 0) than Eyre and first order IMEX and SAV. Second order TR
and BDF2 perform better than Secant, DIRK2, and second order IMEX and
SAV. The difference in both cases is asymptotically larger for CH than AC.
These comparisons are also valid for computational time, using PCG counts
as the measure, to similar accuracy. It is seen that optimal numbers of time
steps are obtained when the dominant local truncation error is a higher or-
der time derivative. This observation may have application in other systems
with metastable dynamics. We observe that standard IMEX methods per-
form almost identically to SAV methods of the same order in the scenario we
consider, at reduced computational cost.

It is observed that the global accuracy of BE is better than a naive predic-
tion based on the size of the local truncation error would suggest. A formal
analysis of the scheme for the AC case shows that the dominant error made
in one time step is asymptotically smaller than expected. This is due to a spe-
cial structure of the local truncation error for BE, in which the asymptotically
largest term lies in a strongly damped space.

We introduce the equations and numerical schemes in Section (3.2 with
some introductory analysis. The scaling for AC and CH is chosen so that the
metastable interface dynamics (approximate curvature motion for AC and
Mullins-Sekerka flow for CH) occurs in O(1) time. In Section [3.3| we exam-
ine the metastable dynamics of the equations and make predictions for the

behaviour of the time steps with € and local error tolerance o under stabil-
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ity assumptions which are verified numerically in Section |3.4. We give an
asymptotic analysis for the surprising accuracy and stability properties for
BE with large time steps applied to AC in Section 3.5 In Section [3.6| we
present the rigorous result for BE applied to AC with large time steps and
also show the loss of profile fidelity for Eyre-type time stepping for most re-

action terms.

3.2 Equations and Schemes

We consider the simplest form of the AC dynamics for u(x,¢) given by
1
utzAu——zf(u) (3.2.1)
€

where f(u) = u3 — u is the classical form of the reaction term. More general,
smooth reaction terms are considered in Section |3.6. Non-smooth reaction
terms and degenerate mobility are also of interest in some material science
applications and there are stability and convergence results for implicit time
stepping applied to these problems in [5, 7] for example. However, the asymp-
totic behaviour of time stepping schemes for these problems is not clear.

CH dynamics is described by a higher order partial differential equation
1

u; = —€eAAu+—-Af(u). (3.2.2)
€

For computational simplicity, we consider the two-dimensional (2D) cases of
these equations in a doubly periodic cell T2 :=[0,27]%2. The time scaling in

the equations above is chosen to give sharp interface (as € — 0) motion in
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3.2. Equations and Schemes

0O(1) time. The sharp interface limit yields curvature driven flow for AC and
a nonlocal Mullins-Sekerka flow for CH [66]. Both types of dynamics have an

associated energy functional
&= f (IVul?/2 + W(w)/e?) (3.2.3)

where W(u) = %(u2 —1)2 and the reaction term f(w)=W'(u). The energy &(t)
is monotonically decreasing due to the gradient flow nature of the dynamics.

For AC the gradient is in L? and for CH it is H L.

3.2.1 Time stepping
Backward Euler

We consider the simplest implicit scheme, first order Backward Euler
(BE), also known as Implicit Euler. Applied to (3.2.1) keeping space con-

tinuous, we have
Up+1 —Up

1
k, :Aun+l_€_2f(un+1) .

where u,(x) approximates the exact solution u(x,t,) and &, = t,+1 —t, is the
time step. We use the classical f(u) = u® — u as mentioned above. Dropping
the subscript on the time step and the unknown solution at time level n + 1

we have the nonlinear problem
k
u—kAu+ —2f(u): Up 3.2.4)
€

for u given u,.
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Definition 1. A time stepping scheme is said to have the energy decay prop-

erty if &(un+1) < E(up).

This property could be conditional on the choice of time step size. Addi-
tionally, it could depend on u,. If a scheme has the energy decay property for

any u, and k, the scheme is called unconditionally energy stable.

Theorem 1. Consider (3.2.4), assume that u, € H*(Q) and u,, takes values
in [—1,1], then there exists u € H2(Q) that solves (3.2.4) with values in [-1,1].
Define foo :=max{|f'(s)|, s € [-1,11}, then if k < 2¢2/f~ the solution u is unique
and satisfies the energy decay property. Note that the energy stability result

was established earlier in [91] with a different proof.

Proof. The existence of u follows from the standard method of sub-/super-
solutions using comparison functions —1 and +1. To establish uniqueness,
we assume u1 and ug are solutions. Then their difference w = u;—us9 is a
solution of

B fw)—f(ug)  k
A

1-ENw = —— - f(s)w ,
€ €

where s takes values between u1 and ug, and hence in [—1,1]. Isolating w

leads to the elliptic problem

kf'(s)

2

[1+ —kA]w=0,

€

and if £ < €2/fo then the corresponding elliptic operator is strictly positive

and w is zero by the maximum principle. To establish energy decay, we take
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3.2. Equations and Schemes

the inner product of (3.2.4) with the test function u — u,:

L N Do
o [t 5 [ V0 = 1V 4 1V = V) = = (£, = )

From the Fundamental Theorem of Calculus we develop the expansion,

f

|F(u)—F(uy,) - f(u)u—uy)l= f ’ fl(s)s—uy)ds S%O(u—unﬂ

Using this relation to eliminate f(u) yields the equality,

1 foyf 2 _
(k 262)flu upl“+Elul-E[u,]l<0.

This implies the desired energy decay for % < 2¢2/fs,. The theorem is also

true when homogeneous Neumann boundary conditions are specified. O

Thus we have existence of solutions to (3.2.4) for any time step size, and
uniqueness and energy stability under the resitriction & < 2¢2/fw. This is true
for any u, under the restrictions of the Theorem. We shall see in Section 3.6
that asympoticaly larger time steps & = o(¢) can be taken when the dynamics
are slow (interface motion) with locally unique, energy stable solutions. This

is verified in computational tests.

Eyre’s Method

An alternative first order scheme to fully implicit BE was proposed by

Eyre [35]:

k k
u—kAu+—u3:un+—un (3.2.5)

€2 €2
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3.2. Equations and Schemes

The scheme is derived conceptually by keeping a convex part of the reaction
term f(u) = u® — u implicit and a concave part explicit. In this sense, it is an
IMEX method but an unusual one since a nonlinear term is kept implicit and

a linear term is handled explicitly. The method has appealing properties:

Theorem 2 (from [35]). The time step (3.2.5) has a unique solution u for any

u, and k that is unconditionally energy stable.

Additional first order schemes considered are the SAV scheme [76] and a

linear IMEX method [4]:

Sk k
u—kAu+€—2u=un—€—2( 3 —(S+Duy) (3.2.6)

with S > 0, sometimes called a stabilization term. We take S = 2 since that
makes the left hand side a linearization about the far field values, but com-
putational performance is relatively insensitive to S. The SAV scheme is
energy stable with a modified energy. We use the same stabilization coeffi-
cient as above in the SAV scheme. There is a class of linearly implicit energy
stable schemes [16, 54, 55] that require an asymptotically large stabilization
term O(e™?) with p large and increasing from AC to CH and 2D to 3D for the
analysis. These methods are theoretically interesting but are extremely inac-
curate and not useful for practical applications. We have further discussion
of these schemes in Remark (3.

All time stepping schemes can be applied to CH (3.2.2)), with BE and Eyre
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3.2. Equations and Schemes

shown below:

k
u+kAAu——2Af(u)=un BE
€

k k
u+kAAu—€—2Au3=un—€—2Aun Eyre

In this case, BE is known to have unique solutions with the energy decay

property when % < ¢3 [91] and Eyre is unconditionally energy stable [35].

Second Order Schemes

We also consider the second order methods Trapezoidal Rule (TR), Se-
cant (S) [33], Second Order Backward Differencing (BDF2), and Second Or-
der Singular Diagonal Implicit Runge Kutta (DIRK2) [43] methods. These

are described below for u; = % (u) with

F(u) = Au - f(u)e? for AC

and F(u)=-eAAu+Af(u)e for CH
With this notation:

k k
(TR) u- §§(u) =up+ Eg(un)

3 1
(BDF2) ?” ~ k() = 2up = Jun-1.
Secant is a variant of TR with the term f(u)— f(u,) replaced by

W) - W) —uy)
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3.2. Equations and Schemes

where W is the energy term from (3.2.3). It is known to be conditionally
energy stable [33]. For the simple form of W we have taken, the expression

above can be factored explicitly. DIRK2 is a two stage method

us—akFWw.)=u,

u—akFw)=u,+(1-a)kF(u,)

with @ = 1-1/v2. Both DIRK2 and BDF2 are A-stable, and so preferable to
TR and Secant from the perspective of stiff ODE solver theory [43]. A second
order linear IMEX method (SBDF2 [4]) and two variants of second order SAV
methods based on BDF2 are also considered.

There are many other specialized schemes in the literature and we men-
tion two second order unconditionally energy stable concave-convex splitting
schemes here. They are nonlinear two step schemes but the nonlinear prob-
lem at each time step is convex. One is based on TR, with the cubic term han-
dled implicitly and the linear reaction term extrapolated from two previous
time steps [31]. The second is a variant of SBDF2, again with the cubic term
handled implicitly and an additional moderate stabilizing term [92]. Both
schemes have the same asymptotic error behaviour as the Secant, DIRK2,

and SBDF2 methods shown in detail below.

3.2.2 Spatial discretization and solution procedure

The current work concentrates on the time stepping errors, and it is con-
venient to consider the semi-discrete, spatially continuous approximation.

This idealization is approximated well by the Fourier spectral spatial dis-
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3.2. Equations and Schemes

cretization. The computational results shown have sufficient spatial resolu-
tion that spatial errors do not affect the results in the digits shown.

We use the Preconditioned Conjugate Gradient (PCG) solvers developed
in [21] for the schemes involving nonlinear implicit problems. We note that
there has been recent promising work in the use of preconditioned steepest
descent with approximate line search in solving these nonlinear problems
[14, 38]. Another approach has been to recast the implicit step as a mini-
mization problem [91]. Both these techniques have the advantage that they
look for local solutions which can be unique and have energy decay even for
large time steps, as shown rigorously in Section |3.6.

The computations in this work are done in a full 2D setting, rather than
in a reduced dimensional radial setting as could be done, in order to give PCG
iteration counts for the nonlinear time stepping methods that have meaning
for more general computations. Note that the PCG counts are independent of

spatial resolution when the problem is resolved.

3.2.3 Error estimation and adaptive time stepping

We perform two time steps of the same size % in order to use a specialized

predictor u,, for u, .

Up =Un+ g(g(un)+4g(un+1) +F(Un+2)) (3.2.7)
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3.3. Local Truncation Errors in Metastable Dynamics

where Z(u) = Au—f(u)/e? for AC and —eAAu +Af(u)/e for CH as above. Time

step sizes are adjusted so that

lunte—uplloo=0.

The predictor u, is formally one order more accurate than the numerical
approximation u, .9 from time stepping, up to fifth order. The predictor has
an inherent dominant local error 2%u /90 that is a pure time derivative of
u, which is shown below in Section |3.3.1/to be a desirable property.

For the one step methods, the time step is adjusted adaptively to maintain
a local error below o as described in [21]. For BDF2 and its linear variants,
time steps are only adjusted by a factor of two. When time steps are reduced
(using Hermite cubic interpolation for the restart value) or increased, four
time steps are taken before checking the local error to allow relaxation of the

initial error layer.

3.3 Local Truncation Errors in Metastable

Dynamics

3.3.1 Metastable dynamics

In our formulation, it is known that after a short time O(e?) solutions to

AC tend to interfaces between regions of solution near the equilibrium values,
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3.3. Local Truncation Errors in Metastable Dynamics

These interfaces have width ¢ and move approximately with curvature mo-
tion. We refer to this dynamics as metastable or slow, even though with the
particular time scaling we have chosen it occurs in in O(1) time. For the ma-
jority of the time, the solution will be in this regime, so we concentrate now
on the expected and observed behaviour of time stepping in this setting. With

the choice of f(u) = u® —u, we have

u(x,t) = g(z) (3.3.1)

with g(z) = tanh(z/v/2) and z = dist(x,I')/e, where I' is the approximate in-
terface with arc length parameter s moving with curvature motion (normal
velocity equal to curvature). We fix its location at the u = 0 level set. The
local coordinates (s,z) are shown in Figure |3.1. This structural result on the
metastable solution can be obtained with formal asymptotics. In the outer
asymptotic region for AC the solution takes the form u = +1 to all orders.
Curvature motion as the limit € — 0 has been proven rigorously [1, 69].

CH has the same metastable solution structure (3.3.1) with normal inter-
face velocity given by Mullins-Sekerka flow, in O(1) time in our scaling (3.2.2).
We refer the reader to the review article [74] for details. It has been shown
that numerical schemes can accurately approximate this limit with implicit
time stepping with appropriate scaling of the time step with ¢ [39]. We will
show that this limit can be taken with asymptotically larger time steps than
in that analysis.

From (3.3.1), we see that time and space derivatives are large near the
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3.3. Local Truncation Errors in Metastable Dynamics

Figure 3.1: Sketch of the local coordinates of the metastable solution

interface. Starting with

u(x,t) = g(dist(x,I')/e)

we can take a time derivative to obtain:

u; =~ g'(dist(x,I))V/e

where V is the normal velocity at the point on I closest to x. Formally taking
higher derivatives in this pattern yields:

0"u

= =0E™. (3.3.2)

This is used to analyze the truncation error of the time stepping schemes.

Predicted time step sizes for AC

A standard strategy for adaptive time stepping is to have a user specified

local error tolerance of 0. The error for each time step is estimated and the
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3.3. Local Truncation Errors in Metastable Dynamics

time step adjusted so that there is an estimated error in that single time
step less than ¢. It is known that the dominant local truncation error for BE
is £2us/2 which in metastable dynamics is O(k2%/e2) from (3.3.2). The local

truncation error restriction then requires time steps of size

k=0(/oe) (BE)

We now proceed to determine the expected behaviour of time steps with ¢
and o from the other schemes. We can write the BE scheme (3.2.4) and Eyre’s

scheme (3.2.5) for AC in an instructive way

u—un—kAu+k[u3—u]/62 0 (BE)

u—up—kAu+k[u®—u)/e®+ku—u,)e® 0 (Eyre).

Knowing that the truncation error for BE is O(k%/e?) we see that the trunca-
tion error for the Eyre scheme is dominated by the last term in its expression
above, which has leading order k2u./e? = O(k?/e3). Our time step prediction
in this case is

k=0/ce*?) (Eyre)

Thus, the advantage of the Eyre scheme to be able to take large time steps
and remain energy stable is never realized if accurate computational results
are required. Reference [91] has an alternate way to view the loss of accuracy
that does not highlight this asymptotic difference. The first order IMEX and

SAV schemes have the same asymptotic behaviour as Eyre.
Remark 1. It is well known that when large time steps are taken with Eyre’s

30



3.3. Local Truncation Errors in Metastable Dynamics

method, the dynamics occur in a slower time scale. This is an exact result for
AC [91], qualitative for CH [22]. In this work, time steps are restricted by a
specified local error tolerance. Thus, we do not see a change in time scale for

the results of Eyre’s method, rather we see decreased time step size.

Remark 2. The formal local error analysis above relies on the stability of
the schemes in metastable dynamics under the resulting time step restric-
tions. More than simple stability, the analysis requires that the time stepping
preserves the asymptotic structure of the diffuse interface. This is the con-
cept we have named profile fidelity. All predicitions described in this section
lead to time stepping that preserves profile fidelity for the classical choice of
f(w) = u®—u. We observe the predicted time step behaviour in € and o compu-
tationally. In Section 3.6.2\we show that for (most) other reaction terms, Eyre
time stepping loses profile fidelity for time steps k = O(e%?) and in these cases,

k = O(e2) is needed for accuracy.

Remark 3. The first order, linearly implicit energy stable scheme for 2D AC is
analyzed in [16]. The analysis requires a stabilization term of order ¢ 2|1ne|.
If such a scheme were implemented, the time steps required for a local error
tolerance of o would be k = O(\/oe%?/|In¢l), prohibitively small for practical

computation.

We can determine the dominant term in the local truncation errors of the
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3.3. Local Truncation Errors in Metastable Dynamics

second order schemes applied to AC:

(TR) k3uu/12 = O(R%/e®)
(S) k3 (w12 +uu/(26®)) = O(k3/e*)
(DIRK2) %3 ((a®(1- )+ a/2 - 1/68)usy; — 3a%(1 - a)uu?/(2e%)) = O(k3/e*)
(BDF2) —E%up/3 = O(k3/e®)

(SBDF2) %3 (3u”+(M + 1)) uyle® = O(k%/e*)

We consider two second order SAV variants based on how an extrapolated
approximation is computed. If the extrapolated value of u,.1 is taken as
2u, —up,-1 the scheme (referred to as SAV2-A) behaves similarly to SBDF2.
If the extrapolated value is computed with a first order linear IMEX scheme
as suggested in [76] (referred to as SAV2-B), the scheme has a local truncation
error of order %£3/e5. The results are summarized in Table 3.1, It is clear that
BE takes asymptotically (as € — 0) fewer time steps than Eyre, although they
are both first order in time step size. TR and BDF2 take asymptotically fewer
time steps than Secant, DIRK2, SBDF2, SAV2-A and SAV2-B although they
are all second order methods. The computations in Section (3.4 below show

that these time step estimates correspond to real computational behaviour.

Remark 4. We predict the number M of time steps in Tables|3.1|and 3.2 and
how it varies with € and g. As shown in Figure|3.2|we are also predicting how

a profile of time steps k(t) behaves with € and o.
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Method (AC) L 2 M =0(1/k)
BE k2?2 | \Joe 1/(y/o¢€)
Eyre, IMEX1, SAV1 k23 | Joed? | 1(/oe®?)
TR, BDF2 k33 | Yoe 1/(/oe)
S, DIRK2, SBDF2, SAV2-A | k3/e* | {ae | 1/(ae??)
SAV2-B k315 | YoedB | 1U(Yae®3)

Table 3.1: Order predictions for the behaviour of the numerical schemes with
local error tolerance o in the metastable regime of AC dynamics. Here, L is
the local error, % is the time step size, and M is the number of time steps to
reach a fixed end time.

Predicted time step sizes for CH

The same local truncation analysis can be done for the CH in the metastable
regime where the solution has the same interface structure (3.3.1) with the
interface I' moving approximately with Mullins-Sekerka flow in O(1) time.
BE, TR, BDF2, and SBDF2 have the same error expressions as above, but
Eyre, Secant and DIRK2 have local truncation errors when applied to CH

listed below:

(Eyre) k2(up/2 - Auyle) = O(k2/et)
(S) k3 (wu/12 - Awu?)/(2¢)) = O(k3/e%)
(DIRK2) %3 ((a®(1- @)+ a/2 - 1/8)u sy + 3a*(1 — @) Auu?)/(2¢)) = O(k3/e®)

(SBDF2) %2 (3u®+(M +1)) Auyle = O(k3/e®)

where we have used the fact that the Laplacian A increases the size of terms
by 1/€? near the interface. The first order IMEX and SAV schemes have the
same asymptotic behaviour as Eyre. SAV2-A behaves similarly to SBDF2 as

before, with SAV2-B worse by a power of € as for the AC case above. The re-
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Method (CH) L k M =O(1/k)
BE k2?2 | \Joe 1/(y/o¢€)
Eyre, IMEX1, SAV1 k2t | Joe? 1/(y/oe?)
TR, BDF2 E3/e3 | Yoe 1N ae)

S, DIRK2, SBDF2, SAV2-A | E3/e® | ¥oe®3 | 1/({/oed?)

Table 3.2: Order predictions for the behaviour of the numerical schemes with
local error tolerance ¢ in the metastable regime of CH dynamics. Here, L is
the local error, % is the time step size, and M is the number of time steps to
reach a fixed end time.

sults are summarized in Table 3.2, The predictions in this table are validated
in the numerical experiments in the next section. Although the methods all
have the formal order of accuracy in terms of time step size, the behaviour as
€ — 0 varies significantly. Note that the gap between BE and the other first
order schemes, and between TR/BDF2 and Secant/DIRK2/SBDF2/SAV2-A is

wider for CH dynamics than it was for AC.

Discussion: the source of increased local error

In the metastable regime, the two terms in AC and CH (diffusion and
nonlinear reaction) are both large but approximately cancel to give the slow
dynamics. The methods with asymptotically (as € — 0) small local errors (BE,
TR, BDF2) have dominant truncation errors that are pure time derivatives of
the solution, which inherit this high order cancellation. The other methods
which have large local errors have truncation errors that involve the reaction
term individually. This imbalance amplifies the size of the error. As an ex-
ample, DIRK2 applied to u; = &(u) has an error proportional to & u? From
this discussion, we believe the ranking of the schemes in this work will also

apply to other nonlinear problems with metastable dynamics.
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3.4 Computational Results

3.4.1 Allen-Cahn

We take initial conditions in the form of a radial front

Vi -m)2+(y—m?2-2

tanh
ev2

and compute with € = 0.2, 0.1, 0,05 and 0.025. The benchmark for accuracy
is the time T at which the value at the domain centre (;r,7) changes from
negative to positive. Except for the exponentially small (in ¢) derivative dis-
continuities at the periodic boundaries, the dynamics approximate the sharp
interface limit of curvature motion of a circle shrinking to a point at the do-
main centre. The expectation from asymptotic analysis of the sharp interface
limit is that

T =2+0(2).

This is confirmed by the numerical solutions below. A video of the dynamics

is available [88].

First order methods

The PCG approach is known to have bounded condition number under
the scaling & = Ce? for BE with C < 1 [91] and we observe good behaviour in
the example below even with C > 1 in the metastable regime. It is observed
computationally in this work that the PCG for Eyre’s method is independent
of £ and e although the authors are not aware of a proof in the literature.

PCG counts can be used as a proxy for computational time when comparing
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BE Eyre
o M CG E M CG E
le4 717 5,348 [7.46] | 0.003 2,350 14,856 [6.32] | 0.047
le-5 || 2,225 (3.10) | 9,448 [4.24] | 0.001 || 7,351(3.12) | 28,263 [3.85] | 0.014
le-6 || 7,010 (3.15) | 23,017 [3.28] | 0.001 || 23,172 (3.15) | 68,148 [2.94] | 0.004

Table 3.3: Computational results for the AC benchmark problem with fixed
€ = 0.2 and local error tolerance o varied. BE results are on the left, Eyre
on the right. Here, M is the total number of time steps taken (with the ratio
to the value above in brackets), CG is the number of conjugate iterations
(with the ratio to the number of time steps in brackets), E is the error in the
benchmark time.

BE Eyre
€ M CG E M CG E
0.2 717 5,348 [7.46] | 0.003 2,350 14,856 [6.32] | 0.047
0.1 1,291 (1.80) | 12,354 [9.57] | 0.001 | 6,463 (2.75) | 44,717[6.92] | 0.069
0.05 | 2,412 (1.87) | 27,782 [11.52] | 0.001 || 18,218 (2.83) | 143,416 [7.87] | 0.099
0.025 || 4,630 (1.92) | 64,884 [14.01] * 52,595 (2.89) | 497,846 [9.47] | 0.141

Table 3.4: Computational results for the AC benchmark problem with fixed
local error tolerance o = 10™* and ¢ varied. Here, M is the total number of
time steps taken (with the ratio to the value above in brackets) and CG is the
number of preconditioned conjugate gradient iterations (with the ratio to the
number of time steps in brackets), E is the error in the benchmark time with
* denoting a result correct to three decimal places.

methods.

Results of the numerical experiments in which o and ¢ were varied for
BE and Eyre are shown in Tables|3.3|and |3.4. Spatial errors do not affect the
digits shown in any of the computational results in this chapter.

Table 3.3 validates the second order O(k?) local truncation error since
the number of time steps was predicted to be M = O(1/y/o) for both methods
with € constant, noting that v/10 = 3.16. Such results for other schemes and

for the CH benchmark problem below are not shown, but verify the formal

36



3.4. Computational Results

jot  Time Steps for AC simulation, sigma varied Time steps for AC simulation, DIRK2
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Figure 3.2: Time steps %k for Allen-Cahn dynamics with € and ¢ varied using
BE (left) and DIRK2 (right). The time steps decrease in size as the simulation
approaches the topological singularity at ¢ = 2. Note that for each method, the
profiles £(¢) have the same shape as o and € are varied and scale with these
quantities according to our theoretical predictions. In particular, note that
time steps decrease more quickly for BE as ¢ is decreased but more quickly
for DIRK2 as € is decreased, as we predict.

accuracy of the schemes. Table validates the prediction of M = O(1/¢)
for BE and M = O(1/¢%2) for Eyre with o constant, noting that 232 =~ 2.83.
Both tables validate the prediction that for the same local tolerance o, Eyre
involves more computational work than BE and gives less accurate answers.
CG counts for both methods are small as expected. You see (unexpectedly)
that the final accuracy of BE does not seem to degrade as ¢ — 0 for fixed
o. This is discussed in Section below. Although BE does not guarantee
energy stability, no step accepted by the local error tolerance exhibited an
energy increase.

For completeness, we show the time step sizes as a function of time for BE
in Figure 3.2 with ¢ and o varied. As mentioned in Remark |[4] our predictions
for the behaviour of the time steps sizes k2 as € and ¢ are varied describe a

profile k(%).
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3.4. Computational Results

IMEX1 SAV1
€ M E M E
0.2 3,932 0.067 3,936 0.067

0.1 11,110 (2.83) | 0.096 || 11,112 (2.82) | 0.096
0.05 || 31,676 (2.85) | 0.138 | 31,682 (2.85) | 0.138
0.025 || 90,748 (2.86) | 0.198 || 90,760 (2.86) | 0.198

Table 3.5: Computational results for the AC benchmark problem with fixed
local error tolerance o = 10™* and ¢ varied. Here, M is the total number of
time steps taken (with the ratio to the value above in brackets) and E is the
error in the benchmark time.

We repeat the € — 0 study for IMEX1 and SAV1 in Table 3.5 These meth-
ods require a fixed number of FFT calculations per time step to invert the con-
stant coefficient linear implicit aspect of the schemes, with SAV1 requiring
four times as many solves as IMEX1. It is seen that IMEX1 behaves almost
identically to SAV1 and both are superior to Eyre’s method when computa-
tional cost is considered. In the context of this study, there is no benefit from
the theoretical guarantees of energy stable schemes and BE is the optimal
(with our asymptotic definition) first order scheme with IMEX1 the runner
up. This will remain true for other nonlinear solver strategies for BE as long

as they require fewer than O(1/y/€) iterations when adaptive time steps are

taken.

Remark 5. Note that for the BE computation for € = 0.025 we can still get
reasonable accuracy taking o = 1072, In this case, the maximum value of
kle? is 14.6. Clearly, the theory which guarantees existence of solutions and
energy decay for k < €2 [91] can be improved for metastable dynamics. This is

explored in the analysis in Sections 3.5/ and 3.6 below.
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3.4. Computational Results

Second Order Methods

The CG counts of all the nonlinear second order methods are relatively
insensitive to €, similar to the first order methods shown above. We show the
number of time steps used for the seven methods in Table 3.6, for o = 1074
fixed and ¢ varied. All second order methods give at least three digits of ac-
curacy to the benchmark time with this tolerance o. The superiority of TR
and BDF2 is clearly seen with M = O(1/¢), compared to M = O(1/e*3) (noting
that 243 ~ 2.52) for Secant, DIRK2, SBDF2, SAV2-A and M = O(1/¢*3) (not-
ing that 2%/3 ~ 3.18) for SAV-B as predicted above. The pattern in the number
of time steps for the multi-step methods is a bit rougher due to the strict
criteria we have used for adaptive time step change. As above, we see no ben-
efit from the theoretical guarantees of energy stable schemes. Fully implicit
methods TR and BDF2 are asymptotically optimal in terms of the number of
time steps and are computationally optimal if the solvers require fewer than
O(1/{/e) iterations when adaptive time steps are taken (which appears to be
the case with the Newton PCG solver we used). SBDF2 is the runner up and
notably it is comparable to the fully implicit DIRK2 method but does not have
the overhead of a nonlinear solve.

It is interesting to note that the slight change in the extrapolation proce-
dure in the SAV2 schemes makes such a difference to their asymptotic perfor-
mance. It is confirmation that merely considering the order of time stepping

scheme and its theoretical energy stability properties is not the whole story.
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3.4. Computational Results

€ TR S BDF2 DIRK2 SBDF2 SAV2-A SAV2-B
0.2 170 236 280 180 588 768 1,572
0.1 278 (1.64) 512 (2.16) 472 (1.69) 364 (2.02) 1,384 (2.35) | 1,572(2.04) | 5,436 (3.46)
0.05 | 492 (1.77) | 1,208 (2.36) 860 (1.82) 814 (2.24) 3,260 (2.35) | 3,392 (2.16) | 15,088 (2.78)
0.025 | 916 (1.86) | 2,960 (2.45) | 1,632 (1.90) | 1,894 (2.33) | 7,600 (2.33) | 7,980 (2.35) | 48,048 (3.18)
Table 3.6: Computational results for the second order methods applied to

the AC benchmark problem with fixed local error tolerance o = 107 and ¢
varied. Shown are the total number of time steps taken (with the ratio to the
value above in brackets)

3.4.2 Cahn-Hilliard

For the initial conditions we take

tanh(“=22) +tanh (220 41
ev2 ev2

with r = v/(x—7)2 + (y — )2 and compute with € = 0.2, 0.1, 0,05 and 0.025.
The dynamics approximate the sharp interface limit of two concentric circles,
with the inner circle shrinking. As before, the benchmark is the time T at
which the value at the domain centre (7, 7) changes from negative to positive.

A video of the dynamics is available [89] .

First order methods

Results of the numerical experiments in which ¢ is varied for the first or-
der methods are shown in Table 3.7. These validate the prediction of M =
O(1/¢) for BE and M = O(1/¢?) for Eyre and IMEX1 with o constant. As for
the AC case, SAV1 behaves similarly to IMEX1 at increased computational
cost. For CH, the implicit problem for BE is more difficult to solve as ¢ — 0

with fixed o, but it is still more accurate than Eyre stepping for equivalent

40



3.4. Computational Results

BE Eyre IMEX1
€ M CG E M CG E M E
0.2 730 5,348 [7.33] * 3,055 36,684 [12.0] 0.019 9,982 0.014
0.1 1,184 (1.62) | 24,7781[20.9] 0.001 12,751 (4.17) 190,204 [14.0] 0.021 43,332 (0.015) | 0.015
0.05 2,068 (1.75) | 66,307 [32.1] * 52,753 (4.13) 937,774 [17.8] 0.022 181,234 (4.18) | 0.015
0.025 3,768 (1.82) | 198,771 [52.8] * 215,443 (4.08) | 4,504,278 [20.9] | 0.022 740,366 (4.09) | 0.015

Table 3.7: Computational results for the first order methods applied to the
CH benchmark problem with fixed local error tolerance o = 10™# and € varied.
Here, M is the total number of time steps taken (with the ratio to the value
above in brackets), CG is the number of conjugate iterations (with the ratio
to the number of time steps in brackets), and E is the error in the benchmark
time with * denoting a result correct to three decimal places.

computational cost. It will be asymptotically more efficient as long as the
solution strategy for the nonlinear problem requires fewer than O(1/¢) itera-
tions with adaptive time stepping. As with AC, we see that BE does not suffer

from global accuracy decrease as ¢ — 0.

Second order methods

The CG counts for the second order methods behave like those of BE with
€ as shown above. We show the number of time steps used for the four meth-
ods in Table 3.8, for o = 10™* fixed and € varied. The superiority of TR and
BDF?2 is clearly seen, consistent with M = O(1/c) , compared to M = O(1/¢*/3)
(noting that 25/3 ~ 3.17) for Secant, DIRK2, and SBDF2 as predicted above.
Results for SAV2-A are comparable to those for SBDF2. Again, the implica-
tions for the asymptotic computational superiority of fully implicit TR and

BDF2 under the assumption of sufficient solver efficiency are clear.
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3.5. Asymptotic Analysis of Properties of BE AC Solutions

€ TR S BDF2 DIRK2 SBDF2

0.2 230 534 320 378 1,388
0.1 | 314(1.36) | 1,530 (2.87) 468 (1.46) 788 (2.08) 4,108 (2.96)
0.05 | 474 (1.51) | 4,722 (3.08) 748 (1.60) | 1,906 (2.42) | 12,352 (3.01)
0.025 | 792 (1.67) | 14,924 (3.16) | 1,312 (1.75) | 6,048 (3.17) | 44,060 (3.57)
Table 3.8: Computational results for the second order methods applied to

the CH benchmark problem with fixed local error tolerance o = 107 and ¢
varied. Shown are the total number of time steps taken (with the ratio to the
value above in brackets)

3.5 Asymptotic Analysis of Properties of BE AC

Solutions

The results in Table 3.4) present the accuracy for BE applied to AC with
fixed local error tolerance o = 10~* under various values of . It is remark-
able the accuracy in the benchmark time does not degrade as ¢ — 0. This is
unexpected, as a naive prediction would be that the final accuracy scaled like
Mo = O(y/o/e) where M is the number of time steps. It is clear that the re-
sulting solution accuracy for the schemes under specified local error tolerance
is a nontrivial question.

We present below the asymptotic analysis of a fully implicit BE time step
(3.2.4) in two dimensions assuming the solution is in the meta-stable regime.
That is, u, is approximately described as a curve x,(s) parametrized by arc
length with normal 7i, dressed with the heteroclinic profile (3.3.1). We take
the scaling & = ce with ¢ independent of €, both sufficiently small depending
only on the curve x,. We consider the formal asymptotics for the implicit

time step u of (3.2.4) in this setting, anticipating that u will have the same
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3.5. Asymptotic Analysis of Properties of BE AC Solutions

local dependence u(s,z). Using

L 190* xo
T €2022 €0z

where « is the curvature of the interface, we find at leading order O(¢ 1) that
u has the same homoclinic structure around a new curve x(s). That is,

Un+1 = g(2)+ev(z,s) (3.5.1)
with g(z) = tanh(z/v/2) and where we have changed coordinates to (s,z) with

(x,y) =x(s)+ezhA

based on the curve x(s) after the implicit time step. In the language of Re-
mark |2| we predict that the scheme preserves profile fidelity and show below
that this is asymptotically consistent. In (3.5.1), v(z,s) is the correction to the
leading order solution. We will identify the size and structure of this term
below.

We take

X, =x—kp(s)ii (3.5.2)

where p is the average normal speed through the time step. Recalling that

k = ce and the spatial scaling of z, we have
un = g(z—cp(s)). (3.5.3)

A diagram is shown in Figure|3.3l Note that the variation in normal direction
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3.5. Asymptotic Analysis of Properties of BE AC Solutions

X,(6)

\kpm)
X(s)

\ z distances scaled by ¢

Figure 3.3: Sketch of the asymptotic analysis of the fully implicit problem.
Here, p(s) the average normal speed of the interface between time steps.

appears in higher order asymptotic terms, so it is consistent in what follows
to use the same 7i as normal direction for both curves, i.e. the same “z".

Considering now the next order term O(1) in (3.2.4) with the forms (3.5.1)
and (3.5.3):

1 1
glep+ Eg"csz + Eg"’c?’p?’ ~ckg —cLv (3.5.4)

where £ := 0%/0z2 + f'(g)- and we have used the smallness of ¢ for the cubic
Taylor approximation of g(z)— g,(z) on the right hand side. We consider
(3.5.4) at each s in the L2(R) orthogonal decomposition of G := span{g’(z)} and
G'. Note that g” € G (this does not depend on the specific reaction term
f = u® —u chosen here) and £ has G as its kernel and has bounded inverse
on Gt from standard Fredholm theory [52]. Thus we have p =« + O(c¢?) and
v = 0(c) in G*. Careful examination of these results shows that the errors in
G do not accumulate and are globally of size O(ce) = O(k) and so decrease

as € — 0. Global errors in interface position after O(1/k) time steps are of size
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3.5. Asymptotic Analysis of Properties of BE AC Solutions

¢2, independent of . Global solution value errors due to the position error
have size O(c?/e) = O(E%/e®) and so it is seen that BE behaves like a second
order method in this scaling. This explains the unexpected accuracy in AC

BE computations as € — 0.

Remark 6. Note that the error estimator (3.2.7) uses &F(u) which sees the
undamped dominant truncation error term, which is why the number of time
steps behaves with € in the manner predicted in Section |3.3.1, Thus for BE
applied to AC in the metastable regime, the estimator asymptotically over-

estimates the local errors actually made.

The formal asymptotic results can also be used to show that the implicit
time steps in this scaling lead to energy decrease. Neglecting the O(c?) terms

in the interface motion, we have from (3.5.2)

X, =X — kKA.

Using the identities for arc length parametrized curves |x;| =1, kA = Xz and
X, - Xg5 = —Kk2 it follows by taking the s derivative of the equation above and

the dot product with x; at each s that

%5l = 1+kx2=1=|x.

This shows that the metastable curve at time »n is longer than at the next step
n+1. Since the energy & is proportional to curve length to highest order in the
metastable regime [64], we have shown formally that implicit time stepping

for AC has the energy decay property under this time step scaling. Large,
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3.6. Rigorous Radial Analysis of AC With BE and Eyre Time Stepping

accurate, fully implicit time steps can be taken in computations validated in
Section 3.4,

In the next section we show a closely related rigorous result in a radial
geometry. The main result is in Proposition 3.6.1l A key ingredient is an
identification of a dominant term in the space G that represents the inter-
face motion, separate from heavily damped terms in the perpendicular space,
as shown here. Care must be taken to control the size of terms which are

formally neglected in this asymptotic analysis.

3.6 Rigorous Radial Analysis of AC With BE and
Eyre Time Stepping

We derive rigorous asymptotic evolution of a radially symmetric profile
for BE and first order Eyre-type methods for the Allen-Cahn equation in R2.
Extensions to radial profiles in R? is immediate. More precisely we consider
a splitting f = f;+ — f- and study the iterative scheme

U—up

k
ur(0)=0,u(c0)=1.

1 1
:urr+—ur—_2(f+(u)_f—(un)), rE[O’OO)
r £

For simplicity, we assume that f is smooth, odd about u = 0, has precisely
three simple zeros at u = +1 and at u =0, and tends to oo as u — +oo. This
includes the classical choice of f(u) = u® — u but we consider other reaction
terms in this class since Eyre’s method can have quite different behaviour as

shown in Section|3.6.2. The BE scheme corresponds to the choice f— =0 while
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3.6. Rigorous Radial Analysis of AC With BE and Eyre Time Stepping

Eyre-type schemes take f,f’ = 0. We pose the problem on the affine space
Y :={u+1€eHp(0,00)|8,u(0) = 0.},

with u, €Y as a given. The assumptions on f imply that the continuous 1D

Allen-Cahn equation has a steady state solution

8z =f(w), (3.6.1)

which is heteroclinic to +1; that is g — +1 as z — +oco. Considering R > 1, we
modify this g at the order O(e~€) so that g’ = 0 on (-0, —1/¢) for € < 1. This
introduces exponentially small residuals in the sequel that have no impact
upon the salient results of our analysis.

R . .
=+, the weighted inner product

We introduce z =
(w, V)R :=f uw(2)v(z)(R +ez)dz,
—R/e

and the associated spaces L% and H, with B . (8) the ball that is centered at
the origin with radius 6 in the space H }3. We rewrite the iterative equation

as
e lu,
b

R +ez

U—1up

k

=€ (U — (fr (W)= f—(un))) + (3.6.2)

on the domain z € (—R/e,00). We decompose u, and u as

up=g|lz+

R—Rn)
+ Uy,

u=g()+v,
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where R, and v, are taken as given and R and v are to be determined. The
profile associated to u, is denoted g, and observe that it admits the expan-

sion

R-R, ,R-R, R-R,\?
gn=g|z+ - =g+g . +0 " .

In the sequel we will enforce the orthogonality conditions
,8"r=0, (Un,8,)R=0, (3.6.3)

and denote the corresponding subspaces of L% by X+ and X;- respectively
with the associated orthogonal projections IT and IT,,.
At this point the analysis of the implicit and Eyre-type schemes diverges

sufficiently that we approach them distinctly.

3.6.1 Backward Euler estimates

For BE we take f’ =0, f = f,, and write the iterative map as

kg’ k

—_— = 6.4
e(R+ez) €27’ (3.6-4)

k
U+ 6_2LU = Un_(g_gn)+
where we have introduced the linear operator

#az (R +€2)3.) +f'(9), (3.6.5)

R +ez

and the nonlinearity

N (W) :=flg+v)—(f(@)+f'(gv).
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3.6. Rigorous Radial Analysis of AC With BE and Eyre Time Stepping

The operator L is self-adjoint in the weighted inner product for which the

eigenvalue problem takes the form

A
R +ez

Ly= v,

subject to d,w(—R/e) = 0 and ¥ — 0 as z — oo. Since the profile g solves (3.6.1),

it will be useful to compare L to the simpler operator
Lo:=-02+f'(g), (3.6.6)

arising as the linearization of (3.6.1) about g in L2%(R). The operator L is self-
adjoint on L2(R), and since g is heteroclinic with g’ > 0, the Sturm-Liouville
theory on L2(R) implies that L has a simple, ground-state eigenvalue at A =0
with eigenfunction g’ and the remainder of the spectrum of L is strictly posi-
tive, in particular L¢ is uniformly coercive on the space {g’ }iz ®)" While L does
not generically have a kernel, it does have an eigenspace with a small associ-

ated eigenvalue. However, for € sufficiently small, it inherits the coercivity of

Ly.

Lemma 1. Fix €9 > 0 sufficiently small, then there exists a > 0, independent

of R =1 and of € € (0,€q), such that
(Lv,v)g = alvly, - (3.6.7)
R

forallve H}? satisfying (v,g" )r =0.

Proof. We defer the proof of L% coercivity to Section [3.7. To extend coercivity
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to H 11% we observe that

(Lv,v)p = fR/ @R +e2) (W12 + F(@l?) dz,

so that for any ¢ € (0,1) we may write

(Lv,v)g =t{Lv,v)g +(1—t){Lv,v)R,

Ef ) (R +e2)tl'|” + (1 - t)a -t f'(@lloo)lv[*)dz,

2

2 alvlf,

where we have introduced @ := a/(1+a+|f'(g)llw) > 0. Dropping the tilde, we

have (3.6.7) with « independent of ¢ >0 and R > 1. O

We assume throughout our analysis that ||v]| HY and |lv,|l ), are uniformly
bounded by § <« 1. Returning to (3.6.4), we denote its right-hand side as gg.
To have the inversion of the operator on the left-hand side be contractive the
term g must be approximately orthogonal to the small eigenspace of L. As
Lemmall shows it is sufficient to be L-orthogonal to g’, the kernel of L. To

this end we determine R = Rpg(v,v,,,R,,) such that Fgg € X+, or equivalently
(ZBE,&")R = 0. (3.6.8)

Assuming this condition has been enforced we introduce
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and may rewrite the BE iteration in the equivalent formulation

v=%g,v,,R-R,):= M ' 1Fspv,v,,R —R,). (3.6.9)

The key step is the introduction of the operator II, the orthogonal projection
onto X 1. This is redundant when Zgg € X', but preserves contractivity for
choices of (v,v,,R_R,) when it is not. Our goal is to show the function ¥gg is

a contraction mapping and to develop asymptotic formula for R and v.

Lemma 2. The function R = Ryg, satisfies the implicit relation

R-R, 1k bik? ( k3 52)
=t —-—=——=+0|0,—,—|. 3.6.10
k R  4R3 2R3 €2’ ¢ ( )
where
lg" 1%
1= — B (3.6.11)
"2
6lg'l%
Moreover we have the Lipshitz estimate
. A k6 .
|IRBe(v;vpn,Ry) — RBE(T;v,,Ry)l < e— lv—"7?llg, (3.6.12)
so long as k6% < €.
Proof. Due to parity considerations, we remark that ||g’|| 12? =R| g’ ||i2 & UP to

exponentially small terms. For brevity, and as an element of foreshadowing,

we approximate (R —R,) by % in the O-error terms. We address the terms in
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ZgE and derive the following elementary estimates,

n,8"VR = (Vn, (&' — )R = ~(omg"R D ;R” +0 (6'2—2) (3.6.13)
@—gn g r=—-lg'l3 ((R —Rn) (R;;”)Z) .

+ ”g;”%" (& _ef”)3 +0 (IZ—:) (3.6.14)

< R‘iz ,g’>R = 18122 = %, (3.6.15)

(AN, g"R| < 8. (3.6.16)

For this scheme, &g depends upon v only through 4. Collecting terms in
the orthogonality condition that are linear in R — R, and identifying relevant

higher order terms yields the relation

R_Rn 1 +(R_Rn)2 +b1(R_Rn)3

k R 4Rk ke?

(3.6.17)

k3 62
’6_2’?)

+0 (5
where b7 is given in (3.6.11). Under the assumptions on 2 and § we have the
leading order result R — R, = —k/R. Substituting this relation into (3.6.17)
yields the result (3.6.10).

To obtain the Lipschitz estimate we observe from the estimates above that

k
> [N @),8"R — (N (©@),8)r].

IRB(v) -~ Rpp(®)| < ¢ ,
elg'ly

The nonlinearity satisfies the Lipschitz properties

A (@)= AN@)g < cdllv-7lg,
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while
IRBE(v) — Rpg(9)|
€

lg'-&'lr<c

Adding and subtracting (A4 (¥),g')r and using (3.6.16), we arrive at the esti-

mates

5 5 k z 5
|[Rpe(v) - Rpe(@)|=c ?”U_ﬁ”R+€_2|RBE(U)_RBE(17)| .

Imposing the condition 262 <« €2 yields (3.6.12). O

To establish bounds on the map ¥gg, defined in (3.6.9) we apply M to both
sides of the relation and take the L% inner product with respect to ¥gg. Using
the coercivity estimate (3.6.7) we find

k

2 2

19BElR + @ 198El7: < II1FBEIRIYBEIR-
R

Taking v,v, € B ) (0) for § < 1 and recalling that the projection II crucially

cancels the leading order term in g — g,,, we estimate

k k2 3
II@BEIIR+a€—2IIC§BEIIH}E <c 5+6—2+k+€—262 . (3.6.18)

For the BE system we examine distinguished limits & = €°, for s € (1,2),
which we call the large time-step regime, for which the H}B term is dominant

on the left-hand side of (3.6.18). We drop the L% term to find,

19BElgL < c (6675 +¢° +62).
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Taking 6 = ¢* for any s’ > max{s/2,2(s — 1)} then we determine that

_ / !
I9pEllgy < e +¢* +€%) <6,

for ¢ sufficiently small. In particular, since s > max{s/2,2(s — 1)} in the large
time-stepping regime, we may take 6 = k = €, so that, viewing 4gg as a map
on (v,v,), we have ¥pg :BH}{(k) X BH}% (B)— BH}{(k), for all s in the large time-

step regime.

Proposition 3.6.1. Fix 1 <s <2, then in the distinguished limit k = ¢* the
function ¥4gg defined in (3.6.9) with R :=R, .1 = Rpr(;v,,Ry) maps BH}e (k) x
BH}?(k) into By (k) and is a strict contraction. In particular it has a unique

solution veB H. (k), denoted by v, +1 which satisfies

k €2
Unt1— ﬁLng” <c—lvallr +O0(k?).
H}

In particular there exists ¢ > 0 such that for all vy € BHII?(Ck) and Ry > 1 the
sequence {(vn,Rn)}ZnY:1 satisfies v, € BHIIe(Ck) while {Rn}N:0 satisfies the back-

n

wards Euler iteration

R,:1-R 1 bik?
% = —E — 621? +O(k), (3619)

where b1 > 0 is given by (3.6.11). Here N is the iteration number such that

RN> 1 andRN+1 <1.

Proof. We have established the mapping property. To establish the contrac-

tivity we must control the impact of f upon the projection II through the
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motion of the front R. We assume that v,7,v, € B . (k) and denote R = R(v)
and R = R(9), with the associated front profiles denoted by g and g. The esti-
mate (3.6.12) establishes that Rpg is Lipschitz with constant ck8/e, which in
the the large time-step regime reduces to ck%/e. Following the proof of (3.6.12)

we find that
k2
|FBE(v) — 9BE(17)||H11? < ce—2 lv— ﬁIIH}%. (3.6.20)

In the large time-step regime, using (3.6.7) we deduce the bound
1 162
M~ HfIIH}% <a z”f”R (3.6.21)
We wish to obtain a bound on the difference of ¥gg at two values of v:
GpE(v,V,) — 9pE(,0,) = M 1FpE — M 15k,
We first bound the difference
gpE := (M- M~ ') Fgg. (3.6.22)

The analysis is complicated by the fact that M is only uniformly invertible on

the range of I1. To factor these projected inverses we act with M, observing
Mgpg = (I1- MM ') Fpg = (IM — M)M ~N1Fgg + I — D) Fpg, (3.6.23)

where we used that fact that MM 111 = [T and hence MM 1+ -T1) = 1.

Since the right-hand side of (3.6.23) lies in the range of I[I we may invert
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boundedly,

Nggr = M~ 1M - M)M 1% + M1 - 1) FgE. (3.6.24)
To recover the whole ggg we act with (I —II) on (3.6.22) obtaining

(I -gpg = —(I - M M1Fgg = —(I1 - IHM ' 11.Fgg. (3.6.25)

Adding (3.6.25) to (3.6.24) yields a regularized expression that accounts for

the shifts in the projections

gpE = MM — MM ' 11Fgg + M - (1) Fpg, + (1 - DM 1.
(3.6.26)

The operators M 1T and M ~'I1 are bounded using (3.6.21), while

s k . N

IM-Mlgs= lef’(g)—f’(g)llR* <cllg—&llr~,
IR-R| k>

Sce—zllv—vIIH}E,

=c

where | - |+« denotes the operator norm from L% into itself. The projections

satisfy

II-IDf g = 18"&, Fr -&& )R,
2 62 kz

sc5llv=-0lglfllg +c——llv="0lgm
€2 Hy f k €2 Hp

Applying these estimates to (3.6.26) and using (3.6.18) to estimate [1.Fgg we
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obtain

et k2 2R2

B L AT
leBE 7, _c( Tty 62)”” Ol I 2,

2
2 -
Sc(e +k)€—2||v—v||H}E.

Finally we write
GpE(v,vn) —9BE(D,0,) = gpE + M~ TI(FpE — FE),
and using (3.6.20), (3.6.27) estimate

3
1¥9BE(V, V) — CgBE(ﬁyvn)”H}e <c (6—2 + k) lv - ﬁllH}l?,

(3.6.27)

which is contractive so long as & <« ¢3 which holds with the large time-step

regime.

Within the large time-step regime the leading order iteration (3.6.17) sim-

plifies as k£ <« k2/e? and the dominant correction is given by the b1 term. To

compare to standard notation we rewrite the regime as €2 <« k=8 < 1 and

replace the internal parameter 6 with %, the result is the large time-step

interation (3.6.19).

3.6.2 Eyre-type iterations
For an Eyre iteration the map (3.6.2) takes the form

/

kg

k
eR +e€2) +e_2(92_ﬂ)’

k
v+€—2L+v=vn—(g—gn)+

O

(3.6.28)
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where we have introduced the Eyre linear operator
Lo=—(02+———0.)+fi(a)= o (R+e20)+fle),  (3.6.29)
T ® R+ez )17 R+ez ° 2o ren e
the explicit-term residual
%(U, Un) = f—(gn) - f—(g) + fi(gn)vm

and the nonlinearity

N (v,vy,) = N (V)= N (vy,),
which we further decompose into implicit and explicit parts

Ne(v) = Fr(g +v) = (F(@) + f1L(QW),

JV—(Un) = f—(gn + vn) - (f—(gn) + fi(gn)vn)
The operator L. is self-adjoint in the weighted inner product for which

the eigenvalue problem takes the form

B A
" R+ez

L+1/1 v,

subject to 0,y (—R/e) =0 and ¥ — 0 as z — oco. The coercivity estimate is sub-
stantially simpler than for BE as the operator L. is strictly positive without

constraint.
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Lemma 3. There exists a, >0, independent of R =1, such that
(L0, 0)R Z arlvlF, - (3.6.30)
R

1
forall ve Hp,.

Proof. Since f} =0 the normalized ground-state eigenfunction v of L., sat-

isfies

(e

AY = (Lo, vo)r = fR ((0:90)% + FL()w3) (R +e2)dz > 0.

—Rl/e

Since the ground-state eigenvalue is strictly positive, this establishes the L%{,

coercivity of L with a, = /15 . The H }3 coercivity follows as in Lemma 1. [

We assume throughout our analysis that |v|| . and ||v,|l ), are uniformly
bounded by § <« 1. We denote the right-hand side of (3.6.28) by & and intro-
duce

k
M+ :=I+_2L+,
€

which is strictly contractive on the full space L%, and re-write the Eyre iter-
ation as

v=%(,v,,R—-R,) = MIIHEE(v,vn,R -Ry). (3.6.31)

For the Eyre iteration the role of the projection I1 is diminished as M is con-
tractive without it. Our goal is to show the existence of amap R = Rg(,v,,R,),
for which

(Fr,8"YR =0, (3.6.32)
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to establish the contractive mapping properties of g, and to develop asymp-
totic formula for R and v. We do this in the long time-stepping regime, & > €2,

which has no lower bound for the Eyre scheme.

2

Lemma 4. Assume k > €. There exists a smooth function Ry : B mL(0) x

B H. (0) x R— R such that the profile g = g(z;R) satisfies (3.6.32). The function

R=Rg satisfies the implicit relation

€2 3 et
-R,=——— ,0e,—|. .6.
R-R C_R+O(e € k) (3.6.33)

where we have introduced the leading order Eyre time constant

_@eeir

(3.6.34)
|Ig'||?3
when f’ #0. Moreover we have the Lipshitz estimate
|RE(;vn,Rp) — RE(0;00, Ry < cebllv - llR, (3.6.35)
so long as 6 < 1.
Proof. Due to parity considerations, we remark that ||g’|| 12? =R| g ||i2 &) UP to

exponentially small terms. For brevity, and as an element of foreshadowing,

we approximate (R —R,,) by €2 in the O-error terms. Addressing the terms in
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ZgE one by one, we record

(Vn,8"YR = (Wn,(g' — g)))r = O(8¢€) (3.6.36)
/ / R _Rn
(€—8n,.8)R=-Ilg llig +0 (%), (3.6.37)
T R
<R +€Z )g >R - ”g ||L2(R) - R ) (3.6.38)
l /, I R _Rn . .
(%#,8"r = - (e)g 8 Rl ) +{f1(g)vn, 8 g +O(e%,e6), (3.6.39)

AN, 8" Rl < b2 (3.6.40)

With these reductions we can simplify the orthgonality condition, identifying
terms that are linear in R — R, and most relevant higher order terms. The

result is the balance

1 ! ', Un 52
__Qé§£§35+o&ﬁ,_y (3.6.41)
R clglk €

R-R, (1 N % ) __
€

where c_, introduced in (3.6.34) is positive since f’ > 0 by assumption. The
largest terms and error terms come from the residual, and we kept the lower
order constant on the left-hand side to emphasize that in the long time-
stepping regime, the residual dominates the natural time-step term. Indeed,
the iteration is independent of step size, &, given at leading order by (3.6.41).

To obtain the Lipshitz estimate we observe from the bounds above that
dependence of Rg on v arises from the balance of the linear R — R,, term in

the residual against the nonlinearity. Since both these terms are multiplied
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by %/e? this factor cancels and we have the balance

ce

R -Rg@)| s ——
|IRe(v) - Rg(@)| < @2 . 2n

|(JV(U),g/>R - (W(ﬁ),§'>R|-
The nonlinearity satisfies the Lipshitz properties
A (,0,) = AN (@,vp)lR < cbllv—Tlg,

while

. IRg(v)— Rg(®)|
/_ / < —_—
lg"—&'llrz<c . )

Adding and subtracting (A (7,v,),g")r and using (3.6.40), we arrive at the

estimates
IRE(W) - RE(@)| < ¢ (edllv -0l + 6| Rpr() — REr(D)]).

Imposing the condition § < 1 yields (3.6.35). O
We may now establish the main result on the Eyre sequence.

Proposition 3.6.2. There exists ¢ > 0 such that for any k > € the function
%r defined in (3.6.31) with R := Re(;v,,R,) maps BH}?(ce) XBH}?(ce) into

B;1(%95(0,v,,),€2) and is a strict contraction, satisfying
HR
1%0,vn) ~ G, 00l g1, < cellv =l (3.6.42)

In particular g, has a unique fixed point in that set, which we denote vy1.
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Moreover, if the Eyre balance parameter
y = ||L11Hofi(g)g’||H}12* <1 (3.6.43)

then for any p € (0,1) there exists ¢ > 0 such that for all vy € BH}le(ce) and

Ry > 1, the sequence {(vn,Rn)}Zr:’:1 satisfies v, € BH}{ (ce) and

R,.1-R, CE 1-
=— +0 (e 7P).
€2 R, (6 )

where the Eyre number, cg, is defined by

_ lg'I%
B @g g r + K Lf (), ()8R

>0, (3.6.44)

where K, >0 is defined in (3.6.52) and K. L7'T1> 0 is self-adjoint.

Proof. To establish the contractivity of ¥g we follow the arguments for back-

ward Euler, sketching only the differences. We introduce

gg = (M1 - M) Fg; (3.6.45)

and derive the expression

gg = MM, — M )M 195 +

M - I + (T - TDM ;1% (3.6.46)

The operators M;'IT and M 11 are bounded as L has no small eigenvalues.
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Using (3.6.35) we estimate

- k - ~
IMy—M.illr« = zllfi(g)—fi(g)llR* =cllg - &lr~,
IR -R|

<ec SC5||U—17||H}E.

Similarly the projections satisfy

II-IDlr« = lg'(g", )& — &', )R,

505”0_5”H11{

Applying these estimates to (3.6.45,3.6.46) and following the proof of (3.6.35)

to estimate [1.%g we obtain

2

€
lgellzr Scztﬂlv—ﬁlly}l2 IIIFBE L2,
2s2 4
8
<c €T+€7+€5+62 o=l (3.6.47)
Finally we write
Ga(v,v,) —9r(0,vn) = g + M TI(Fg — Fr), (3.6.48)

and estimate the g term from which the dominant contribution comes from

the residual

. k EIR-R
IIffE—?EIIRsce—ZIIf_(g)—f—(é)IlRsc€—2| c I,

ko ~
=c—llv-"7lRg,
€

64



3.6. Rigorous Radial Analysis of AC With BE and Eyre Time Stepping

where we used (3.6.35) in the last inequality. In particular we deduce that
1M (P — ‘%)”H}e < cedllv -1l g. (3.6.49)

Combining (3.6.47), (3.6.49) and (3.6.48), imposing & = ¢, and using & > €2 we
arrive at strict contractivity on B oY (c¢d) for any fixed ¢ > 0.
To establish bounds on the the fixed point v,.1 of ¥g(:;v,) we observe

from (3.6.30) that in the large time-stepping regime

1 ¢
M 11 <c—.
M. ||H}€* 7

Using this result we expand

Py = ek;zn fi(g)g’@ +fL(Qn | +O0(5,6,k).

Inverting M, we find, at leading order

R-R,

Uns1= L' (9)g' + L7 If (g)v, + O(?,62)

In particular we deduce that

R-R,

Un+1—

L7MIf(9)g'

<Ylvnllg +0(E,5%).
HL R
R

Arguing inductively, since the Eyre balance parameter y < 1 and the func-
tions ||L;1Hfi(g)g’ll H}, are uniformly bounded for all R = 1, we deduce that
if §:= IIUOIIH}E = O(e) then the sequences {(R —Rn)e_Q}év and {e‘lllvnIIH}{ }{)\7 are

uniformly bounded, independent of € <« 1 and % > €2 for all n < N so long as
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R,>1foralln=0,...,N.
To improve this bound we require Lipschitz estimates on the v, compo-

nent of ¥g. To this end we find

k
I65030m) ~ G300l < 1M+ 5 £ @)y 0 =Bl

62
= (Y"'O(z)) ”Un_ﬁn”H}le- (3.6.50)

Here we introduce the quasi-steady parameter p € (0,1). Since |R, —R,,| =

0(62—p) for |n—m| < Np =< ¢ P we infer that

| @) = LTl fL (g m)m  s < eV,
for all such n and m. For n > N, we define the quasi-equilibrium
L L VN
€
where E,, is the R = R,, translate of
E:=K,L'TIf (9)g. (3.6.51)
Here the self-adjoint operator

K,:=(I-L.Iof (g) " >0, (3.6.52)

is well defined since ||L 110 fl(g)IIH}z* =¥ < 1 by assumption. Using the Lip-
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schitz property (3.6.50) of g and the quasi equilibrium relation
107 = G (0ns;0n) s = O,
we deduce that
1051~ nsllgy < VIR =Vnellgs +0 (€27°).

for k = n—-me,...,n. Since )/NP <« € we deduce from an inductive argument

that
_ Rn _Rn—l
€

=0(%7P),
H},

Un E,

for all n > N;. Inserting this result in (3.6.33) we arrive at the leading order

Eyre iteration (3.6.44). O

Remark 7. There are two examples of particular relevance

fw) =u®-u,

with the decomposition fy = (1+ B)ud and f- = u+ pu? for B> 0. The choice
B =0 is classical and very degenerate, as in this case f'(u) =1 and the corre-
sponding Eyre balance parameter vy, defined in (3.6.43) is zero, and the Eyre
number, (3.6.44) is 1. In this case it is possible to rewrite Eyre’s method as
backward Euler with a rescaled time. In particular the slow convergence to
equilibrium will not be in evidence. For larger values of B the balance pa-
rameter increases from zero and the Eyre number decreases from 1. As the

balance parameter increases through 1 we anticipate enhanced slowing of the
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front profile as the Eyre number tends to zero. The choice of non-zero B can
be viewed as spurious, a deliberate attempt to foul the method. A more robust

example of non-zero balance arises naturally through the model
fw)=u’~pu’,

with B = 1. This suggests the optimal decomposition f, = u® and f- = pu®.
Here, unambiguously, increasing 3 increases the balance parameter and will
lead to non-trivial enhanced slow-down with potential instability as y in-
creases through 1. These analytic predictions are validated in a computational

study below.

Remark 8. To leading order, in the large time-stepping regime k > €2, the
Eyre iteration recovers backward Euler with the substitution k — cge?. This
reduces to the exact result for the case f(u)=u®—u and f-(u) = u, for which
f! =1, as the Eyre constant reduces to 1 since I1f_(g)g’ =Tlg' = 0.

The strong contractivity of ¥9g with respect to v, given in (3.6.42), arises
from the strong convexity with respect to v, but the slow evolution and marginal
convergence to the quasi-equilibrium, given in (3.6.50) arises from the balance
between the implicit and explicit terms. The parameter y measures this bal-
ance, with the quasi-equilibrium structure lost as y increases towards 1. In-
deed, since | K. | H.s ™ a —y)_l, the Eyre constant will generically tend to zero

asy— 1L
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Eyre with f(u) = u® —u?
€ M E
0.2 5,726 0.001
0.1 21,947 (3.83) 0.005
0.05 | 86,499 (3.94) 0.007
0.025 || 343,525(3.97) | 0.007

Table 3.9: Computational results for the AC benchmark problem with fixed
local error tolerance o = 10™* and ¢ varied, using Eyre’s method with reaction
term f(u) = u® —us. Here, M is the total number of time steps taken (with
the ratio to the value above in brackets) and E is the error in the benchmark
time.

Computational Validation of Remark |7

We perform computations for AC with the non-classical f(u) = u® —u?

(which also leads to meta-stable dynamics of curvature motion) using the
same initial conditions and accuracy criteria as described in Section (3.4.1/
BE performs almost identically to the results shown in Tables|3.3|and 3.4 for
the classical f(u) = u®—u in terms of accuracy and variation of time steps with
€ and 0. This matches the theory in Section |3.6.1 which can be summarized
as BE has profile fidelity when & = o(e).

When Eyre’s method is applied to the dynamics with f(x) = u® —u3, with
the natural splitting suggested in Remark |7, profile fidelity is lost as pre-
dicted. The formal prediction of 2 = O(¢%2) which was seen computationally
for f(u) = u® —u in Table|3.4 is not observed for f(x) = u® —u3. Rather, we see
k = O(e?) as predicted by the theory in the previous section. The numerical

results are shown in Table|3.9.
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3.7 L2 coercivity of L

Here we show the technical argument for Lemma (1. For u,v € H(R) we

define the inner product

l
(u,v)y ::[ u(s)v(s)ds,
l

with the standard norms L% and H } while L%C is defined in R\[-/,/]. Let L

be as defined in (3.6.6).

Lemma 5. Fix ¢y > 0 sufficiently large there exists a > 0 such that for all
>/ 0

(Lou,u) = a, 3.7.1)
forall ue H} N L23(R) satisfying (u,g')Lz(R) =0and 1= IIuIILz; > IIuIILz;C.

Proof. Let ¢ be the minimizer of (Lou,u), over H(R) subject to ||lu ||L§ =1land
the full-line orthogonality (u,v¢)r2®) = 0. By scaling, the minima is attained

with |||l L= % and satisfies
Lop =19, on[-2¢,4],

subject to Neumann boundary conditions ¢,(+¢) = 0, in addition to the full
line orthogonality condition. The operator Ly on the truncated domain has
eigenvalues )Lg < /1{ < ... which are O(e~%’) far away from the eigenvalues
of Ly on the full line. In particular )L(’; may be negative, but the rest are

uniformly positive. In L% we partition ¢ = ,61//5 +¢t, where wg is the L%
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ground state of Lo and ¢+ € L% is L% orthogonal to u/g. Then we have
(Lod,$e = Aoff* + ALIP 17 (3.7.2)

On the other hand the orthogonality condition implies that

($,8"r=0=p+(),8"¢e.

where the subscript /¢ denotes integration over R\[-/,¢] with the corre-

sponding norms. In particular we deduce that

’ ’
< <
1Bl = ||¢||L?w lg ||L30 <lg ”Lic ”‘P”L%

Since g’ decays exponentially at +o00, is complementary norm is exponentially

small in ¢. From orthogonality of wg and ¢ we have
2 _ p2 L2 L2 12 2
||<P||L3 =p"+l¢ ||L§ <l¢ ||L3 +lg ||L§,c ||(P||L§~

or equivalently
1

1=|¢)% = ————
|I<P||L3 12,
L(D

L2
oIl 2
and taking ¢ large enough we use these bound in (3.7.2) to show that «a is

exponentially close to /1‘17 > 0. O

To complete the proof of Lemmall] we take ¢ sufficiently large to apply
Lemma5| and then take € sufficiently small that €|z| < €/ < 1. Under these

conditions L% and L%(—[,Z) are equivalent norms, uniformly in €, and we
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have uniform L%(—f ,?¥) coercivity of L. Conversely, L is clearly L%, coercive on
[—R/e,00)\[-¢,¢] since f'(g) is strictly positive there. Clearly L is uniformly
coercive on function with more than half their L% mass in [—R/e,0c0)\[-¢, {].
The g’ orthogonality condition implies approximate orthogonality to v for ¢

large. From these we deduce the full L%-coercivity of L over X.
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Chapter 4

Various formulations and
thelr numerical results of

oxygen depletion problems

The Oxygen Depletion problem is an implicit free boundary value prob-
lem. The dynamics allow topological changes in the free boundary. We show
several mathematical formulations of this model from the literature and give
a new formulation based on a gradient flow with constraint. All formulations
are shown to be equivalent. We explore the possibilities for the numerical
approximation of the problem that arise from the different formulations. We
show a convergence result for an approximation based on the gradient flow
with constraint formulation that applies to the general dynamics including
topological changes. More general (vector, higher order) implicit free bound-

ary problems are discussed. Several open problems are described.
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4.1 Discussion

The Oxygen Depletion (OD) problem is a free boundary value problem
of implicit type. Implicit here means that the free boundary is specified im-
plicitly by an extra boundary condition rather than explicitly as an interface
normal velocity as for a Stefan problem [72, 79, 86]. The OD problem was in-
troduced as a model of oxygen consumption and diffusion in living tissue but
closely related problems have similar problem structure. Some of the early
work is described in [25] with a great deal of subsequent interest from the
analysis and numerical research communities in [6, 36, 63, 75, 79]. In the
current work, we pursue an understanding of the analysis of the OD problem
as the simplest example of an implicit free boundary value problem. We are
motivated by an interest in a general class of implicit free boundary value
problems of which some examples are given at the end of this work. We point
out several open problems which are summarized in the final section.

By way of introduction, we present the OD problem in 1D for an unknown
u(x,t) for x € [0,s(¢)] with a single free boundary x = s(¢) and a no flux con-
dition u, = 0 at x = 0. At the free boundary, u = 0 and additionally u, = 0.
These two conditions implicitly define the free boundary x = s(¢). In higher
dimensions it is the vanishing of the solution value and is normal derivative

at the boundary. The solution obeys

U =Uge—1 4.1.1)

for x € [0,s(¢)] and it is natural to extend u =0 for x > s(¢) ina C I continuous
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Oxygen Depletion Model, Y-Formulation Oxygen Depletion Model, Gradient Capturing Formulation
T T T T T 0.025

0.02

0.015
—_

u(x,t

0.01

0.005

0 0.2 0.4 0.6 0.8 1 1.2 0

X . X

Figure 4.1: A high accuracy 1D solution of the OD problem without topolog-
ical change (left). 1D solutions of the OD problem with topological changes
with a capturing method (right).

way. We consider positive initial conditions for u in [0,s(0)). This is one
of the forms of the OD problem forshadowed by the title. In another OD
formulation, the time derivative u; satisfies an explicit free boundary value
problem that can be described as a one sided Stefan problem from which
short time solution existence and regularity can be inferred under certain
conditions. A similar reformulation can be made with an explicit velocity as
a higher derivative of the solution. A further formulation, suitable only in 1D
and specialized geometries in higher dimensions, results when x € [0,s(¢)] is
mapped linearly to y € [0,1]. The numerical approximation of the resulting
fixed boundary problem is of Differential Algebraic Equation (DAE) type and
can achieve high accuracy. Our numerical approximation is inspired by [75],
where the author shows that s(¢) is smooth using the idea that maps the free
domain to a fixed domain.

An example of the dynamics computed on the DAE formulation in the
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Figure 4.2: A captured 2D solution of the OD problem with topological
change.

mapped region is shown in Figure (left). Here, s(¢) initially moves to the
right driven by diffusion and then to the left as u values decrease due to
the consumption term. The solution in this formulation ends when s(7') =0
(u =0). A specialized method in this general framework was developed in
[63] to accurately compute both the solution and the end time of the dynam-
ics. The formulations discussed so far are suitable when the solution does
not undergo any topological change. Solutions of can go negative, but
physically relevant values of concentration have u = 0. In the 1D case, pre-
serving nonnegativity results in the break up or merger of intervals where

u >0 as shown in Figure (right). Topological change can be more complex
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in higher dimensions as seen in Figure 4.2l

A weak form of the solution can be introduced using a variational inequal-
ity approach (4.2.3)[62, 73]. In what follows, we use this formulation as the
basis for equivalence to the others. This formulation is amenable to approx-
imation using the Augmented Lagragian Method [49, 50, 53]. The compu-
tations in Figures 4.1(right) and |4.2| are done with a method based on the
formulation of the OD as Lo gradient flow with constraint on the energy from
the elliptic obstacle problem. The obstacle problem has had considerable in-
terest in the literature [11, 40, 56, 65, 87]. We also introduce a regularized
approach with parameter €, similar to the approach in [6], where we approx-
imate the non-linearity by a family of Lipschitz monotone nonlinear terms.
We show that the limit as ¢ — 0, the approximated solutions u. converges to
the desired solution to OD. Throughout this chapter we show the equivalence
of different formulations discussed above, each of which opens up possibilities
for numerical approximation. We pursue some of the numerical approaches
in more detail.

This chapter is organized as follows. In Section 4.2 we present the dif-
ferent formulations with technical details and show their equivalence. In
Section |4.3| we present the numerical schemes and provide some analytical
convergence results in some cases, numerical evidence of convergence in oth-
ers. In Section 4.4 we show some additional results on the dynamics. In
Section [4.5 we present some other implicit free boundary value problems of
interest and indicate how our results can be extended to them, with some
open questions. We end with a short Summary that includes a list of open

problems.
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Notation in this chapter

Notation in this chapter

We define the space H1(Q) := {u € HY(Q) : u = 0}. For bounded domains
Q we add homogeneous Neumann boundary conditions on Q). We further
denote _# to be collection of functions v € Lz(O,T;H 1(Q)) such that v(t) e H }r
for a.e. t€(0,T). In some instances, we denote space derivative in 1D case
by u'(x) and time derivative by u(#). We also abuse the notation Q to denote

(0,1) in 1D case.

4.2 Equivalent Formulations

4.2.1 Standard formulation in 1D

The one-dimensional oxygen depletion problem with associated free bound-

ary and initial conditions is as follows:

Up=Uge— 1, O0<x=<s(t)
u(x,t)=0, x> s(t)
4 4.2.1)

u(s(t),t) = uy(st),t)=0, t>0
u(x,0) =uplx), O<sx=<1

s(0)=1.

We assume here that u( satisfies all necessary smoothness and compatibility
assumptions needed in the analyses cited below. By literature convention, we

consider here a problem with a fixed, no-flux boundary condition at x =0 and
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4.2. Equivalent Formulations

only one free boundary s(¢) > 0. Uniqueness and lack of topological change
when u( < 0 follows from a modified maximum principle argument [36].
Existence can be seen by considering v = u; which satisfies a standard

Stefan problem [25] with explicit interface velocity:

Ut = Uxx, O0<x<s()
v.(0,) =0, t>0
v(s(#),t) =0, ve(s(®),t)=—-5(), ¢t>0

s(0)=1.

One can check the function u = fot v dT solves the oxygen depletion problem.
To prove existence and uniqueness of Stefan problem, one can verify that the
map

¢
T)()=1 —f ve(s(r), 7)) dt, T=t=0,
0
defines a contraction map [59].

Remark 9. The reformulation in v = uy to an explicit free boundary problem
with interface velocity equal to —v, can be reinterpreted as a normal velocity
for the problem for u with velocity equal to —vVy = —Usx = —Uxxx. The authors
are not aware of any analysis or computational methods based on this velocity

expression with higher order spatial derivatives.

We make the following plausible conjecture for the dynamics of the Cauchy

problem in 1D with initial conditions uo(x) € H: with compact support:

Conjecture 4.2.1. Assume ug has a finite #(0) where #(t) counts the number
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4.2. Equivalent Formulations

of free boundary points:
FL(t)={x:ulx,t) =0 and u(y,t) > 0 for some y in every neighbourhood of x}.

Then
(1) FL(t)is finite for every t > 0.

(ii) There exits a finite increasing sequence of times tj, j=0...M with to =0
and card #(t) := nj constant on every interval (tj,t;+1) and u =0 for

t=ty.
(iii) F(t) = {s1(2),s2(2),...5n,(D)} for s;(¢) smooth on (¢},t;+1).
(iii) u(x,t)is Cq for t >0 and Cy except at free boundary points.

Recent related results have been shown for the Stefan problem [37]. Simi-
lar analysis of the OD problem is complicated by the reaction term that allows

the formation of new zones of constraint.

4.2,2 Mapped domain formulation in 1D

Considering the same smooth solutions in 1D discussed in the previous
section, we consider s(¢) >0 in ¢ € [0,T'], take y = x/s(t), and reformulate oxy-

gen depletion problem as
. 2 2 _
Uyy+88yuy—s“u;—s"=0 (4.2.2)

with boundary conditions u,(0,¢) = u(1,#) = u,(1,¢) = 0. Over a short time

period, we assume that $(¢) and s(¢) are uniformly bounded, thus the linear
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4.2. Equivalent Formulations

operator is parabolic. Assuming s(¢) is known, uniqueness of u is not an issue;
however, to prove uniqueness of the solution pair (s, %), we introduce the map
@: X — Y, where X is the closed subspace of H(H2([0, s()]);[0, TT)x C1([0, T'])
that solves OD system and Y is the closed subspace of HY(H?([0,1]);[0, T]) x

C1([0, T1) that solves the reformulated system:

G((u(x,t),s(2) = (u(y,t),s@) :=U(y-s(t),t),s(t)).

where U(x,t) is the solution from the previous section. One can check that
the map ¥ is a bijection and so all solutions of (4.2.2)) are equivalent to the
solutions in the standard formulation of Section 4.2.1. A numerical method

based on this formulation is presented in Section |4.3.1|

Remark 10. A direct analysis of this formulation would be useful as a step-
ping stone to a convergence proof for the numerical approximation in Sec-
tion 4.3.1 and an analysis of the general class of problems in Section 4.5 We
have not been able to make progress on such an analysis. There are subtleties
in the problem: note that changing —s® to +s® makes the problem ill defined

as s(t) = +oo for t > 0 in that case.

4.2.3 A parabolic variational inequality formulation

To proceed with the discussion of the problem in higher dimensions with
topological changes, we consider the standard approach to weak solutions in

this setting: a variational inequality formulation [57, 62]. We consider the
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4.2. Equivalent Formulations

following problem: find a function u € _# with ©(0) = u¢ € H! that solves
t t t
f f ut-(v—u)+f f Vu~V(v—u)2f f u—v;forallve ¢, ae. t€(0,7).
0 Ja 0 Ja 0 Jo
(4.2.3)

Proposition 4.2.2. The variational inequality (4.2.3) has at most one solu-
tion and in fact suppose u1 and ug solve (4.2.3) with distinct initial conditions

u1, and ug, then
lug - u2||Loo(o,T;L2(Q)) < lluiy —uglirz)- (4.2.4)

Proof. Note u; € ¢ satisfies (4.2.3) for j=1,2, in particular

t t t
[fatul'(u2—u1)+f[Vu1'V(u2—u1)2f[u1—u2,
0 JQ 0 JQ 0 JQ
t t t
[ f atUQ-(ul—u2)+f [ VuQ-V(ul—uz)zf [ ug—Uui.
0 JQ 0 JQ 0 JQ

Summing two inequalities above and denote w = 1 —u9, one has

t ¢
ffatw-w+//Vw-VwSO
0 Ja 0 Ja

t
2
:fo fﬂ(w )t <0 = [wllze(o,m;22(0)) = lwollz2)-

O
Theorem 3. There exists a unique solution to the variational inequality (4.2.3).

Note that this can be done by a standard monotone operator argument and

we refer to [62].
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4.2. Equivalent Formulations

Note that any smooth solution u to (4.2.1) must solve (4.2.3) and by unique-
ness the solution to (4.2.3) therefore solves OD. To see this, we first observe
that u = 0 and therefore u € _#. Resulting from that, we obtain that for any
ve _¢ and for a.e. £€(0,T)

¢ t t ps(r)
ffut'(v—u)+ffVu'V(v—u)=ff (us—uye)v—u) dxdr
0 JQ 0 JQ 0 JO
t ps(t) t
fo u—vdxdrszu—v.
0 Jo 0 JQ

4.2.4 A gradient flow formulation

In this section, we formulate the OD problem as the Lo gradient of the

energy from the elliptic obstacle problem. A formal calculation with
1 2
&(t) = f EIVuI +u

leads to
d&
— =— | (Au-1)2
77 f( u-1)

It is convenient to present the equivalence of the gradient flow formulation
as the limit of implicit time steps as this gets us half way to the convergence
result for the fully discrete method described in Section [4.3.2| The spatially
continuous, time discrete solutions u, approximate u(-,nk), where k is a time
step. We consider the following minimization problem for u = u,.1 to the

following energy functional:

E[ ]—flw |2+i( —u,)? (4.2.5)
ul= 02 u o U—1Uup u, 2.
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4.2. Equivalent Formulations

for u € H!. Existence and uniqueness of the minimizer is guaranteed by the
standard calculus of variation technique and convexity of the energy func-

tional [81].
Remark 11. By defining the discrete energy &" := f%qunI2 +u,, we can see
that &1 < &™. This can be derived by considering E[u] = f%IVuI2+u+ %

with Elu,+1]1 < Elu,l. This gives the discrete gradient flow structure.

Euler-Lagrange equation of the energy minimizer

We will derive the corresponding Euler-Lagrange equation for the mini-

mizing problem following the idea from [40]:
Theorem 4. Suppose u is the unique minimizer to the energy minimizing

problem (4.2.5), then u is the (weak) solution to the following modified back-

ward Euler scheme:

U—Up " X{u>0}

% :Au—)({u>0}.

To begin with, we consider an equivalent energy minimizing problem:

i 1 1
Elul :=f§|w|2 + ﬂu2+(1— %)uﬂ

subject to
H ={veH (Q): a—”m =0}
on
where u* = max(u,0).
Lemma 6. There exists a unique ii € X such that

Eld]=minE[v];
veX
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4.2. Equivalent Formulations

moreover such i is the unique minimizer to (4.2.5).

Proof. Firstly, by similar argument, the existence and uniqueness of this en-
ergy minimizing problem can be proved.
Now to show the equivalence of these two minimizing problem, we recall

that the minimizer u =0, so

minE[v] = E[u] = E[u] = min E[v];
VEX VEX

On the other hand, to show

minE[v] < minE[v],
VEX veX

we note that for any v € #, the corresponding v* € H! under the assumption

that u, = 0. As a result,

Elul<E[v*1<Elv]

for any v € #, hence

Elul< nvle[v].

Now since E[u] = E[u] = minE[v], we have @ = u by the uniqueness.

O

It remains to derive the Euler-Lagrange equation for this new energy

minimizing scheme.

Proposition 4.2.3. Suppose u is the unique minimizer to Lemma |6} then u
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is the (weak) solution to the following modified backward Euler scheme:

U—Upn " X{u>0}

% :Au—)({u>0}.

The proof of this result is found in Section 4.6,

Regularity of the minimizer
We follow the idea in [8] to formulate our problem in a variational in-
equality:

uEHJlr:fQVu-V(v—uH%(v—u) dxzfg(%—l)-(v—u)for allve HY. (4.2.6)

To see the equivalence of the energy minimization and elliptic variational

inequality we now state the proposition.

Proposition 4.2.4. Any solution to the minimization problem (4.2.5) is also

a solution to the variational inequality (4.2.6)) and vice versa.

Proof. Suppose u is an energy minimizer to (4.2.5). Let ve H 1, note that H }r
is convex then (1 —A)u + Av € H! for any A €[0,1]. Using (1-A)u+Av as a

competitor in E[u] < E[(1 - A)u + Av], we can derive from the order O(A):

Un

u 1
fQVu~V(v—u)+z(v—u)dxzfg(?—l)-(v—u), YveH,.

The reverse can be proved similarly.

O

Note that this formulation uses convexity of H!; the optimal regularity of
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u is Cll’lz
ocC
Theorem 5 (regularity). Suppose u is a solution to (4.2.5) (or (4.2.6)), then

there exists a positive constant C such that
1
18Ul = C(1+ 2 lnloo + 1At o)

Moreover, for each compact K < Q) there exists a positive constant ¢c(K) > 0 such
that

supsup|D; u(x)| < c.
i,J

The proof follows from [8], where penalty argument is applied together with

a non-degeneracy argument, which we refer to Lemma 1.2 from [8].

Remark 12. This upper bound can be improved by applying energy gradient

flow. By competing u with u, in Elu] < Elu,], we have

1 2 2
Ellu— unlly < IVunlly + llunlli.

By applying the penalty argument in [8], we can derive that
IAulle <= Clupllgz + 1.

Time-discrete variational inequality and Rothe’s method

In this section, we will show the energy minimization scheme has a limit
as the time steps £ — 0 that solves the parabolic variational inequality (4.2.3).
We consider the energy minimization scheme as in previous sections and by

Proposition 4.2.4], it suffices to show the following lemma.
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Lemma 7 (Rothe’s method). Suppose for each j=1,---M, where M = T/k,
u;j is the unique minimizer for E j(u) as defined in Theorem 4, Then u =
limy, g up(x,t) exists and solves the parabolic variational inequality (4.2.3).

Here uyy is the associated linear interpolation defined by
up(x,t):=(1-0)-ujx)+0-uj1(x), for t =(j+0)k, 0 €[0,1).

Proof of Lemma |7, Our proof follows [51, 73]. First, note that u; is the unique
minimizer of E; and as discussed earlier in Proposition 4.2.4, it satisfies the

elliptic variational inequality (4.2.5):
-y ) das 1(@—1)-( —upforallve H. (4.2.7)
0ujv u; kvu] x_o 5 v—uj)for all v L. (4.2

Taking v =u;_1, one can derive

/
j,

(u u}_l - u}) + %(uj,uj_l —uj;) = %(uj_l,uj_l —uj;—(1,uj-1—uj.
Similarly we take v = u; for j — 1’s inequality case
, ;o 1 1
(uj_l,uj—uj_1)+E(uj_l,uj—uj_l) > E(uj_g,uj—uj_l)—(l,uj—uj_l).
Adding the two inequalities above gives

2 / / 2
lwj—ujalg+lu;—u; qlg=—(uj—uj1,uj-1-u;2).

A 2

88



4.2. Equivalent Formulations

Note that when j =1, we choose v = uy and hence

J
1 2 l 2 l ! ! "
Ellu1—uoll2+llu1—uollzs|<u0,u1—u0>|+|<1,uo—u1>|S(Ilu0||z+1)'||u1—uoll2-

Therefore we obtain that

(oAt

<C
A o <

for any j=1,---,M and a positive absolute constant C. Note that ujs(¢) =

YimhiL _uj'l, therefore by Arzela-Ascoli, up(f) converges to some function u in

C([0,T1,L?((0,1))). Then we can define
upm(t)=u;j, for t e [jk,(j+ k),

similar to Lemma |8 and Remark |14, 37 converges to the same u. Indeed, u?\/[
converges to u’ weakly in L2((0,T),L2((0,1))). As a result, rewrite (4.2.7): for

any ve H:

(um@®),v@) —up @)+ war',v' —un'y = —(1,v —un), (4.2.8)
which holds for a.e. t € (0,T). For arbitrary 71 < 79 in [0, T,

f w00 - T () + @ap v’ — @ap'y dt = — f CLo-m dt, (4.2.9)
T1 T1

letting £ — 0, we have the desired result

f .0 - @) + W v —uy dt = — f " Lu—w dt, (4.2.10)
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for almost every 71 < 79 in [0, T'].

4.2.5 A regularized formulation

We introduce a formulation using a regularization method with parame-
ter € proposed first in [6]. Here, we will see convergence in regularized solu-

tions u.(x,t) as € — 0 to the other OD formulations.

Ostee = Oxxlie — fe(ue), (4.2.11)
where
1 wuc>e
fe(ue) = (4.2.12)
Ue
— uc<e,
€

with same initial condition ug(x). Note that f.(x) is a Lipschitz function and
as a result u. exists as a smooth solution for each € > 0 with u.(x,¢) > 0 for all
x>0and¢>0.

We consider u., and u., with €; < ea. Denote their difference by w =

Ue, — Ue,, then

01w — Oy = _fel(uel) + f€2(u€2)-
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Note that,
0, ifu€1>€1,u€2>62
Ue .
——+1, ifue <€1, ue >e€
€1
= fer(wey) + fey (e,) = 4 e : (4.2.13)
—1+—2, ifu€1>€1,u€2562
€2
Ue Ue .
-——1 42 , lfuglié‘l, Ue, = €2
€1 €2
We observe that
Ue .
-1+—2<0, ifue, >€1, ue, <€
€2
Ue, Ue, w 1 1 .
——t—=—— U | — — ]|, ifuc, €1, ue, <€
€1 €9 €1 €2 €1
Ue, <Uey » ifuc, <e€1, ue, >e€9;

so if we assume the maximal value of w is achieved at (xg, o) with x¢ € [0,1]
and ¢y > 0, then w(xg,tg) > 0, 0;w(xg,tp) = 0 and O, w(xg,t9) < 0. It contra-
dicts all 4 cases discussed above. It gives a partial result of the following

statement:

Theorem 6. Suppose a sequence of classical functions {u.} solve (4.2.11)), then
ue is monotonically decreasing as € decreases to 0. Moreover, the limiting
function

limu.=u
e—0

holds pointwisely. This limiting function u solves the variational inequality

(4.2.3).

The details of the proof can be found in Section 4.7, An alternate conver-
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x=1-h
x=0 x="1
0 P ... —eleegele—@e—] O
f U'l / UN /
UD U
ghost point N-1 UN+'I
ghost paint

Figure 4.3: Cell centered finite difference spatial approximation of the 1D
mapped domain formulation

gence statement and proof is given in Section |4.8. While there is theoretical
insight to be gained from this formulation, it is unnatractive for numerical
approximation for application purposes as free interface locations are not eas-

ily identified from ¢ > 0 results.

4.3 Numerical Approximation

4.3.1 Mapped domain method

We consider the discretization of the mapped domain formulation (4.2.2)
in space using cell centred finite differences. We first discretize in space,
leaving time continuous (known as a Method of Lines — MoL — discretization)
with approximations u’/(¢) = u((j — 1/2)h,t), j =1...N where A is the uniform
grid spacing with N subintervals of y € [0,1]. The interface location s(¢) is

approximated by S(z).

Boundary conditions are implemented using ghost points [84] u°(¢) = u(-h/2,t)
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4.3. Numerical Approximation

and vV *1(t) = w(1+h/2,¢) depicted in Figure 4.3, Boundary conditions at y = 1

are implemented using second order averages and differences:

@N+uMy2 = o (4.3.1)

@ —uNyn =0 (4.3.2)

which implies that uV = N*! = 0. The no-flux boundary condition at y = 0 is

approximated similarly. The MoL discretization for the interior equations is

Dou’/ +SSyD1u’ —S%u/ — 82 =0. (4.3.3)

where D9 and D are the standard centered second order finite difference
operators. The system (4.3.14.3.2/4.3.3) is a Differential Algebraic Equation
(DAE) [3] and has index one. The computation shown in Figure 4.1 (left) is
of this system using Implicit (Backward) Euler time stepping with Newton
iterations for the resulting nonlinear system at each time step. In a compu-
tational study, we observe errors of size O(h2)+O(k) where k is the time step,

as expected for a second order spatial and first order temporal discretization.
Remark 13. The convergence of the method has not been proved. The missing
direct analysis discussed in Remark 10| could give insight.

4.3.2 Energy minimization method

In this section, we continue the discretization of the gradient flow for-
mulation from Section |4.2.4| and discretize in space with u}, = u(ih,nk). We

consider the discretization in one spatial dimension for ease of presentation
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4.3. Numerical Approximation

but the argument extends to higher dimensions. The energy minimization

problem (4.2.5)) is approximated by the discrete minimization of

N-1p (i1 _i\2 N(1,. 2 .
EN =Y _(u) +h- (ﬂ(ul—u;) +u], (4.3.4)
=0

i02\ h

12

where N the number of grid points with N = 1/A, assuming without loss of
generality that all positive values of u are captured in the interval (0,1).
We solve this minimization problem subject to all non-negative discrete data

=N . (ul

2 N . B . o . . .
Up,qt nils U1 Uy, ). This is a convex, quadratic minimization prob-

lem with linear, inequality constraints and so has a unique global minimum.
We show below that the solution to the discrete optimization problem con-
verges to the OD solutions as A,k — 0. In Section [4.3.3| we discuss the tech-
nique we use to solve the optimization problem. This method gives the com-
putational results shown in Figures |4.1| (right) and 4.2l

Denote M = T'/k, we use {ii,},-1 to define an approximate solution:

(1—1)-uglx) +t-ul (x) for t € [0, %)

unm@,t)=9  (1-t)-uN@+t-ul (x) fortelik,(i+1k)  (4.3.5)

A-)-ull ) +t-ul(x) fortel(M-1)k,TI,

where ug(x) is the initial condition and for 1 <j <M,

N-1
ujV (x) = ; u'-A(Nx—1), (4.3.6)
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4.3. Numerical Approximation

where A(x) = (1—|x|)", the linear approximation function, therefore the point-
wise limit

uj :]\}i_rgou;v (4.3.7)

exists. For convenience we also define
— N
u?’(x) = 21 Ul X(G-Dh,in) (%) (4.3.8)
1=

where y7(x) is the characteristic function on the interval I and

up(x,t)=(1-1t)-ujx)+t-uj1(x), for t € [jk,(j+1)k). (4.3.9)

Remark 14. We observe that both approximations uiv (x) and LZ? (x) will con-
verge to the same limit in L?(0,1) and similarly for un m(x,t) and un pm(x,t).
If the energy is bounded then by Poincaré inequality and Arzela-Ascoli Thm,

uniform convergence can be obtained.

Theorem 7. Suppose ﬁfj .1 Solves the discrete minimization problem (4.3.4),
then

u(x,t)= lim lim uyy

1
M —ocoN—o0

with h = 1/N and k = T/M exists in _# and u is the solution to the variational

inequality (4.2.3) that is

t pl t pl t rl
f f ut-(v—u)+f f u'-(v'—u')z[ f u—-v;forallve ¢, ae te(0,T).
0 JO 0 JO 0 JO

The proof relies on 2 lemmas. To start with, we give definitions of gamma

convergence of energy functionals shown in Lemma |8 as given in [27]:
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4.3. Numerical Approximation

Definition 4.3.1 (Gamma convergence). We say that the sequence of function-
als {8} : X — RuU{—o00,+00} where X is a metric space, I'-converges to & if the

following conditions satisfied:

i whenever x,, — x, &(x) <liminf, &,(x,);

ii for any x € X, there exists x, — x in X such that limsup,, &,(x,) < (x).
The following is a relevant property of I'-convergence:

Proposition 4.3.2. Given a metric space X and suppose a sequence of func-
tionals defined &, defined in X I'-converges to &. Assume that for each n, x,
is a minimizer of &,, and if x is a cluster point of {x,}, then X is a minimizer

of &.
We refer the proof to [27]. In what follows

1

R
2k(u up)+u

11 N2
En+1=f Ly s
0o 2

with u(x) = u,+1(x) defined in (4.3.7).

Lemma 8 (Gamma convergence of discrete functionals). For each n, E]: 1

I-converges to E ,+1 as N — oo or equivalently h — 0 in L2((0,1)).

Proof of Lemma 8, We follow the proof in [27].

To show (i): let uV € L2((0,1)) such that liminfEﬁcrl(uN) < +00 and therefore

there exists a subsequence u™t such that limEJ,:] il(uNk) = liminfE]: +1(uN ).
Ny,

For each &, there exists ﬁ]:jﬁl € RNVe+2 gych that uMr = u,,

1(ac) as in the defini-

tion and E]:f_l(uN k) = Egjl(ugil). By the previous Remark 14} both uflvfjl and
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uﬁ";l converge to the same limit u in L2, we have

_ i 2 N, \2
ka“lﬁ un++11 un+1 =f dun-lie—l
i=0 2 h o\ dx |’

and thus

i+1

2 1h —ui 2
f(u)2<hmf ( ”+1) <11n11V1an 2(—”+1h ”+1).

On the other hand,

N1, 2 . 11
h- —ui =il + z) — - _ “Niy2 + "N
i:O(Zk (u un) u 0 2k(un+1 up") Ui

Applying the uniform convergence we obtain that
! N 2
fo —(u—-uy,) +u<11mf —(unjl—unk)2+u hmmfh Z( ’ (u -u ) +ul).

These two estimates lead to E,,+1(u) < hmlnfEN 1(u ).
It remains to prove (ii): suppose u € L2((0,1)) with E,.1(x) < +00, so u €

H' and hence continuous. We then let u;l 1= u(i/N) hence define the vector

N

. . . . . . N . .
w1 With the piecewise linear approximation v, ;(x) and piecewise constant

u

approximation u +1(®). They converge to u uniformly by remark |14, Then it

can be shown similarly that

limsupEY, (. ) < E,i1(u).
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4.3. Numerical Approximation

As a result of Lemma |8 and Proposition |4.3.2, we obtain the following corol-

lary immediately:

Corollary 8. Suppose ulry .1 are minimizers of Ezry .1 then uJ’:’ .1 converges to a
function un.1 in L2((0,1)) up to a subsequence as h — 0 and such w41 is the

minimizer of E 1.

Now that v :=limy uiv is the minimizer of the continuous functional E; for
j=1,---,M; it remains to show that u(x,t) = limps_o up(x,t) solves the vari-
ational inequality (4.2.3). Recalling the Rothe’s Method (Lemma |7) and com-
bining results of Lemma |8 and Lemma |7, we therefore complete the proof of

Theorem 7|

4.3.3 Discrete Optimization Scheme

We consider the details of the discrete optimization problem (4.3.4). The

corresponding Lagrangian problem is

u Un
~Dou+—+A=-"-1

2U 2 A ’
1;<0,u/ =0 Vjed

2;=0, u' >0 viel,

where I and J are a disjoint partition of the grid points. The partitions divide
those points J where the values are at the constraint and those points I (“I”
for inactive constraint) with positive solution values where the corresponding
derivative of EN must be zero. Note that A; <0 for j € J corresponds to

AEN/ou’ > 0, a necessary and sufficient condition for optimality (the KKT
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4.3. Numerical Approximation

conditions [82]). There are many techniques available to solve such quadratic
optimization problems with linear inequality constraints. We take advantage
of the simple structure of the problem and the fact that there is little change
in the index sets from one time step to the next in the following algorithm. It
is an iterative algorithm with vectors ™, 1™ at each iteration. The matrix

A =1/k — Dy, where I is the identity.

Algorithm

Step 1 Initialize u? = 0 (component-wise), 1) = min{0, %" ~1-Au®}. Set
m = 0. Repeat steps 2-5 until the convergence criteria in step 3 is

reached.

Step 2 Construct the index sets

J™ = {(j: A <o},

I = {j: A =),

For any i € I'™ such that ™" <0 move i to J™.

Step 3 If J™ = J™=D _the solution u = u™. Stop.

Step 4 Solve for 1™+ and A using
AumD =Y 1,
k
A=0onI™,

u™*D =0 on JM.
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4.3. Numerical Approximation

This is equivalent to solving sequentially for (z™*D 1) that satisfy
u
AP = (=2 -1y,
k
(m+1) _
u; =0,

A=t -1-Aumy,

Here vector subscripts I and J give the sub-vectors with those com-
ponents and Ay is the block of the matrix A corresponding to the I

components.
Step 5 Update A"V = min{0, A}. Increment m.

Theorem 9. Let 0 < u'Y < u (component-wise). The algorithm above con-

verges in finitely many steps.

Proof. A proof is found following closely the ideas from [53] for a similar ap-
proach to the elliptic obstacle problem. Monotone behaviour in the index sets
I is shown and since N is finite, the algorithm converges in finite steps.
Use is made of the properties that the sub-matrix A;Il has positive entries
(A7 is monotone) and Ay has non-positive entries (values zero or —1/A2) for

any index sets I and J. O

Remark 15. While the proof of iteration convergence above is limited to start-
ing conditions 0 < u'® < u, we implement the method with u'® = u™ and start-
ing index sets from the converged iterations at time step n. This initialization
falls out of the scope of the analysis but works well (no failures, few iterations)

in practice.
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Remark 16. Similar index (active set) iteration methods have been used in
capturing methods for other implicit boundary value problems. Two of these
are discussed in Section 4.5 A general theory for the convergence of these

iteration strategies is not known, but they can perform well in practice.

4.4 Additional Results

4.4.1 Final state decay

Consider the 1D case. Under sufficient regularity assumptions, u,, =1 at
the free boundary. If u; <0 (uy, < 1) for all x at some time ¢., then by the
maximum principle for u,, (which formally obeys the heat equation) we have
us <0 for all x and all ¢ > .. Thus we expect that the solution will decay
uniformly after some time. We show a related result for the implicit time
step, spatially continuous formulation of Section 4.2.4.

We assume u,, < u,,—1 (pointwise) for any m = 1,2,---n as an induction

hypothesis. Consider

Un+1—Up Un Un-1
L1 =tn) == Aty =)+ = =

A 7_1)X{un+1>0}_( A _1)X{un>0}

_Up—Up-1 Un Un-1
= Munr>0u,>0+ 7—1 Hltnn>0,u,=0) ~ | = 1) Xupi1=0,u,>0)-

Note that

Up —Up-1
5 Huna>0u,>0 <0

by induction and

u
(Tn B 1) ) X{Un+1>0:un:0} = _X{un+1>0aun:0} = O’
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4.4. Additional Results

also note in {u,+1 = 0,u, > 0}, one automatically has u,.1 < u,. Rewrite

W=uUnp+1—Up and we then get

W Up—Up-1 Up-1
-Aw + 7 = 5 “Xwnr1>0,u,>00 — X{upe1>0,u,=0} — ( B 1) Xt 1=0,u,>0}

Suppose the w achieves maximum value at xg in the interior of Q (Hopf’s
Lemma guarantees such xy doesn’t locate at the boundary) such that w(xg) >
0, then Vw(xg) = 0 and Aw(xg) < 0; this leads to —Aw + % > 0 at xg, which
contradicts to —Aw +% <0 in {w > 0}. We can conclude that w <0 in Q, giving

Up+1=Up.

Remark 17. We conjecture that there is a generic form of solutions in the end
state in the limit as a connected set of u > 0 disappears. Simulations such as
that shown in Figure 4.2| suggest that the end state in 2D tends to a circular

shape.

4.4.2 Stable traveling wave solution

Little is known of the regularity of interfaces in higher dimensions. We
conjecture that they will be smooth away from topological changes, with a
statement similar to the 1D case (Conjecture |4.2.1). To give some indication
of the regularity of a receding front in 2D, we show the linear stability of a
planar front. We consider a 1D traveling wave solution in the form of f(¢) =

u(x — ct) for some negative c:

f"+cf' =1, £€(~00,0)

fO)=£f'(0)=0 free boundary condition
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4.5. Other Implicit Free Boundary Value Problems

By direct computation, we find that

1 e
f(é):g—c—2+ec2 . (4.4.1)

To consider its linear stability, we take the Anstaz ® = f(&) + eM* Y y(¢) in

q)t=®§§+cq)g+q)yy—l

where p € R and A € C. This leads to

A+ 2w =v"+cv' (4.4.2)

with the linearized condition v(0) = 0 and v'(0) determining the linear change
in interface position. To have appropriate decay in v as { — —oo we must have

two positive roots r of the auxiliary equation

r2+cr—(/l+u2)=0

which can only occur if Re(1) < —u2. Thus we have stability of the front to
perturbations with parabolic decay.
4.5 Other Implicit Free Boundary Value Problems

4.5.1 A biharmonic problem

The OD problem is the simplest second order implicit free boundary prob-

lem. The simplest fourth order problem is the following biharmonic problem
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4.5. Other Implicit Free Boundary Value Problems

Biharmonic Free Boundary Value Problem

-0.2

Figure 4.4: Two computations at three times each for the biharmonic free
boundary value problem with physical boundary conditions ©(0) =1, uy, =0
approaching the analytic steady state solution shown in dark blue.

shown in 1D for u(x,?):

Up= —Ugexx — 1

with conditions u = 0, u, = 0, and uy., = 0 at the implicitly defined free
boundary x = s(¢) and u = 0 for x > s(¢). This can be derived from the scaled,
linear, viscoelastic motion of a beam above a flat, rigid surface. Note that
another boundary value problem occurs if u,y, = 0 is replaced by uy, = 0.
However, the third order condition is correct for this application [78] and also
gives the gradient flow structure described below.

We consider the time discretization of this problem as in Section and
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4.5. Other Implicit Free Boundary Value Problems

see that it is a discrete Lo gradient flow on the energy
1
&" = f §|Aun|2 +uy,

with u, € H2. We form a fully discrete scheme as was done in Section 4.3.2
and compute the discrete optimization at each time step using index iter-
ations as described in Section |4.3.3l The convergence of the method follows
the same ideas as presented for the OD problem. Some computational results

are shown in Figure 4.4,

Remark 18. There has been considerable mathematical interest in the elliptic
obstacle problem as discussed in the introduction. This is the steady state of
the OD problem with nonzero physical boundary conditions. The steady state
of the biharmonic problem (in higher dimensions) described in this section
would also be mathematically interesting. Its analysis would be complicated

by the lack of a maximum principle.

4.5.2 Vector problems

The free boundary in complex fluids with yield stress is of implicit type
and is well studied [42]. Numerical approaches include regularization (in-
creased viscosity in the unyielded region) and an Augmented Lagrangian ap-
proach to the non-smooth optimization problem that comes from a discretiza-
tion of a variational inequality formulation. The literature on this problem is
focussed on capturing the unyielded region rather than considering the free
boundary directly.

Implicit free boundaries in porous media flow can occur when phase change
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4.5. Other Implicit Free Boundary Value Problems

is present. Boundaries between dry and two-phase (where there is liquid and
vapour present) regions were studied in [9, 45]. The work in [9] had impor-
tant implications to simulations of water management in fuel cells. However,
many theoretical questions were left unanswered and this became the moti-
vation of the corresponding author to attempt the current work.

We present below a class of implicit free boundary value problems that
generalizes the OD problem. The problems are presented in 1D with a single
free boundary at x = s(t) with u’(x,¢) having n components for x < s(t) and

u’(x,t) having m components for x > s(¢). Near the interface we take

* k% *
u, =D"u,, +a

for * € {I,r}, D* positive diagonal matrices, and a* constant vectors. At the

boundary, we take

where B is an (m +n + 1) x (2m + 2n) matrix of full rank. This class can be
reached from a wider class by taking affine combinations of solution compo-
nents and x, and as an approximation of some nonlinear problems. A problem
statement can be made by adding far field conditions, n on the left and m on
the right. With these far field conditions we label the class as n+m implicit
free boundary value problems. The OD problem is the only well defined ex-

ample of the 1+0 class. The model in [9] is of class 2+2, although one of the
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4.6. Proof of Theorem |4.2.3

components has degenerate diffusion at the free boundary.

There are several open questions related to problems of this type moti-
vated by the current work on the OD problem. Which lead to well defined
problems? (this could depend on the sign of entries of a as discussed in
Remark (10). Which have gradient flow or variational inequality structure?
Which allow a capturing formulation with index iteration similar to that de-

scribed in Section 4.3.3f (true of the model in [9]).

4.6 Proof of Theorem 4.2.3

With the help of the minimality of u, we consider a competing function
u +&¢ where ¢ is an arbitrary smooth function that is compactly supported

inside Q. By the definition of E[u], it follows that

Elu+e¢pl =2 Elul,

that is

2 2
eru-Vc,b+%flngI2+%fu(,b+;—kf¢22—f(l—%)[(u+£gb)+—u].
(4.6.1)

Note that

f(l—%)[(wap)*—u]zgf

1-2myp- 1-L2yy,
{u+ep=0} k

{u+ep<0} k
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4.6. Proof of Theorem |4.2.3

ignoring the O(e?) terms in (4.6.1), we have

E[Vu-v¢+£fu(,b—ef (1—ﬂ)—¢+f 1-2ry-y
k {u+ep=0} k {u+ep<0} k

y ) (4.6.2)
z—ef (1——")+¢>+f 1--")u.
{u+ep=0} k {u+ep<0} k

In fact we have

05[ (1—ﬂ)iu<—£f (l—ﬂ)i(/),
{u+ep<0} k {u+ep<0} k

hence (4.6.2) turns out to be

1
fVu-ng+—fu(,b—f 1= %y (1—ﬂ)npz—f (1= %2y,
k {u+e¢p=0} k {u+e¢p<0} k {u+e¢p=0} k

Moreover, we also recall that u = 0, then in L! sense as ¢ — 0,
X{u+ep=0} — XA4Ufu>0}
X{u+ep<0} = X{u=0}n{p<0},

where Ay :={u = 0} n{¢p = 0}. Clearly, Ay and {u > 0} are disjoint. This leads

to

1 - .
[vuvoss [uo- [ xaou00-250- [ tu-onpcod- 520

u
= _fXA¢U{u>O}(1 - ?”)ﬂp,
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4.6. Proof of Theorem |4.2.3

or equivalently,

1 Un Un . _
fvu'vcp"'E[u¢+fXA¢u{u>0}(1_?)(P_fX{u:O}m{([KO}(l_?) ¢=0.

(4.6.3)
Define a distribution
1 Un
T(¢) :=fVu -V + qu(,b+fx{u>0}(1 - ?)(I),
then by (4.6.3),
T@)z- [ a-"ge 1=y,
A, k {u=0}n{p<0} k
Since ¢ is arbitrary, we may replace it with —¢ and as a result,
rz- [ a-She+ [ - a-fhy
¢ {u=0}n{p<0} (464)

T(</>)s—f (1—@)¢+f (1- %y,
{u=0}n{p=0} k {w=0}n{¢p>0} k

Therefore, |T(¢p)| < Cll¢pll for some positive constant C, thus by a density
argument we derive that T is a radon measure, i.e. there exists a density

function p(x) such that
T(p) = f oo dx.
Q

However, by (4.6.4), we get p =0 a.e. in {u > 0}; moreover, by definition of T

we get p =0 a.e. in {u = 0}. This shows that T'(¢) =0, or

1 u
—-Au+ i + Y0y (1 — Tn) =0
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4.7. Proof of Theorem/|6

in the weak sense. Equivalently,

U—Upn " X{u>0}

% :Au—)({u>0}.

4.7 Proof of Theorem 6

As the discussion in Section |4.2.5| above showed, u = lim._.gu. exists
pointwisely by monotonicity. It remains to show u is the solution to (4.2.3),

that is

t pl t rl t pl
f f 6,:u-(v—u)+f / u’-(v'—u/)zf f u—-v;forallve ¢, ae te(0,7).
0 Jo 0 Jo 0 Jo

We show the result in one spatial dimension, but the proof applies to 2D and
3D with minor modifications. Intuitively, suppose that f is a smooth approx-
imation, then by maximum principle |0,u¢| < max Iu{)(x)l for any x € [0,1] and
€>0. Thus |0,u| <max Iu()(x)l, therefore by Dini’s Theorem, such convergence
is uniform and as a result, u € _# because u also satisfies the boundary condi-
tion and initial condition. Once we have such uniform boundedness of 0,1,

0xu, converges to 0,u weakly and as a result,

t rl t rl
1imf f u'e-(v'—u')zf [ u' - -u);
€ Jo Jo 0 JO

and

t rl t pl t rl t prl
limf f —fe(ue)-(v—u)= —f f Yoy (v—u) = —f / v—u+f f Xiu=0}"V-
€ Jo Jo 0 Jo 0 Jo 0 Jo
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4.7. Proof of Theorem/|6

Indeed we have weak convergence of d;u. thanks to the equation:

t pl t prl
limf f Otu€~(v—u)=limf f —f(ug)-(v—u)—u,’s'(v'—u/).
€ Jo Jo € Jo Jo

Since u. converges to u pointwisely and strongly in L2((0,7);L2((0,1))), then

up to a subsequence

t prl t pl
limff Gtue-(v—u)=ff ou-(v—u).
€ Jo Jo 0 Jo
Note that v =0,

t pl t 1
—ff X{u>0}-(v—u)2—/f v—u.
0 Jo 0 Jo

therefore

t pl t pl t prl
f f atu-(v—u)+f f u’-(u’—u’)zf f u—v;forallve ¢, ae te(0,7).
0 Jo 0 Jo 0 Jo

Indeed, we only require the H! uniform boundedness of u.. To see this with-

out using smooth f(u.) we write down u. in the mild form:
t
ue(t) = euy +f eI (foue)) ds
0

where e?2 represents convolution with heat kernel. As a result, for any first

order differential operator D we have

t
Du,=Deug + f D9 (fo(ue)) ds
0
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4.7. Proof of Theorem/|6

and hence

t
IDucls < IDeuollz + fo 1D F(u)ly ds.

Note that e*®u solves the standard heat equation with initial data ug, we

have

tA tA
[De"upllz = le”*Duolle S IDuolle S 1,

for any ¢ € (0,T). On the other hand,

IDe“ 2 fwolla S 1D % f(ue)loo = IK  f(ue)l
where K is the kernel corresponding to De*2. Since |f] <1,

K f(ue)l < 1K ll2- I f (ue)ll2

SIK .
We see that from Fourier side

_ _ 2
keZ

=y k2o~ 2t-9)IkI?
|k]=1

® o-sy? 2
Sf e 2= 2 gy
1

Observe that

foo 2imor? 2 o V2Ll —erf(V2E - s+ 4vE- se” 29
1

16(t —s)3/2
c1- erf(v/2(—3s)) e 2=
~ (t—38)32 t—s ’
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where erf(x) = \/%? Io e~ dt, the Gauss error function. Therefore,

(1-erf(v2(t-5))) V2 )

(t- 3)3/4 + (t- 8)1/2 '

IDe™ flue)lz <

Now we would assume ¢ = 1, as the other case ¢ < 1 is easier. Let y =¢—s, we

split the following integral into 2 parts:

t 1 t
fo IDe"™f(ue)lls dy = fo IDe™ f(ue)lle dy + fl IDe" f(ue)llg dy.

(i) y > 1: Then we have

(1-erfty/2p) " _ o7

Y34 ~ 5l
thus : t oY -y
o e e
fl 1De’ f(ue)lle d75f1 YA + Y12 dy
t =Y
S @Y

1

OOe—Y
N
Nfl F2 Y
<1

(ii) v = 1: We use another estimate for |K * f(u¢)l2. We compute from the
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Fourier side:

K fuld= Y k2e 2% [Fu) (k)
|k|=1

2 -2ylkI?| . () 2
s%g{lkl e } |k|221|f(u€)(k)|

Smax {IZe 2 L ol

_ 2
< max{IkIQe 2y1k| } .
=1

2

Define g(x) = x2e” sz, where x = 0. Then,

g'(x)=xe 2% (1-2y2?) ,

this shows the maximum achieves at x = —— and hence

NeT

1 1
gx)=sgl—=)=—

V2y Y

thus
IDe" f(ue)lla 1
€ ~ >
VY
As a result,
1 A 1 1
f 1D Fuolly dy < f L ody f ol <1,
0 0 VY
As a result,

IDucllz <1,

for any ¢ € (0,T) and the bound is independent of ¢.

114



4.8. Another Proof of the Regularization Result

4.8 Another Proof of the Regularization Result

We recall the variational inequality setting (4.2.3), that is to solve u € H!
t
f Oiu—Au+1l,v-u)=0, Yve _g.
0

As in [49], it then has an equivalent formulation, that is to solve u(¢) and

A*(8):

Oiu—Au+1=-1*#)=0
(4.8.1)
u=0, (wu@),A*@#) =0, V¢>0.

To approach this, we introduce a regularized approximation family: we aim

to find u. for any ¢ > 0 such that the following holds weakly:
Oiuc—Au’+1+min(0,—-1+cu®) =0.
By defining A¢ = min(0,—1+ cu®), we can rewrite the above scheme as
0iu—Au+1+21°=0.

It is typical to write the regularization term in this way in some literature,
but the approach is the same as the regularization in Section [4.2.5| with ¢ =

1/e. We then discretize it in time: for any ¢ € H', the following holds

<un+1k—_ - ,¢>> + (Vi 11, V) + (L) + (min(0, -1+ cuy, 1), ¢) =0, (4.8.2)

where ug is chosen to be ug. We write u, instead of uj, for simplicity. Note

that the operator A(u) := % —Au+min(0,—1+cu) is coercive and monotone. As
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a result, there exists a unique solution u,.1 € H' for sufficiently small 2 > 0
independent of ¢ > 0. To show u,.1 € H}, we prove by induction. Assuming

Up€ H}r, we test the (4.8.2) with (u,.1)”. Therefore we derive that

1
E<un+1,(un+1)_> +(Vunt1,V(Uun+1) )+ (1, (@wn+1) ) + (min(0, -1+ cupt1), (Wp+1) ™)

1
=%<un,(un+1)_> <0.

We observe that (Vu, 11, V(un+1)™) = (V(un+1) ", V(une1)™) = 0. Moreover, (1,(w,+1) )+
(min(0,—1+ cups1),(Wns1)") = cl(Wpns1)”,(Wps1)”) = 0. We thus obtain that

(Un+1,(Un+1)7) <0 and hence u,,1 € Hl. We then define
c t—nk
uy(x,t)=u,+ T(un+1 —uy), for t € [nk,(n+ 1)k),

where M =T/k. By the same argument in Lemma 7, we have u}, converges
to function u¢ in L%(0,T;H"') as M — oo up to a subsequence. In fact, it is
easy to see that u. is the solution to (4.8.2). On the other hand, we show that

u® converges to u* as ¢ — oo.

Theorem 10 (Monotonicity). Let u;  , and u® be defined as above. If 0 <c <
b, then u; ;= uZH for all n =0,1,2,---. Therefore u®(t) = ul(t) as a direct

application.

Proof. The proof'is given by induction. Suppose u$, = ug and for each n define
AS by
A

c — s 4
ne1 =min(0,—1+cu, ).
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Then the proof is similar to the one showing u}_; >0, we have that

c b c b - c b c b\
E<un+1 - un+1’(un+1 - un+1) )+ <v(un+l - un+1)’v(un+1 - un+1) >
1
c b c b -\ _ n b c b -
+< n+1 = Ans1 Wy — U q) >_ E<uc — U, Uy — Uy ) ) =0

Note that CLLfLJrl—l)uZJr1 < cufl+1—cuz+1 for ¢ < b and hence (Aflﬂ—?tzﬂ,(uflﬂ—
ule)_) > 0. We thus obtain that u; ;> uy.

O

As a corollary of the monotonicity, we obtain the existence of u(¢) and it

solves (4.8.1). Uniqueness can be proved similarly as in [49].
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Chapter 5

Non-uniqueness of the
stationary surface

quasi-geostrophic equation

In this chapter, we show the existence of nontrivial stationary weak so-
lutions to the surface quasi-geostrophic equations on the two dimensional

periodic torus.

5.1 Introduction

Consider the two dimensional dissipative surface quasi-geostrophic (SQG)

equations for 0 = 0(x,t) : T2 x [0,00) — R:

0:0+u-Vo=-vAY0, in T2 x (0, 00);
Yu=VIAT10 = (—05A710,0,A710) = (- %20, %10); (SQG)

Ol=0 = 0o,

where v = 0 is the viscosity, 0 <y <2 and T2 = [-7,7]? is the periodic torus.

Here the unknown scalar function 6 denotes the potential temperature in the
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context of geophysical fluid dynamics [44, 68]. This transport equation mod-
els the evolution of the temperature in a fast rotating stratified fluid and can
be derived from a more complete 3D system via Boussinesq approximation
[68]. In equation (SQQG), Z = (Z£1,%2) is the pair of Riesz transforms and
V1 = (-d9,01). For s = 0 the fractional Laplacian A® = (—A)z is defined by
(under suitable assumptions on 6) @(k) = |k|5O(R) for k € Z2. For negative
s the formula is restricted to nonzero wave numbers. We consider solutions
with zero mean, i.e. f-ﬂ—z 0(x,t) dx = 0, which is invariant under the dynamics
thanks to incompressibility. The purpose of this work is to construct station-
ary weak solutions to (SQG). By using integration by parts, one way to define

stationary weak solutions to (SQG) is to drop the 9,6 term and require
—fz Ou-Vo dx = —vf2 ON ¢ dx, Ve C®(T?). (5.1.1)
T? T

However, this definition requires the strong assumption 0 € L2 which did not
take into account of the incompressibility condition. On the other hand, it is
possible to define stationary weak solutions using the mere H _%-regularity.
The starting point is to note that the operators %;, j = 1,2 are skew-symmetric,
ie. (%;f,8) = —(f,%,g) where (,) denotes the usual L2 (real) inner product.
Using this one can derive for 6 € L? (below [A,B] = AB — BA is the usual

commutator):

1
OR;0,¢) = =50, [%,410), Ve C=(T?).
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5.1. Introduction

Since ”[RJ”(/)]H”H% S pligs HGHH‘% (see Proposition |5.5.1), it is then not dif-
ficult to see that H _%-regularity suffices for defining a stationary weak solu-

tion.

Definition 5.1.1. We say 6 € H _%(Tz) with zero mean is a stationary weak

solution to (SQG) if
1 -1 Lroal N co(T2
Esz(A 20)- N2 ([%# ,Vw]@)dx:—vaZ(A 2N 2ydx, Ve CP(T?),

where [Z*,Vy10 = —[Ro,01v10 + [R1,02116.

LI

In the non-steady case, weak solutions in L?,locH .2 can be defined sim-
ilarly by employing time-dependent test functions. Resnick [70] proved the
global existence of a weak solution to (SQG) for v>0 and 0 <y <2 in L*L2
for any initial data 8y € L%('I]'z). Marchand [60] obtained a global weak solu-
tion in L°H,  for OocH, %(IRQ) or L¥LY for 6 € LY(R?), p = 4, when v >0
and 0 <y < 2. Note that in Marchand’s result, the inviscid case v = 0 re-
quires p > 4/3 since the embedding L5 < H™% is not compact, whereas for
the diffusive case one has extra L%H =% conservation by construction.

For non-stationary smooth solutions with zero mean, one has conserva-
tion (v = 0) or dissipation (v > 0) of H ~3-Hamiltonian. Indeed for v = 0
by using the identity (below P.; is a smooth frequency projection to {|k| <
constant-27})

1d

5o 1A PLsI3 = - f P (0%-0)-P_; R0dx,

. _1 .
one can prove the conservation of |A™2 Gllg under the assumption 0 € L? . (see
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also [48]). We also mention that for the non-dissipative case in the positive
direction uniqueness of SQG patches with moving boundary satisfying the
arc-chord condition was obtained in recent [24].

In this chapter, we prove the non-uniqueness of stationary weak solutions

to (SQG).

Theorem 5.1.2. For any v=0, y € (0, 3), and % sa< % +min(%, % —7v), there
exist infinitely many stationary weak solutions 6 to (SQG) with zero mean

satisfying A~10 € C*(T?).

Remark 5.1.3. The restriction y < % in Theorem 5.1.2|can be seen by a crude
heuristic using the plane wave ansatz localized around frequency A. The dom-
ination of nonlinearity versus dissipation yields |A™10]oo > AY~2. The Hélder

regularity of Ao yields IA™10] 00 S A% where a > % Thusy<2-a< %

One can apply the convex integration scheme [29, 30] to general active
scalar models such as 0,0 + V- (6u) = 0 where & = m(k)8(k) and m(k) is a gen-
eral Fourier multiplier. By using a plane wave ansatz 0 = aze'*** + aZe‘Mk'x
with |k| =1 and A > 1, one can extract the non-oscillatory part of V- (6u)
as V- (Iaklz(m(—/lk)+ m(Ak))) which vanishes if m is odd. This is known as
the odd multiplier obstruction [28, 48, 77]. Previously the non-uniqueness
results were established only for active scalar equations with non-odd multi-
pliers [48, 77]. In [10] this issue was resolved for the time-dependent SQG,
by using the momentum equation| for v = A"'u and rewriting the nonlin-
earity u - Vv —(Vu)T -u as the sum of a divergence of a 2-tensor, and a gra-

dient of a scalar function. In particular, weak solutions A~10 € C‘t’Cf , % <

1This approach originates from an exposition in [83], which dates back to Resnick’s thesis
[701.
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B < %, o< %, with any prescribed energy IIA_%H(t)IIZ = e(t) € C° were con-
structed when v=0,0 <y <2—f. Note that the restriction f—1 < 1-vy accords
with the critical ||O|| Lso¢1-y norm. Recently Isett and Ma [47] give another di-
rect approach at the level of 8. For some more recent application of convex
integration to other fluid models, see [20, 23, 58] and the references therein.

The modest goal of this chapter is to introduce another approach to over-
come the odd multiplier obstruction by working directly with the scalar func-
tion f = A~'0 and developing a concise framework tailor-made for similar
problems. From our analysis it appears that the indirect momentum for-
mulation emphasized in [10] is not needed and one can settle the problem
directly using the special structure of SQG. Returning to the plane wave
ansatz, a decisive step for the SQG nonlinearity is to identify the nontrivial

non-oscillatory part after removing the V--direction. More precisely, consider

f=Y1a;(x)cos(Al-x) where |[|] =1 and A > 1, then (see Lemma |5.2.1)

Af =Y (Af +@-V)aysin(AL- )+ (T§)ar)cos(AL-2) + (T ap)sin(AL-v)).
l

By a short computation we arrive at
o 1
AfVYf = —ZAZ(Z -V)(@?)I* +error terms,
l

where the notation ~ is defined in (5.1.2). We then use a novel algebraic
lemma (Lemma |5.2.2) to obtain nontrivial projection in the gradient direc-
tion. One should note that in the above computation, the leading O(1?) term

vanishes which completely accords with the odd multiplier obstruction prob-
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lem mentioned earlier. What is remarkable is that in the next O(1) term
there is nontrivial non-oscillatory contribution coming from the commutator
piece [A,a;lcos Ax. This seems to be the crucial technical difference between
SQG and Euler.

Our next result is about the weak rigidity of solutions in the time-dependent
case. It improves Theorem 1.3 of [48] all the way from L¥L2, p > 2 to L2H"~ 2,

The proof can be found in Section |5.5|

Theorem 5.1.4 (Weak rigidity). Let v =0 and 0 <y < 2. Suppose f =1lim, 0,
is a weak limit of solutions (SQG) in L?Hs for s > —%. Then f must also be a

weak solution.

Notation in this chapter

For a real number X, we use X* for X +¢ when € > 0 is sufficiently small.

For any two vector functions v and w, we denote

v~ w, if v=w+V'p (5.1.2)

holds for some smooth scalar function p. The mean of f on T2 is denoted by

? = ﬁ f1r2 f(x)dx. We define the function space CgO(TTz) as
CyTH={f eCc™?):f=0}. (5.1.3)

For any 1 < p < oo, we denote | fll, = lIfllz»(r2) as the usual Lebesgue norm.
For f on T2, we follow the Fourier transform convention f (k) = ﬁ Jref (x)e "k dy

and f(x) = X pez? f (k)e**. The convolution operation * is defined by (f *
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5.2. Construction of the perturbation

8)®) = gax Jr2 f(x — y)g(y)dy, which implies F * g(k) = f(k)4(%) and fg(k) =
Yz f(DER D).

For s € R, the homogeneous H*-Sobolev norm is defined by |/f]l H(T2) =
. 1
(Zozkez [kIZIf (R)Z)?.
Parameters
Throughout this chapter, we fix parameters as follows. v=0,0<y < %,
0 < <min{},3 -2y},

=[], = = Aaadn)?,  neNU), (5.1.4)

where [-] denotes the ceiling function. Here Ag € N, b = 1*, will be chosen in

Proposition|5.3.1, The Holder exponent in Theorem 5.1.2|is a = % + % —€o >

DO

by taking first b — 1 sufficiently small and then ¢( sufficiently small. See also

Section 5.6|for more explicit dependence of constants.

5.2 Construction of the perturbation

For f = A™'0 the steady-state SQG equation is V- (AfVif) = —vAY*f
which follows from AfV+f ~ vAT"ly f. The idea is to find approximate solu-

tions (f<n,qn) € CSO(TZ) X CSO(TQ) solving the relaxed equation

Af<nVifen = VA" Wfs, + Vg, (5.2.1)

such that ¢, — 0 in the limit. This will be done inductively.
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5.2. Construction of the perturbation

Writing f<p+1 = f<n + fn+1, we first show that for given g, one can solve

Afn+1Vlfn+1 +Vqn, ~ small error, (5.2.2)

where the left hand side is the main piece in

(Afn+1vlfn+1 + VQn) + Afsnvlfrwl + Afn+lvlfsn ; vqn+1 + VAY_Ian_,,l,

(5.2.3)
5.2.1 Derivation of the leading order part
Consider the ansatz (f = f,+1)
f(x)= Zal(x)cos(/ll -x), (5.2.4)
1

where the frequency of a; is much smaller than A and the summation over /

is finite.

Lemma 5.2.1 (Leibniz). Let |I| =1, Al € 72, and g(x) = a(x)cos(Al - x). Then,

Ag=Ag+(l-Va)sin(Al -x) + (T')a) cos(Al - x) + (T'Va) sin(Al - x),

where

— AM+E|+M-F — (M +ERI =AML —F .

T;Iga(k):' '2' L_2)am, Tfl’a(k):z' '2' )
(5.2.5)

Proof. We begin with the following simple fact: if T’,,Z\g(k) =m(k)g(k), then
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5.2. Construction of the perturbation

Vn € 72, Thm(g(x)ei™™) = (T, 8)e'™™, where m1(k) = m(k +n). Noting that

Ag(k) = k|§(k), we have
1 iAM-x 1 —iAlx 1 iMx 1 —iMx
Ala(x)cos(Al-x)) = 5A(oz(x)e )+ §A(a(x)e )= éAml(a)e +§Am2(a)e ,

where A/m?z(k) =|k+ Al| and A/m?x(k) = |k — Al|. The desired identity then

follows by rearranging terms. O

By using Lemma [5.2.1], we have

AfVEF 2 [main +’ non-oscillatory error ‘+ ’ oscillatory error |, (5.2.6)
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5.2. Construction of the perturbation

where (below I+ = (=19,11)T for I = (I1,19)7)

[main = —iag(l-vxa%)li,

1 1
’ non-oscillatory error ‘ = —5/1 Z(Tfl)al)azll + 2 Z(T;ll)az)VLaz,
l l

’ oscillatory error ‘ = %zl:(z Va; + Tizl)al)(/lalll cos(2Al -x) + Via, sin(2Al - x))
(oscl)
- % ;(T(All)al)(ﬂal“ sin(2A1 - x) — Vta; cos(2Al - x))
(0sc2)

—A Y. (-Va;+ TPaayl'y" sin(AL - x)sin(Al' - x)

17
(0sc3)
+ lzl (I-Va; + Tfl)al)VLalr sin(Al -x)cos(Al'-x) (osc4)
.
- Al; (Tflll)al)our(l')L cos(Al - x)sin(Al’ - x) (osch)
.
+ zzl (Tflll)al)VLal/ cos(Al - x)cos(Al’ - x). (0sc6)
.

Note that the leading-order term Af V. f in Af V. f vanishes since V* (4 £2) ~

0.

5.2.2 Matching

We begin with a simple yet powerful lemma.

Lemma 5.2.2 (Algebraic Lemma). For a given Q € Cgo(Tz), we have the de-
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5.2. Construction of the perturbation

composition identity
2 N o
. °0) 2
JE:llj (; V)(%jQ) ~ V@,

where 11 = (5, 5)T lo =(1,0)7, and the Riesz-type transforms ?Z" j=1,2are

defined by
_ 25(k%—k3) Tk2-k2)  4kiko
RIUk1,ko)=—"F—, R(k1,ko)= . (5.2.7)
1(k1,k2) RIRE o(k1,k2) TIE + e
Proof. This follows from the identity Z?zl(l Jl V(- V)(%;?Q) =AQ. O

Proposition 5.2.3. Set [; and %‘J’., Jj=1,2 as in Lemma 5.2.2, For given

gn € 080(12), choose Cy = 2 to be a fixed constant and

perfect 09n
= +R%° (5.2.8)
i1 \/5/1n+1\/ J rn

where (A,,41,ry) are taken as in (5.1.4). Then

1 2 o
R (lej.(z J @)+ Vg, = 0. (5.2.9)
=
Proof. The proof follows from applying Lemma|5.2.2 to @ = q,,. O

We now choose

2

f
fr+1(x) = Z,laj,n+1(x)COS(5An+llj -x), Ajn+l = Psumla?,e,fflct, (5.2.10)
]:

where Py, (k) = y(;E-)g(k), and y € C(R?) satisfies y(k) = 0 for |k| = 1,

and y(k) =1 for |k| < % We have Afy+1Vifre1+Van ~ small error. In the
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5.3. Error estimates

next section we estimate the errors.

5.3 Error estimates

In this section we prove the following proposition which is the key in the

whole iteration procedure.

Proposition 5.3.1. Given v=0, 0<y <3, 0<f<min(3,3-2y), there exists
bo = bo(v,7, B) such that for any 0 <b—1 < by we can find Ny = Ao(v,7,B,b)

for which the following holds. If Ao = Ay and (f<y,qn) satisfies

® the frequencies of f<, and qn are localized to <61, and < 12A,,, respec-

tively,

* |[f<nllgacrey <100 and g, llx <1, where

2
lglx :=lglos+ 1229l (5.3.1)
j=1
and %;’ is defined in (5.2.7). Then there exists q,+1 € CSO(TTz) solving (5.2.3)

with frequency localized to < 12,11, frn+1 defined by (56.2.10) satisfying

lgn+1llx <7 p+1. (5.3.2)

We now explain the motivation for choosing the X-norm in (5.3.1). First
of all, ¢ = g, represents the residual error at step n and in the Hélderian
context an ideal choice is to use ||q|lo only. However, there are Riesz-type
operators 9?;’., J =1,2 which appear somewhat inevitably in the “matching”

process (see for example Proposition 5.2.3| and especially (5.2.8)). For this
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5.3. Error estimates

reason it is necessary to include IIQ;?qIIOO in the working X-norm. To prove

Proposition |5.3.1, we need several technical lemmas.

Lemma 5.3.2. Suppose a : T2 — R, a € L™(T?) with supp(@) c {|k| < u} and
p=10. Let m € C®(R?\ {0}) be a homogeneous function of degree 0 and 2
is the Fourier multiplier defined by @f(k) = m(k)f(k),then we have | Zalloo S

lelloolog . Here the implied constant depends on m.

Proof. With no loss we can assume a = 0. Using the Littlewood-Paley decom-
position [80], splitting into low and high frequencies and choosing integer

J ~2logu, we obtain

1Zallco S (T +3)alleo+277 [ Valoo

ST +3+27 lallo S llalloolog .

O

We now state two useful facts. Assume f € C°(T2) and K € LY(R?) with

m(&) = [ K(2)e ?dz. Then?

(T f)x):= Y m(k)f (R)e™™ = fR K@)f(x-2)dz, (5.3.3)
k

1T ey < IK i) | F ey, V1< p < oo, (5.3.4)

2Here and below we still denote by f its periodic extension to all of RZ.
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5.3. Error estimates

Assume f,g € C®°(T?) and K € LY(R? x R?) with

m(¢,n) =f K(z1,29)e” 51722 21 d 2.
R2 x[R2

Then
Tn(f, @)@ =Y ( X mk' b=k )f kg0~ ke (5.3.5)
k R'ez?
- fR .. Kler2f = 20g(—z)dz1dzs, (5.3.6)

and consequently ||Tm(f,g)||L;(vz) < IIKIIL}C(Rzsz)IIfIIquz)IIgIILZ(Wz) for any 1<

r,p,qSoowith%z}l)+%.

Lemma 5.3.3. Assume b : T2 — R with supp(bo) < {|k| < p} and 10 < p < 11,
Then (see (5.2.5)

173 B0llo0 S A7 12 1b0lloc,
1T b0lloo S A2 160 oo,

IATVTPbollx < I1bollood 24 log .

Proof. We show only the first one as the rest are similar. Choose ¢; € C‘go(l]%z)
such that ¢1(&) =1 for |¢] =1 and ¢1(&) =0 for |¢] = 1.1. Denote ¢a(z) = |1 +
z|+ |l —z| — 2 and note that for |z| < % we have ¢o(2) = Z?J:lhij(z)zizj- for
some h;; € C*°. By (5.3.4) it suffices to show ||F||L}C([R2) < /1‘2/.12 for F(x) =
Jre Go(A1EP1(u1E)e*d¢. This follows from a change of variable p~1¢& — &

and integration by parts. For the third estimate one can extract an extra

gradient from the symbol and then use Lemma [5.3.2 O

131



5.3. Error estimates

Lemma 5.3.4. Let supp(EB) c{lkl=su, u< %/1. Then for®|some K; = F 1(m;)

with |K;lpigsy S 1, we have

2 HZ 4
bOTEU)bO = =z Z Ox; T (b0, bo),

2 4
(T(l)bo)axlbo— ZaxiTmi(bo,bo),

2 4

(T(l’bo)abeo_ Zaxlel(bo,bo)
i=1

Proof. Observe that for |z| < %, PO(z2)=l+z|-|l-z|-2l-z = Z?’j’kzlhijk(z)zizjzk
for some A;j, € C°. Choose ¢; € C‘L?O(IRZ) such that ¢1() =1 for |[{| < 1 and

¢1(&) =0 for |¢]| = 1.1. By using parity of ¢, we have

T(2)bo(k)—1/1 Y (AR = AR~ )bk )bk — k')
k€72

1 —_—~ —~
k- (VYA N R = 0R)dOG1 (™ k)1 (™~ (B — k" )bo(R ook — k).

4

klez2 0
Note that
-0k k' k—Fk k' kE—Fk
(V(b)( )(pl(;)(/)l( )=A72 Y} h,] —Gk)i(k,—gk)j(f)l(;)(Pl(
1<i,j<2

where h; j € Cgo([Rz). The result then follows from (5.3.6) by checking the L'

bound of the kernel. The case for T;ll) is similar. O

3Here %1 denotes Fourier inverse transform on R? x R2. See (5.3.6).

132



5.3. Error estimates

Proof of Proposition 5.3.1, Rewrite (5.2.3) as

Vgp1 = C/\fn+1vj_fn+1+vq;£+{\fn+1VLf5n+Af5nvlfn+14:VVAy_1fn+ll

~- ~ ~-
Mismatch error Transport error Dissipation error

=:Vqyu +Vqr+Vgp.

Frequency localization of g,.1 can be easily deduced from ¢y, g7, and gp
which are defined below. For convenience, we shall write a; ,.1 as a; in the

computation below.

Mismatch error. By (5.2.6), we can further decompose the mismatch error

as

o

Vau = ( +Vaqn)+ ’ non-oscillatory error ‘ + ’ oscillatory error ‘

Uo

Vaui1+Vame+Vaqus.

We first estimate q j71. To ease the notation we write aJ = 2\/ \/ Co+ %" n

)L+1

per

and a; =P<,,.,a"". By using a fattened frequency projection P~ ., which is

frequency localized to {|k| < 4u,+1}, we have

1 2
D 157(Lj-V)a3 + Vg, —Vaun
=

5 2 .
== Z/ln"'l Z lj_(lf ' V)Psﬂn+1((P5Nn+1a§er)2) + VQn - qul

5 .
:_ZAMZH(Z V)P<#M( 2a"" P, 0" +(Psy, 0 P.ef)z)—Vqu 2 0.
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Thus we can solve g1 € CSO(TZ) as

5 2 -1 1 5 2
qu = _Z)tn+1‘];|- A v : (ZJ (l.] ' V)PS“nJrl (_2a§erp>l~‘n+la‘r;er + (P>I~tn+la‘r;er) )) °

(56.3.7)

Note that gas1 is frequency localized to {|k]| < 4u,+1}. By Lemma 5.3.2, we

obtain

per

2
lgmilx Slogpnet - Ans1 ) 16T ool Psp, 17" lloo S1ogHn+1 (AP,
o

J
(5.3.8)

Note that both | non-oscillatory error ‘ and‘ oscillatory error |have zero means,

so we define

g2 = A"1V | non-oscillatory error || g3 = A"V -|oscillatory error

in CSO(TQ). To estimate g2, we claim that

IATIV-(T}Y) ) apViaplix + 187V - (BAn (T apaldlix Sradysipn, 1108 o,

This is because by Lemma 5.3.4/and |5.3.2 we have

-1y, (2) Ny 7L < Hnt+le Tn Hn+1.9
”A \% (5An+1(Tn+1,jaJ)aJlj )”X N(loglln+1)/1n+1()tn+1) An+1 ~ rn(/ln_'_l) 10an+1-
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The other term can be estimated similarly. Then, it leads to

lgaralx Srad;2 12, log . (5.3.9)
Next we estimate q373. Denote T;iil,j = Téi;in+1 I for i,j =1,2. By Lemma
5.3.3, we have
(1) , -1 2 T'n 2) ) -2 3 I'n
1751, oo S Ansibine P 1,71 12lloo S Ap¥iMp Tt
(5.3.10)

Since all terms in (oscillatory error) have the frequency localized to ~ 1,41

provided that 481, < A,,+1, the estimate for g s3 easily follows from (5.3.10):

1A~V - (oscD)|| x

N
T

AV Va,+ T a))Ans1ail}cos@Ans1lj-2)+ V' a;sin@Anl-)lx

~
Il
=

A
DM

Anil ||A_1V . (ajlj -Vajlj-' cos(2An 111 x)) lx

~
Il
—

+1A7IV - (Va;-1;Vra;sin@A,410- %)) I x

+/1n+1||A_1V-(aij:Ljajlf cos(2A,+11; -x)) Ix

+IAT- (T2 a9 a;sin@Aal;0) Ix

n+l,j
2 1 L
< Y lIVajlixllajlix + 4,11 1Va;lxIV=ajlx
J=1

(2) -1 (2) 1L
+ITD), ajlixla;lx + A, 31T, ajlxIV4a;lx

An )
n.
/ln+1 "

<

~
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Similarly,

2 A
1AV @seDlix S Y IS ajleollajlloo + A0 11V aloo) S ( - ”l)rn.
j=1 n+

The estimates for (osc3)-(osc6) are similar (using 2/V5 <|l1+1s| <4/v/5) and

therefore

A
||qM3||X§,( = )rn. (5.3.11)
/1n+1

Combining (5.3.8), (5.3.9), and (5.3.11) and using b > 1, f < 1, we can find
Ay = Apy(B,b) such that for any Ao = Ay, we get gy = qm1 +9m2 + qus €

CSO(TZ) satisfying (see also Section |5.6)

1
lgmllx < 3 n+ls

Transport error. Define
_A-l L i 0o T2
qr =A V'(Afn+1v fSn+AfSnv fn+1)€CO (-l]— )

Since Afns1V: fen+Af<pV*fni1 is frequency-localized to ~ A, 41, using || f<pllce <

100, we get

1

_ r
lgrlix S I nstloollV: Fenlloo + 1A f2nlloo) < Cady™® /= < =Tns1
/ln+1 3

for some constant C, > 0. We can find A7 = Ar(B,b) such that for any 19 = Ar

the last inequality holds since b > 1 and g < %
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Dissipation error. We define gp = —vAY 1f, 1€ Cgo(Tz) which satisfies

Tn 1
= =Tn+1,

/1n+1 3

-1 -1
lgplx <CaAl lfnsilloo <5C2AT

for some Cg = Ca(v,y) > 0. Since 8 < 3 -2y, we can find sufficiently small
bo = bo(v,7, B) such that for any 1 < b < by + 1 there exists Ap = Ap(v,y,,b)

which leads the last inequality for any 1¢ = Ap.

Collecting the estimates, we obtain ||qp+1llx < rp+1 if Ag > Ag where Ag =

max(Apr, A7, Ap). O

5.4 Proof of Theorem 5.1.2

Proof of Theorem 5.1.2, WLOG we take Co = 2 in Proposition 5.2.3. Fix v =
0,0<y< % and choose parameters as in (5.1.4). Choose b and A as in
Proposition 5.3.1. If necessary, we choose larger Ao to have }.7°_, AZ_E_% <
1. Take the base step (f<o,q0) = (0,0). At nth-step, assume that (f<,,q,) €

C(T?%) x C(T?) satisfies
* (f<n,qn) solves (5.2.1).

o supp(f=y) < {Ik] < 6A,}, supp(@y) < (k] < 124,,} and lig, I x <7n,

n -1 n-1 a—l—ﬁ
I F<nllicecrzy<50 ) A%/ T =100 Y A% P <100.
m=1 m m

=0

Then by Proposition|5.3.1jand (5.2.10), at (n+1)thstep, we find f,+1 and qp+1 €

Cgo('ll'z) satisfying
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5.4. Proof of Theorem|5.1.2

® (fu+1,qn+1) solves (5.2.3).

* supp(Fan+1) < (k] < 6Ans1d, Ifns1llcacrz) < 5OAL, 11 /72, supp(gnii)

{lkl =121,41}, and llgns1llx <7n+1.

Thus the induction step can be closed and it remains to show that f<, con-

verges to the desired weak solution. We first check its regularity. Clearly
n'-1 a-l_ ,
If<n = Fenlica S Z Am+21 ®, Vn'zn.
m=n
Thus f<, — f € C*(T?). Now denote 0,, = Af<, and 6 = Af. Clearly
0, A7IV0, —vAY2V0, 1 — Vi1, V) =0, Yy eCO(T?).
We then rewrite the above as
1
5 (N300, A2 TR Vg 0,) + VA 20, AT 2y) +(qn, Ay) =0, Ve C(T?),

Since A_%H,L —~ A2 strongly in L°°, Proposition |5.5.1) implies that 8 solves
(SQG). O

Finally we remark that our solution 8 = Af has an almost explicit form.

By using (5.2.10), we have

x 2 'n dn
=) Y2 (PSMM Co +R‘?—)cos(57tn+1lj - x).
n=0j=1 S5An+1 Try

The leading term is an almost explicit Fourier series (one can take Cy large)

and thus our solution is nontrivial.
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5.5. Proof of Theorem|5.1.4

5.5 Proof of Theorem 5.1.4

In this section, we prove Theorem |5.1.4] based on the following proposi-

tion.

Proposition 5.5.1. Let Z=%;, j=1,2. Assume ¢ € H3 and 0 H™2 (6 = 0).

Then we have

122, 9101l .1 S N PplgslON ;-1

Proof. Denote m(k) = %. It suffices to show that

I3 [k Gnlk) = mE NGk = DOz S NP2 12882 (5.5.1)
k'#0,k

If |B'| < |k —&'|, then |k| < |k —F'|, and

LHS of GBED S I Y. k=gt — k- K172 Bk, S RHS of G.5.1).
k'£0,k

If |k—k'| < |k|, then |k| ~ |k'|, and it suffices to use |m(k)—m(k")| < |k—Fk'|(|k'|+
k)7L, O

Proof of Theorem 5.1.4, The point is to use the weak formulation (below ¢,)

denotes L2-inner product in (¢,x), and v is a time-dependent test function)
1 1 1 _1 41
(0:6,,w) + §(A 20,, N2[Z~,Vyl0,) + v(IN 20, AV 2y) =0.

By using the above together with Proposition|5.5.1, we have? [,6,, | LIH-$ <1

4Here t belongs to an arbitrary compact interval.
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5.6. Bookkeeping of various parameters

Fix any 0 # %k € Z2. We have ||6t§;(k,t)||L% < |k|® and IIé;(k,t)IIL? <|k|%. By

further using a diagonal argument, we obtain along a subsequence
16, Gk, )= F(k, D)l 2 — 0 for any fixed k. (5.5.2)

<1 (note that s > —%), we have for any integer J/ (below

~

Using sup; 105, IIL?HS

P denotes frequency projection to the regime |k| = 27)

_ 1
1Py @, = P 5y S2 T 210, — Fllp2p (5.5.3)
t

<9 Is+g), (5.5.4)

By (5.5.2) and (5.5.4), one obtains the strong convergence 6,, — f in L?H‘é.
Since ||A%[9?L,Vw](9n =lz < 116, — f”H-%’ it follows that f is the desired

weak solution. O

5.6 Bookkeeping of various parameters

In this section we sketch how the choice of various parameters in (5.1.4)
take effect on various error terms and the regularity of the weak solution.

Recall that (observe from below log i, +1 ~logA,)

n — 1 1 ,B 1
An = "/10 -‘7 rn:)tnﬁ, Mn+1 = AnAn+1)?, “:§+%_€0>§-
Mismatch error rnl’l—illogln Krpi1 <= A&f’_l)(ﬁ_nlog&n « 1.

- 1-a—1p-1b+b
Transport error AL™% /Il «r,,1 < A, 2P=30+b0

An+l 1'

3
. . . -1 T'n Y-5+6—g5
Dissipation error A, 7, /_Am Krpi1 <= A «< 1.
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5.6. Bookkeeping of various parameters

1_1
. 'n a=3-5P
C%-regularity A 1Ts<le= 1,7 * <L
1, 8

Now one can take a = 5 + g5 to do a limiting computation. From the

transport error we obtain (the limiting condition)

1 1 1-b 1
1_a_§ﬁ_§b+bﬁ_W(b—ﬁ(2b+1)):>'6<g

From the dissipation error we obtain g < % -7v.

141



Chapter 6

Conclusion & Future Work

Throughout this thesis, we discussed three different topics.

1. The AC & CH dynamics.

In Chapter|3, we have identified the time step scaling for several first and
second order schemes for AC and CH under the restriction of fixed local trun-
cation error, . In particular, we derive the asymptotic behavior of time-step
number with 0 and asymptotic parameter ¢ during meta-stable dynamics.
These predictions are made under the assumption that the time steps pre-
serve the asymptotic structure of the diffuse interface, a concept we refer to
as profile fidelity. The predictions are verified in numerical experiments. We
see that methods whose dominant local truncation error can be expressed as
a pure time derivative have optimal asymptotic performance in this partic-
ular limit. BE, TR, and BDF2 all have this desirable property. We believe
these methods will also have superior performance for other problems with
metastable dynamics. Our numerical results show that BE performs better
than expected and we have shown an explanation of this behaviour with for-
mal asymptotics.

The optimal fully implicit methods asymptotically computationally out-

perform all linearly implicit methods in the limit we consider. We present
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Chapter 6. Conclusion & Future Work

precise criteria on the computational cost of nonlinear solvers for this com-
parison. The provably energy stable first and second order SAV schemes had
higher computational cost than standard IMEX methods for similar results.
As a final result, we present a rigorous proof that large time steps with fully
implicit BE can be taken with locally unique solutions that are energy stable.
This is done for the 2D radial AC equation in meta-stable dynamics. Eyre-
type iteration is also considered in this analytic framework, and it is shown
that in general this approach loses profile stability unless very small time
steps are taken.

Extending the analysis to the non-radial case and to CH is an interesting
question. We observed that the question of global accuracy is not trivial in
Section 3.5/ and should be considered for other schemes. Accurate local error
estimation for these problems is another interesting question to pursue.

2. The 0D problem.

In Chapter 4/ we summarize the ways the Oxygen Depletion problem has
been considered in the literature: with interfaces to be tracked, captured, or
found as a limit of regularized problems. We fill in a gap in the list of formu-
lations, showing that the OD problem can be considered as a gradient flow
with constraint. A new numerical capturing method based on the gradient
flow formulation is proposed and a convergence proof given. The equivalence
of all formulations is shown. A biharmonic implicit free boundary value prob-
lem and a class of vector problems are introduced.

More questions can be asked. Firstly, the regularity of boundary point
positions in 1D (Conjecture|4.2.1) and higher dimensions can be studied with

help of geometric analysis tools. Secondly analysis of the mapped domain
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Chapter 6. Conclusion & Future Work

formulation discussed in Remark |10, would possibly extend to a convergence
proof of its numerical approximation (Section 4.3.1). We are also interested in
an understanding of the general class of vector problems in Section |4.5.2/ and
an understanding of the limiting behaviour of solutions to the OD problem
as discussed in Remark (17, The numerical approach in [63] may be useful
to gain insight into the 1D case. Studies of the biharmonic obstacle problem
discussed in Remark [18 and the general class of vector problems introduced
in Section |4.5.2|can be pursued.

3. The SQG system.

In Chapter |5, we developed a new framework of the convex integration
scheme and applied it to the stationary SQG system on the two dimensional
periodic torus. We constructed nontrivial stationary weak solutions and there-
fore showed the uniqueness.

Extending our analysis to the time-dependent case and other fluid models
such as the Navier—Stokes equations and the Euler equations is interesting

and our plane wave ansatz can be applicable.
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